WEAKLY METRIZABILITY OF SPHERES
AND RENORMINGS OF BANACH SPACES

S. FERRARI!, J. ORIHUELA?, M. RAJA2*

ABSTRACT. We study the metrizability of weak topologies when restricted to the unit sphere
of some equivalent norm on a Banach space, and its relationships with other geometrical
properties of norms. In case of dual Banach space X* we prove that there exists a dual
norm such that its unit sphere is weak* metrizable if and only if (B x«,w™*) is a descriptive
compact, which provides a complete characterization.

1. INTRODUCTION

The norm topology and the weak topology of a normed space (X, ||-||) are very different
when X is infinite dimensional. Nevertheless, these topologies may agree on very represen-
tative subsets of X, as for instance its unit sphere Sy = {x € X : ||z|| = 1}. This is the so
called Kadec property, which is easily checkable in Hilbert spaces and some classical spaces
as {, for p € [1,+00) (see [2] and [3]). We will deal with a more general property. Given
I C X* asubspace of the topological dual of X, the topology on X of pointwise convergence
on F is denoted o(X, F'). We are mainly interested in norming subspaces F, that is, if

2]l p = sup{|z*(z)| - 2" € F[la"]| < 1}

is an equivalent norm on X . Kadec properties are related to geometric properties of the norm.
The norm is said to be locally uniformly rotund (LUR) if given x € X and (z,)neny C X,
then lim,, |z, — x|| = 0 whenever

Ty + X

= [l

or equivalently, lim,, (2||z,|° + 2||z||* — ||z, + z||*) = 0 (see Lemma 2.2). It is not difficult
to check that LUR norms are both strictly convex (or rotund) and Kadec. Moreover, if a
LUR norm is o(X, F)-lower semicontinuous (Isc) for some norming subspace F' C X*, then
it is o(X, F)-Kadec and every point z € Sy is o(X, F')-denting point of the unit ball Ay,
that is,  is contained in o(X, F')-open slices on #x of arbitrarily small diameter. Recall
that an open slice of some set A C X is a nonempty set of the form AN H where H is an
open halfspace. Note that if F' is closed, then the o(X, F)-open halfspaces are exactly the
halfspaces defined by elements from F'.

lim ||z,| = lim
n n
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All these notions are tightly related through renoming. The following theorem contains
early results of S. Troyanski [15], the linear topological characterization of LUR renormability
form [6] and their generalizations for weaker topologies [12].

Theorem 1.1. Let X a Banach space and F' C X* a norming subspace. The following
statements are equivalent:

(i) X admits an equivalent o(X, F')-lsc LUR norm;

(il) X admits an equivalent rotund norm and an equivalent o(X, F)-Kadec norm;

(i) X admits an equivalent norm such that every point of Sx is o(X, F')-denting in Bx;

(iv) there is a sequence (Ay)nen C X of sets such that for every x € X and every
e > 0 there is a o(X, F)-open halfspace H containing x and some n € N such that

| - [|-diam(A, N H) < e.

Let us say that in the case of a dual Banach space with its weak* topology the correspond-
ing result is stronger: in statement (i7) we may remove the existence of a rotund norm (see
[12]). Both in [7, Problem 3] and in [8, Question 6.4], it was asked if, in the case of F' = X*
(i.e. (X, F) is the weak topology), it is possible to add to the equivalences of Theorem 1.1
the following condition:

(x) X admits an equivalent rotund norm and an equivalent norm with a metrizable unit
sphere for the weak topology.

We were not able to prove the above conjecture, but we have managed to prove some
results in that direction. Particularly, we have consider the study of the metrizability of
(Sx,0(X, F)) as our main goal. The first of our results is a characterization in the spirit of
the Kadec renorming characterization [11].

Theorem 1.2. Let X a Banach space and F' C X* a norming subspace. The following
statements are equivalent:

(i) X admits a o(X, F)-lsc equivalent norm such that (Sx,o(X, F)) is metrizable;

(ii) there is a metric d on X whose topology is finer than o(X,F) and a sequence
(An)nen C X of convex o(X, F)-closed sets such that for every x € X and every
e > 0 there is a o(X, F)-neighborhood U of x such that d-diam(A, NU) < e.

Compare with Theorem 1.1 and note that we require the convexity of the sets of the
sequence (A, )nen. In the characterization of Kadec renorming [11] it is not known if con-
vexity can be removed. If the sets (A, ),en are not convex in statement (ii) we can produce
a o(X, F)-lsc “gauge function” F : X — [0,+00) such that the o(X, F')-topology and the
d-topology agree on the sets {z € X : F(z) = r} with r € [0, +00).

We found that the metrizabilty of spheres is tightly related to this generalization of the
LUR property. Let 7 be a topology on the normed space X, then a norm on X is said to be
7-locally uniformly rotund (7-LUR) if given = € X and (z,,)neny € X we have 7-lim, z,, = z,
whenever

. 2 2 2
lim (2[|z]|” + 2z, [|” = [l + 2[]") = 0.

Clearly, when 7 is the norm topology we retrieve the notion of LUR norm. The second
named author proved the following characterization of o(X, F')-LUR renormability in [10]
that compares to 1.2.
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Theorem 1.3. Let X a Banach space and F' C X* a norming subspace. The following
statements are equivalent:
(i) X admits an equivalent o(X, F)-lsc and o(X, F')-LUR;
(i) there is a metric d on X whose topology is finer than o(X, F) and a sequence of sets
(An)nen C X such that for every x € X and every e > 0 there is a o(X, F')-open
halfspace H containing x such that d-diam(A, N H) < e.

Following the proof of this result in [10], we may check that the metric d plays a technical
role in the construction of a particular kind of network and its relation with the o (X, F')-
topology does not go on beyond the “convexification” of the sets (A,)nen made implicitly
with slice localization principles. Note that for the most usual o (X, F')-topologies the results
can be stressed. In the case of the weak topology, it was established in [7] that a w-LUR
Banach space is LUR renormable. Dual w*-LUR norms in dual Banach spaces has been
studied, but we will discuss this later in relation with our results in the dual case.

This is the second of our main results. We want to discuss the conditions that gives
metrizability of the unit sphere together with a basis made of slices. Note that the condition
in statement (i) is stronger than the o(X, F')-LUR property.

Theorem 1.4. Let X a normed space and F' a norming subspace in X*. The following facts
are equivalent:

(i) X admits an equivalent o (X, F)-lsc norm with the following property: let x € X and
(Zn)nens (Yn)nen € X, we have o(X, F)-lim, y, = x, whenever

. 2 2 2 . 2 2 2
i (2| [|” + 2l[za || = [l + 2n[I") = lm @flza|[” + 2[yall” = 20 + ynl) = 0;

(ii) X admits an equivalent o(X, F')-lsc such that (Sx,0(X, F)) is metrizable by a metric
d such that for every x € Sx and every € > 0 there exists a o(X, F')-open halfspace
H such that x € H and d-diam(H NSx) < &;

(iii) X admits both an equivalent o(X, F')-lsc and o(X, F)-LUR norm and an equivalent
o(X, F)-lsc norm ||-|| such that (S)., o (X, F)) is metrizable.

We will see in the proof that statement (i) implies that the sphere (Sx, o (X, F) of a norm
satisfying the property in (i) is actually metrizable. Statement (ii) above can be modified
to an equivalent one assuming that the metric d is defined on X, generates a topology finer
than o(X, F) and d-diam(H N Ax) < e. In other words, saying that any point of Sx is a
sort of denting point of Zx with respect to d.

The description of the results for dual Banach spaces requires some special topological
definitions. Let 91 be a family of subsets of a topological space (X, 7). The family is said to
be isolated if it is discrete in its union endowed with the relative topology, or in other words,
if for every N € 91 we have T

Nn | M =0
MeM{N}
If there is a decomposition M = (J -, N,, such that every family 91, is isolated, then the
family 91 is said to be o-isolated. A family 91 of subsets of X is said to be a network if every
open set is a union of members of M.
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Definition 1.5. A compact Hausdorff space K is said to be a descriptive compact space if
its topology has a o-isolated network.

Descriptive topological spaces and spaces having a o-isolated network (the definition dif-
fers off the compact case) were introduced and first studied by Hansell in [5]. Descriptive
compact spaces has been studied in relation with renorming theory in [9] and [13]. Exam-
ples of descriptive compact spaces are the metrizable ones (trivially), Eberlein and Gul’ko
compacta and scattered compacta K with K“1) = ().

In the case of dual Banach space and the weak* topology we can prove a stronger result
which completes the characterization [13, Theorem 1.3] and provides a complete answer to
the weakly metrization of spheres in that case.

Theorem 1.6. Let X* a dual Banach space. The following condition are equivalent:

(i) (Bx+,w*) is a descriptive compact;

(ii) there is a metric d on X* whose topology is finer than the weak* topology and a
sequence (Ap)nen C X of w*-closed sets such that for every x* € X* and every e > 0
there is a w*-neighborhood U of x* and n € N such that d-diam(A, NU) < ¢;

(iii) X* admits an equivalent dual w*-LUR norm;

(iv) X* admits an equivalent dual norm such that (Sx-,w*) is metrizable;

(v) X* admits an equivalent dual norm with the following property: let x* € X* and
() nen, (Y )nen € X*, we have w*-lim, vy = =*, whenever

: *1[12 * |12 * * (12 . * 112 * (12 * * |12
lim (2[4 2f}a, |7 = [l2” + 23, [7) = lim 2|27, 7 + 2y [I” = |27 + will") = 0.

In particular, by [13, Theorem 1.3] we may deduce that K is a descriptive compact if and
only if ¢(K)* admits a dual norm such that (S k), w*) is metrizable.

A systematic study of properties close to weakly metrizability of unit spheres under
renormings was carried out in the Ph.D. Thesis of the first named author, done under the
advising of the second and third named authors. This paper contains an excerpt of those re-
sults with some improvements on the statements and simplifications on their proofs achieved
after the thesis defense.

We believe that our notation is mostly standard and we have already introduced almost
all the symbols that we will need. Just one remark. When we speak about some equivalent
norm of the space X, as after a renorming, the symbols #x and Sy stand for the unit ball
and unit sphere in that norm. Only if there is some confusion, as dealing with a second
equivalent norm ||| : |||7 then we will use '%HH” or SHH”’

2. PROOFS AND FURTHER CONSEQUENCES
The proof of our first main result follows ideas from [11] for Kadec renorming,.

Proof of Theorem 1.2. (i)=(ii) Let p be a metric defined on Sx that metrizes the sphere
(Sx,0(X, F)). Define a metric d on X by

o) =masx {p (512 ) el = ol
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if z,y # 0 and d(x,y) = ||z|| + |ly|| otherwise. It is elementary to check that the topology
of d is finer than o(X, F'), and coarser than the ||-||-topology. We define the sequence of sets
(A,,) as a renumbering of the countable family {r Zx : r € Q" }. Note that statement (ii) is
clearly satisfied for x = 0. If z # 0, take r = ||z|| and observe that on the sphere r Sy the
topologies of d and o(X, F) agree. Given ¢ > 0 we may take a o(X, F')-open neighborhood
U of x such that d-diam(r Zx NU) < e. Indeed, in order to see that we may suppose that
r = 1. Find V ¢(X, F)-open neighborhood of = such that p- diam(r Sx NV') < ¢ and find now
d > 0 and W another o(X, F')-open neighborhood of = such that W + § Zx C V and define
U=W\(1-0)Zx which will have the required property. Now, a standard perturbation
argument (see [11, Lemma 1] for instance) allows us to find r < s € Q and U’ such that

d-diam(s Bx NU') < e.

(ii)=-(i) Without loss of generality we may assume that F' is 1-norming, i.e. ||-|| = [|-|| . In
particular, we may consider X as a subspace of '*. Recall that in this case the o(X, F')-
topology is actually the restriction to X of the weak* topology on F*. Firstly we claim that
the sets (A,) can be taken in such a way that the point x is in the norm interior after a
suitable change of the sequence of sets and the metric d by another one. To see that, recall
that the topology of d has a o-discrete basis B = |J,-, B,. For B € B consider the w*-open
sets

Ug = U{U : U is w*-open and A, NU C B}

Clearly H,, = {Ug N A_nw* : B € B,} is a disjoint family of relatively w*-open subsets of
A, since two open sets that meet in A" , they must meet in A,,. Now we may write
Up =, _, Upm with Up,,, a w*-open and ||z — y|| > 2/m if x € Up,,, and y & Up. Observe
now that the family

Bn,m = {UB,m N (A_nw* + m_l %F*) = Bn}

is disjoint for every n,m € N. There exists a pseudometric p making clopen all the sets of
the family B, ,, and of diameter less or equal than 27"~™. Indeed, define p, ,(z,y) = 1 if
there is some B € B, ,, such that #(BN{z,y}) = 1 and p,(z,y) = 0 otherwise. Then take
P(T,Y) =D men 27 " pum(2,y). The restriction of p to X is a metric because it separates
points, and its topology is finer than the weak*-topology. Note that the sets

An,m =XnN (A_nw* +m_1 ’@F*)

are o(X, F')-closed, any = € A, satisfying the property of the statement is an interior point
of some A4,,,, and
{Ugm N Apm : B € B,,n,meN}

is a network for the topology of p, which completes the proof of the claim.

Now we return to the notation of the begining, with sets (A,,) having nonempty interior and a
metric on X called d. Take z,, an interior point of A,, and let f,, be the Minkowski functional
of A, — x,, which is convex and o(X, F')-lsc. Consider the symmetric convex o(X, F')-lIsc
function

D) = [z + ) an(fale = 20) + fulan — )
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where the coefficients a,, > 0 ensure the uniform convergence of the series on bounded sets
and such that T'(0) < 1. The set {x € X : I'(z) < 1} is the unit ball of an equivalent
o(X, F)-lsc norm ||| - [||. Suppose that a net (v5)weco C S is 0(X, F')-converging to some
x € S).- Note that I'(x5) = I'(x) = 1. A standard argument of lower semicontinuity shows
that limg, f,(2w — ) = fu(z — z,) for every n € N. Fix ¢ > 0 and take n € N and a
o(X, F)-open U such that x € A2 N U and d-diam(A, NU) < e, where A? is the norm
interior of A,. We have f,(z — z,) < 1 since z € A?, so for w large enough we also have
fn(Tm—2x,) < 1. In particular, z,, € A,. For w large we have x,, € U, therefore d(z,x) < .
This shows that the net (24 )eeq converges to z in the d-topology. Since the d-topology is
finer than o (X, F'), this concludes the proof. O

Remark 2.1. If we know that the metric d is o(X, F')-Isc then we can remove the hypothe-
sis of being o(X, F')-closed the sets (A,) because the o(X, F')-closure does not increase the
d-diameter. In fact, that is the idea used in the characterization of o(X, F')-Kadec renorma-
bility, when d is the norm (see [L1]).

The next lemma contains some facts about convexity which are useful in renorming theory.
The easy proofs are left to the reader.

Lemma 2.2. Given f: X — [0,+00) conver, the following inequalities hold:

(2.1) 0< (f(z) = f(y))? < f(x)?+ f(y)? _f(!L‘-I—y)Q;

4 - 2 2

(I () st (e

(2.3) min{f(z) : z € [z,y]} > min{f(z), f(y)} — 2(_f<’5> ; fly) f(w ; y))

The following definition is used by topologists in metrization theory and generalized metric
spaces, see [4, Definition 9.1].

Definition 2.3. Let S a nonempty set. A function p : S xS — [0, +00) is called a symmetric
if p(x,y) = p(y,x) for every z,y € S and p(z,y) = 0 if, and only if, z = y.

If a set S has a symmetric p, then we can define a topology 7, on S in the following way:
U € 7, if, and only if, for every € U there exists ¢ > 0 such that

By(x,e) :=={y € §|p(x,y) <e} CU.

Observe that without additional assumption (such that the triangle inequality for p), we
cannot assume B,(z, ) to be a neighborhood of z. When such a condition happens, then p
is called a semimetric. Observe that thanks to (2.1) of Lemma 2.2

2 2 2
ple,y) = 20zlI” + 2[ly[” = llz + vl

defines a symmetric on X if and only if ||| is strictly convex. We will see that this symmetric
plays a major role along the proofs of the results.
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Proposition 2.4. Let A C X be a convex cone such that (Sx NA,o(X, F)) is metrizable
and any x € Sx NA has a local base for the (X, F')-topology made of slices. Then there
exists an equivalent o(X, F)-lsc norm ||-||, on X such that o(X, F)-lim, y,, = x whenever
the points x, x,,y, are in A and satisfy

. 2 2 2 . 2 2 2
(2] + 2l[znly = llz +zally) = M (2]zn]y + 2lynlls = |20 + ynlls) = 0.

Proof. Let d the metric defined on Sy NA. We may assume that the metric extends to a
pseudometric on A\ {0} by d(x,y) := d(ﬁ, ﬁ) Let H be the collection of o(X, F)-open
halfspaces of X and

H, = {H EH: HNABxNA# D and d-diam(H N Bx NA) < 2_"}.
Consider for n € N the sets
B, = @ (XF) ((%X “JHa vzt %’X)
We claim that the following holds: if the segment [z, y] C (Bx NA)\ By, then d(z,y) < 2.
Indeed, define sets
L, ={z € [z,y] : 3H € H,, such that [z,z] C H},
R, ={z € [z,y] : 3H € H,, such that [z,y] C H}.

By definition of B,,, we have L, U R, = [z,y] as any z € [z, y] is contained in some H € H,,
and either [z, 2] C H or [z,y] C H. Note that L, and R,, are nonempty and relatively open.
Therefore, there is some z € L, N R, and so d(z,y) < d(x,2) +d(z,y) < 2'7". Consider now
the equivalent o (X, F')-Isc norm on X defined by

Izl = ll2]* + Y 27" (fal2) + ful—2)?)

where f, are the Minkowski functionals of the sets B,, defined previously.
Consider (z,)nen, (Yn)neny € A and x € A such that

. 2 2 2 . 2 2 2
lim (2[|2n[[y + 2lynlls = |2 +yalla) = lm 2flzally +2)|2([y = 20 +2[4) = 0.

If x = 0, the proof is trivial. Otherwise, without loss of generality we may assume that
|z|| = 1 since that multiplies all the sequences by the same factor. Moreover, we may
assume that ||z,|| = ||y.|| = 1 because this modifies the former sequences by adding norm
null sequences. By (2.1) of Lemma 2.2 we obtain, for every k € N,

n 2 2 n 2 2

Since x € Sx N|JHy, for every k € N, then fip(x) > 1 and assumptions above implies,
together with Lemma 2.2 that there exists N € N such that min{ fi(z), fe(xn), fe(yn)} >
1+ 0 for some § > 0 and every n > Nj. By (2.2) of Lemma 2.2, we may suppose that Ny is
large enough to guarantee that

ax{fk(xn);rfk(yn) B fk(xn;yn) fk(:cn);rfk(x) _fk(xn;x)} ) g
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for every n > Nj. By (2.3) of Lemma 2.2, we have
[z, 2,] U [0, yn] C (Bx NA)\ By
and so we deduce d(x,y,) < d(x,z,) + d(xn, yn) < 227F for n > Nj. Together with ||y,| =
|z|| = 1, that implies o(X, F')-lim,, y,, = . O
We are now ready to prove the main theorem.

Proof of Theorem 1.J. (ii)=-(i) Apply Proposition 2.4 with A = X.

(i)=-(iii) Clearly the norm is o (X, F')-LUR. We claim that the o(X, F')-topology on the unit
sphere is symmetrized by the symmetric

pla,y) = 2]|* +2[lyll* - = + yl*
Indeed, if x € Sx the definition of o(X, F')-LUR norm implies that every o (X, F')-neighborhood
of x contains a “ball” of the form B,(z,r) for some r > 0. On the other hand, B,(z,r) is a
o(X, F)-neighborhood of z. Just take a o(X, F)-open halfspace H containing x and disjoint
with (1 — r) Bx. Thus, if y € SxNH then =¥ ¢ (1 —r) Bx, that is, |z +y| > 1 — 7.
Therefore, Sy NH C B,(z,r). The metrization of the unit sphere is now consequence of the
following metrization result of Arhangel’skii (1966), see [1] and [4, Theorem 9.14]:

Let (X, T) be a topological space symmetrizable with respect to a symmetric p such that T-
lim, y, = x whenever x € X, (n)nen, (Yn)nen € X are such that lim, p(z,x,) = 0 and
limy, p(zn, yn) = 0. Then X is metrizable.

(iii)=(ii) Let ||-||  a o (X, F)-Isc and (X, F')-LUR norm on X and let ||-||,, another (X, F')-

Isc norm such that its unit sphere (S, , (X, F')) is metrized by a metric p. Consider the
2 2 2 )

norm ||-[|” = |||z + |I||3, and the metric

T Y
o) = p o).
1 11ar " [[9llas

It is easy to check that ||| shares the properties of |||, and ||-||,,, with respect to d, which
easily gives statement (ii). O

We will consider the Radon positive measures 91" (K) on a Hausdorff compact K. Note
that 9T (K) is identified with a positive cone in € (K)*.

Proposition 2.5. Let K be a descriptive compact space. There exists a strictly convexr dual
norm ||| - |||+ on € (K) such that the weak* topology is metrizable on Sy, NIMT(K).

Proof. The arguments for the proof of this results relies completely on the techniques devel-
oped in [13] which are scattered along that paper. In [13, Lemma 3.1] there is the description
of a network M = (J 7, M,, where each N, is a family of disjoint relatively open subsets of
some closed set A,, C K. This network plays an important role in the construction of norms
and metrics on € (K)* with special properties. Define the metric on 9+ (K) by

d(p,v) = [p(K) = v(K)[+ Y 27" Y |u(N) = v(N)].

n=1 NeN,
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The convergence of the series is ensured since each family O, is disjoint and so the series is
dominated by the total variation of the measures. Now [13, Lemma 3.2] implies that the d-
topology is finer than the weak* topology on 9™ (K). The converse (restricted to the sphere)
requires the norm constructed in the proof of [13, Theorem 3.3]. We will sketch the steps of
the construction skipping some details. For every n € N define a function F,, on € (K)* by

Fa(u)* = ) (V).
Nem,
For m,n € N define a seminorm ||-[|,, . on ¢(K)* by the formula
It = inf {m ™ Fy()? + (|1 — vI|* s supp(v) € Ay}
Finally, define an equivalent norm ||| - ||| on €' (K)* by
el = Nl =+ 3 27l + D 27 el (KON An) o 27" |l (K A7)
m,neN neN neN

where A} = A, \ Uyen, V- In order to see that the weak” topology and d coincides on
S|l NN (K) take a weak® converging sequence w*-limy, ju, = p with |||, |||+ = [|lzll|+ = 1.
Note that in such a case lim,, |||, + 1]+ = 2, so the hypothesis of a claim inside the proof
of [13, Theorem 3.3] is fulfilled. The claim says that (u,) converges to p in the norm of the
space (1(MNy,) for any k € N, that is,

lim Y |pa(H) — u(H)| = 0.

HeMNy,

Since we also have lim,, i, (K) = u(K), we deduce lim,, d(u,, 1) = 0 as we wanted. O

Proof of Theorem 1.6. (i) < (ii) is just an equivalent definition of descriptiveness (put to-
gether [13, Lemma 2.1] and [13, Lemma 2.2]).

(i) < (iii) is proved in [13, Theorem 1.3].
(iv) = (¢) is proved in [13, Lemma 2.5].
(v) = (iv) (and (iii) as well) follows from Theorem 1.4.

To close the cycle of implications we will prove (i) = (v). Assume that Zx- is a descriptive
compact. Proposition 2.5 with Proposition 2.4 and Choquet’s Lemma [3] provide us with
a dual renorming ||-||, such that given {u}, (pn), (vn,) C MT(ABx+), then w*-lim, v, = u
whenever

. 2 2 2 . 2 2 2
(24)  Em(2flpnlly + 2lvally = lin +valll) = Em@f| ]2+ 20l = [l + 1ll2) = 0.

Let T : €(#x+)* — X* be the barycentric map, which is linear and w*-w*-continuous.
Define an equivalent dual norm ||| - ||| on X* by

Il [I* = inf{ " Lon € M (PB), T — 11%) = a7},

s |
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We claim that ||| - ||| satisfies statement (iv). Suppose that we are given z* € X* and (z),en,
(Y5 )nen € X, such that

m (2 ] 2" I +2 ] 23 11° = Il 2" + 23 ]11%) = lm(2 ] 23 11° +2 1y 11 = 2% + walll®) =
The infimum in the definition of ||| - ||| is attained, so we may find measures

{12} () (), (v, (v) € MF(Bxc+)

such that
lz*[||* = Cand of =T (u' — pi?)
l llI* = Hun Y and o, = T(pd — p2);
lynlll* = Dand yp =T (v} —12).

An application of Lemma 2.2 gives easﬂy that conditions (2.4) are fulfilled for p!, (ul), (v})
and p2, (u2), (v2). Now observe that

hmyn = hmT(u —v2) = hmT( D) —lmT(v2) =T(p') — T(p?) = «*
which concludes the proof of the theorem. O

Remark 2.6. Once we know that the sphere (Sx«,w*) is metrizable, we can deduce that it
is metrizable by a complete metric since Sx- = Bx- \U,—,(1 — n~1) Bx- is a Gs-subset of
a compact space (Zx-,w*).

We will describe an alternative argument that is useful in the context of dual Banach
spaces. Let X be a locally convex space. Denote by V(x) a local base of the topology at
x € X and by H the family of open halfspaces of X. Let § : P(X) — [0, +oc] be a “diameter
function”, which here means a requirement of monotonicity, that is, §(4) < §(B) if A C B.
Given A C X and € > 0 denote

(A, ={z € A:VU € V(z),0(ANU) > e};

Al ={z € A:VH e V(z)NH,6(ANH) > e}
Note that [A]. is convex if A is so. These operations can be iterated, for instance [AJ¥*! =
[[A]*]L and [A]* = (o, [A]?. Finally, let Ext(A) denote the set of extreme points of a convex

set A C X. With this notation we have the following result, already proved in [14, Lemma
2.10].

Proposition 2.7. If A C X is compact and convez, then Ext([A]¥) C (A).

L.

If we assume (iii) of Theorem 1.6, we can prove (iv) using Proposition 2.7 with the following
idea. Without loss of generality, the metric can be extended to a metric d’ defined in Zx-.
Then ([#x+]5-m)nmen is a countable family of symmetric convex sets that can be used in the
same fashion that the sets B,, in the proof of Proposition 2.4. However, it is more interesting
to apply this idea to the characterization of existence of dual strictly convex renorming
through symmetrics.

Theorem 2.8. Let X* be a dual Banach space. The following statements are equivalent:

(i) X* admits an equivalent dual strictly convex norm;
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(il) X* admits an equivalent dual norm and a symmetric p on Sx- such that every point
x* € Sx+ admits a relative weak* neighbourhood of small p-diameter.

Proof. (i) = (ii) If X* is endowed with a dual rotund norm, then we already know that the
symmetric p(z*,y*) = 4 — ||l2* + y*||* (or p(a*,y*) = 2 — ||z* + y*||) does the job even with
weak*-open slices as neighborhoods.

(ii) = (i) Assume that p is a symmetric on Sx« and define §(A) = p-diam(Sx- NA). Note
that the hypothesis implies that Sx+ N(Bx+). = 0. Consider the sets

Bum = 0" ([Bx]gm U2 Bx)
and their Minkowski’s functionals f,, ,,. Define an equivalent dual norm ||| - ||| as

* %12 —n—m *
lla™lI* = a1+ 27" fom(z*).

We claim that ||| - ||| is strictly convex. We will arrive to a contradiction, so assume that for
some points z* # y* € X* we have

20 1 +2 My 11 = Il =™ + y"llI* = 0.
Then by Lemma 2.2 we also have
2l (1" + 2lly*|I* = l|l=* +*|I* = 0;

2 fnm (@) 4 2fnm(Y)? = fam(z™ +y")* = 0.
for every n,m € N. Without loss of generality, we may assume that ||z*|| = ||y*|| = 1. Fix

m € N such that
2m<min{p (x*,—m —2|—y ),p(y*,x —;y >}

Let n € N the maximum of the set {k € N : f,,(z*) = 1}, which by Proposition 2.7 exists
and is finite. Then we have

Fam(@) = Fam@) = fam (‘"‘7 + y*> 1

2

Fortm@) = Forrm@) = Frrim ( : ) 0t

In particular, x*;y* € By \ Bui1m, so there is H € H such that % € H and 6(Bpm N

H) < 27™. Since either 2* € B,,,,, N H or y* € B, ,,, N H, this leads to a contradiction. [
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