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Abstract

Rank aggregation problems combine individual orderings of a common set of items into a consensus
ranking reflecting collective preferences. This paper introduces a general Integer Linear Programming
(ILP) framework to model and solve aggregation problems whose solutions are weak orders (bucket
orders). The framework provides a flexible and tractable architecture that incorporates structural and
normative constraints required in practice.

Within this setting, we develop several ILP formulations embedding additional structural require-
ments on the consensus bucket order, including a fixed number of buckets, predefined bucket sizes,
top-k constraints, and group-based fairness conditions. The formulations are modular and adaptable
to different aggregation contexts.

A particularly relevant case is the Optimal Bucket Order Problem (OBOP), for which we present
the first exact mixed-integer linear programming formulation. We evaluate the models through com-
putational experiments, comparing optimal solutions with the heuristics of Aledo et al. (2018) and
assessing scalability on benchmark instances from the PrefLib library. Finally, we present a real-world
case study on Spanish universities, where the proposed models aggregate competing rankings under
structural and fairness constraints.

Keywords: Integer Programming, Rank Aggregation Problems, Fairness, Optimal Bucket Order
Problem (OBOP)

1. Introduction

Rank aggregation problems consist of combining multiple potentially conflicting rankings of the
same items into a single consensus ordering that best reflects collective preferences. These problems
arise in a wide range of domains, including social choice (Dwork et al., 2001), information retrieval
(Farah and Vanderpooten, 2007), bioinformatics (Kolde et al., 2012), meta-search engines (Dwork et al.,
2001), and recommendation systems (Bałchanowski and Boryczka, 2023), where heterogeneous evalu-
ators or data sources provide ordinal judgments that must be fused into a unified and reliable output.
Designing principled aggregation mechanisms is challenging, as the resulting consensus should satisfy
desirable criteria such as robustness to noise, resistance to biased inputs, structural interpretability,
alignment with expert voters and computational tractability (Balestra et al., 2024; Dong et al., 2019;
Kuhlman and Rundensteiner, 2020; Aledo et al., 2025).
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A rich methodological landscape has been developed around these problems. Different formulations
stem from the choice of dissimilarity measure, as well as from the nature of the input and output
rankings. Among the most studied dissimilarity measures are the Kendall tau distance, which counts
the number of pairwise disagreements between two rankings; the Spearman footrule distance, based
on absolute position differences; and more general Kemeny–Snell distances, which provide axiomatic
frameworks for defining consensus (Critchlow, 1985; Kumar and Vassilvitskii, 2010).

The input rankings may be complete, partial, incomplete, or weighted (Lin, 2010; Alcaraz et al.,
2022; Franceschini et al., 2022). Additional structure may be imposed on the output, for example
in top-k aggregation settings (Chen and Suh, 2015; Lin, 2010) or under positional constraints, where
certain items must appear in pre-specified positions of the ranking.

Within this broad framework, the Kemeny Rank Aggregation Problem (KRP) stands out as a
central and influential problem. It seeks the ranking that minimizes the sum of Kendall distances
to the input rankings (Kemeny, 1962). Although NP-hard, the KRP and several of its variants have
been addressed through integer linear programming (ILP) approaches (Ali and Meilă, 2012), including
formulations that allow ties in the output (Brancotte et al., 2015; Yoo and Escobedo, 2021). Exact
optimization approaches are particularly valuable because they provide provably optimal solutions for
moderate-size instances and establish rigorous computational benchmarks for evaluating heuristic and
metaheuristic methods.

Mixed Integer Linear Programming (MILP) offers a flexible and mathematically rigorous envi-
ronment in which complex structural constraints can be integrated while preserving explainability
and controllability of the resulting aggregation mechanism. In contrast to black-box aggregation rules,
optimization-based formulations allow practitioners to explicitly model application-driven requirements
and systematically explore trade-offs among competing objectives.

In this paper, we introduce a general optimization-based ILP framework for rank aggregation when
the consensus solution is a weak ordering (also known as a bucket order), that is, a complete ranking
that allows ties. Weak orders are particularly relevant in applications where items naturally form groups
of comparable preference intensity, yet optimization models for such settings remain comparatively
underdeveloped in the literature. The proposed framework provides a computationally tractable and
extensible modeling architecture that enables the integration of structural constraints (e.g., number
and sizes of buckets), top-k–type requirements, and group-based fairness conditions within a unified
formulation.

The proposed models are validated through an extensive computational study on benchmark and
real-world datasets, demonstrating their scalability, robustness, and practical applicability. In partic-
ular, we provide the first exact ILP formulation for the Optimal Bucket Order Problem (OBOP), a
distance-based aggregation problem whose solutions are weak orders and which has previously been
addressed only through heuristic and metaheuristic techniques.

Although there exists an extensive body of literature on optimization models for linear orderings
(see Alcaraz et al. (2022) for a survey), optimization models for weak orderings remain compara-
tively scarce. For example, additional variables and constraints have been introduced to handle cyclic
orders (García-Nové et al., 2017), to rank cluster representatives (Alcaraz et al., 2020), or to estab-
lish consistent orderings among sets of elements (Labbé et al., 2023). Alternative objective functions
have also been proposed to reduce multiplicity of optimal solutions (Benito-Marimon et al., 2025),
and structural properties of optimal solutions have been investigated in Ceberio et al. (2015) and in
Martín Melero et al. (2025). However, a unified and extensible ILP modeling framework capable of
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integrating structural and fairness constraints within weak-order aggregation is still lacking.
The main contributions of this work are summarized as follows:

• General ILP framework for weak-order aggregation. We develop a computationally tractable
and extensible ILP modeling architecture for consensus weak orderings, enabling the explicit
integration of structural and normative constraints within a unified optimization framework.

• Fixed-number-of-buckets ILP models. We introduce the first general ILP formulations for con-
sensus weak orderings with a prescribed number of buckets, including variants with equal bucket
sizes and configurations with heterogeneous, position-dependent bucket sizes.

• Tail-Collapsed Upper-k (TCU-k) model. We propose a novel top-k–oriented formulation that
overcomes limitations of classical top-k aggregation. The TCU-k model (i) produces a weak
ordering among the top-k items, (ii) collapses the remaining n− k items into a final bucket in a
principled manner, and (iii) provides a rigorous characterization of its structural and computa-
tional properties relative to traditional top-k approaches.

• Fairness-aware weak-order aggregation. We present the first ILP formulations that incorporate
group-based fairness constraints into weak-order rank aggregation. These constraints are encoded
explicitly within the optimization model, enabling controlled and explainable enforcement of
fairness requirements.

• First exact ILP formulation of the Optimal Bucket Order Problem (OBOP). We introduce the first
exact ILP model for the OBOP, a distance-based aggregation task in which the input is a pairwise
order matrix C of order n and the output is a bucket order. The problem has traditionally been
addressed using greedy, randomized, evolutionary, and metaheuristic algorithms (Gionis et al.,
2006; Ukkonen et al., 2009; Kenkre et al., 2011; Aledo et al., 2017, 2018; Lorena et al., 2021;
Aledo et al., 2021). Our formulation enables, for the first time, the computation of provably
optimal solutions for benchmark instances.

• Extensive computational validation. Using the proposed ILP models, we compute the first exact
solutions for OBOP instances from the widely used PrefLib and MovieLens datasets, for sizes
ranging from 50 to 250 items. We further analyze the impact of structural constraints (fixed
bucket sizes, TCU-k requirements) and fairness constraints on solution quality and computational
complexity, providing a comprehensive experimental assessment of the proposed framework.

• Real-world empirical application to Spanish university rankings. We validate the proposed mod-
eling framework through a real-world case study involving the aggregation of rankings of Spanish
private universities. The dataset comprises 24 institutions evaluated across 23 quantitative indi-
cators grouped into teaching, research, and labour-market outcomes.

The remainder of the paper is organized as follows. Section 2 presents the necessary preliminary
concepts and reviews relevant previous results. Section 3 introduces the proposed ILP formulation
for the OBOP. Sections 4, 5, and 6 develop, respectively, the fixed-number-of-buckets model, the
TCU-k formulation, and the fairness-aware extensions within the general framework of weak-order
aggregation. Section 7 reports the computational experiments and analyzes the performance and
structural implications of the proposed models. Section 8 illustrates the practical applicability of the
framework through a real-world aggregation study involving Spanish university rankings. The paper
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concludes with final remarks and directions for future research in Section 9. Two appendices provide
additional technical details concerning the OBOP model with fixed bucket sizes.

2. Integer Programming Framework

In this section, we introduce the integer programming framework that characterizes problems whose
solutions are weak orders, following Fiorini and Fishburn (2004). Recall that a weak order (or bucket
order) is a complete preorder: every pair of items is comparable, ties are allowed, and the relation is
transitive, so items may be grouped into ranked equivalence classes.

We now encode a weak order on the set [[n]] = {1, 2, . . . , n} through the binary variables

xrs =

1 if r comes before or is tied with s,

0 otherwise,
∀ r, s ∈ [[n]] : r ̸= s.

Hence, xrs = xsr = 1 indicates a tie between r and s, while xrs = 1 and xsr = 0 implies that item r is
ranked ahead of item s.

The standard constraints ensuring that the resulting relation is a weak order are (see Brancotte
et al. (2015), Yoo and Escobedo (2021)):

min f(Π,x) (1a)

s.t. xrs + xsr ≥ 1 ∀ r, s ∈ [[n]] : r < s, (1b)

xrs + xst ≤ 1 + xrt ∀ r, s, t ∈ [[n]] : r ̸= s ̸= t ̸= r, (1c)

xrs ∈ {0, 1} ∀ r, s ∈ [[n]] : r ̸= s. (1d)

For any aggregation problem Π, the objective function is represented by f(Π,x) defined in terms of
the variables xrs. The concrete expression of this function depends on the nature of Π. For example,
for the generalized Kemeny aggregation problem, that is, the KRP in which the input rankings may
be complete or partial and may contain ties, f(KRP,x) = −

∑n
r=1

∑n
s=1 a

KRP
rs (2xrs − 1), where

aKRP
rs is computed in different ways, depending on whether these input rankings are complete or

not (see Yoo and Escobedo, 2021, for details). For the Linear Ordering Problem (LOP), we have
f(LOP,x) = −

∑n
r=1

∑
s̸=r a

LOP
rs xrs, where aLOP

rs is the number of times r precedes s. In both cases,
the negative sign in front of the summations indicates that the problem is formulated as a maximization
problem (see Alcaraz et al. (2022) for a description and application of the LOP).

Constraint (1b) guarantees that every pair of items is comparable, while (1c) enforces transitivity.
Together, they ensure that the resulting relation is a weak order.

If ties are not allowed, the inequality in the comparability constraint can be replaced by the equality

xrs + xsr = 1 ∀ r, s ∈ [[n]] : r < s, (1b’)

resulting in a formulation whose feasible solutions correspond to linear orders, that is, permutations
or complete rankings without ties. Moreover, if one wishes to obtain a permutation consistent with a
given weak order solution x̂, as defined by Aledo et al. (2016), one must add constraints (1b’) together
with the following variable fixings:

xrs = 1 ∀ r, s ∈ [[n]], r ̸= s, x̂rs = 1, x̂sr = 0.
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Finally, to check whether multiple optimal solutions exist, an exclusion constraint can be added to
remove a previously found solution x̂ from the feasible region:

1 ≤
n∑

r=1

n∑
s=1
s̸=r

(
(1− x̂rs)xrs + x̂rs(1− xrs)

)
.

This constraint forces at least one binary variable to differ from the current optimal solution, thus
excluding it while preserving all other feasible solutions. Resolving the model with this restriction
allows for the identification of alternative optima, if any exist.

3. The Optimal Bucket Order Problem

As introduced in Section 2, a bucket order B (also called a weak order or a complete ranking with
ties) on n elements is an ordered partition of [[n]] = {1, 2, . . . , n}. That is, it consists of disjoint
subsets (buckets) B1, B2, . . . , Bp with 1 ≤ p ≤ n, such that

⋃p
u=1Bu = [[n]]. We represent B by listing

the elements with commas between items in the same bucket and vertical bars between buckets. For
instance, 4

∣∣ 1 3
∣∣ 2 5 denotes a bucket order on [[5]] with three buckets, expressing that 4 is preferred

to all others, 1 and 3 are tied and ranked ahead of 2 and 5, which are also tied. Each bucket order B
can be represented by a bucket matrix B = (brs)n×n, where brs = 1 if r is preferred to s, brs = 0 if s
is preferred to r, and brs = 0.5 when r and s are tied. Thus, brr = 0.5 for all r, and brs + bsr = 1 for
all r ̸= s.

On the other hand, a pair order matrix is defined as a matrix C = (crs)n×n satisfying that crs ∈
[0, 1], crs + csr = 1 for all r ̸= s, and crr = 0.5 for all r. Therefore, every bucket matrix is a pair order
matrix, but not every pair order matrix corresponds to a bucket order, since transitivity may fail and
the numerical restrictions on its entries are weaker.

The Optimal Bucket Order Problem (OBOP) (Gionis et al., 2006; Ukkonen et al., 2009) is a distance-
based rank aggregation problem. Specifically, given a pair order matrix C, the goal of the OBOP is to
find a bucket order B (or equivalently, a bucket matrix B) minimizing

D(B,C) =
n∑

r=1

n∑
s=1

|brs − crs|.

Since the OBOP is NP-complete (Gionis et al., 2006), several greedy and (meta)heuristic algorithms
have been proposed (Ukkonen et al., 2009; Kenkre et al., 2011; Aledo et al., 2017, 2018; D’Ambrosio
et al., 2019; Aledo et al., 2021), but no exact methods have yet been applied to solve it — a gap this
work aims to address.

3.1. Integer Linear Programming formulation for the OBOP

As established in Section 2, the constraints guaranteeing that any feasible solution represents a
weak order are already known. The only remaining element for a complete formulation of the OBOP
is its objective function, whose expression in terms of the x-variables is presented in the following
proposition, and whose linearized counterpart will be introduced later in the paper.

Proposition 1. Consider the Integer Programming model (1) described in Section 2, which ensures
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that any feasible solution x corresponds to a weak order. If the objective function is defined as

f(OBOP,x) =
n∑

r=1

n∑
s=1
s̸=r

∣∣∣∣xrs − xsr + 1

2
− crs

∣∣∣∣ , (2)

then the resulting optimization model solves the OBOP, since f(OBOP,x) coincides with the distance
D(B,C) that the OBOP seeks to minimize. Therefore, by combining the constraints in (1) with the
objective function above, we obtain an exact Integer Programming formulation of the OBOP.

Proof. Since brr = crr = 0.5 for all r ∈ [[n]], the diagonal terms of D(B,C) vanish. For r ̸= s, recall
that brs = 1 if r precedes s, brs = 0.5 if r and s are tied, and brs = 0 otherwise. According to model (1),
these cases correspond respectively to (xrs, xsr) = (1, 0), (1, 1), and (0, 1), yielding in all situations

brs =
xrs − xsr + 1

2
.

Hence, f(OBOP,x) in (2) coincides with D(B,C), proving the equivalence.

However, this function can be simplified, as we state in the following corollary.

Corollary 1. The objective function (2), which models the OBOP, coincides with

f(OBOP,x) = 2
n∑

r=1

n∑
s=r+1

∣∣∣∣xrs − xsr + 1

2
− crs

∣∣∣∣ . (3)

Proof. For r ̸= s, note that xrs−xsr+1
2 = 1 − xsr−xrs+1

2 and crs = 1 − csr. Hence the summands for
(r, s) and (s, r) coincide, so the sum over all ordered pairs equals twice the sum over r < s, yielding
(3) and the same objective value as (2).

Once established that the OBOP can be formulated with the above objective function (3), it remains
to linearize it. To this end, we introduce auxiliary decision variables drs for all r, s ∈ [[n]] with r < s,
representing the absolute deviation between brs and crs (which coincides with that between bsr and
csr). Using a well-known linearization technique, we may rewrite the objective function for any weak
order model as

f(OBOP,x) = 2
n∑

r=1

n∑
s= r+1

drs, (4)

together with the constraints

drs ≥
xrs − xsr + 1

2
− crs ∀ r, s ∈ [[n]], r < s, (5a)

drs ≥ crs −
xrs − xsr + 1

2
∀ r, s ∈ [[n]], r < s. (5b)

Incorporating the objective function (4) and constraints (5a) and (5b) into the weak order model (1)
yields a complete Integer Linear Programming formulation of the OBOP, given by:

min 2

n∑
r=1

n∑
s= r+1

drs (6a)

s.t. (1b) − (1c) (6b)

(5a) − (5b) (6c)
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xrs ∈ {0, 1} ∀ r, s ∈ [[n]], r ̸= s. (6d)

Remark 1. It is clear that the problem could also be solved with the objective function (3) without the
factor 2. However, in order to keep our results consistent with those in the literature, we will retain
this factor.

In order to illustrate the proposed model for the OBOP, we consider the following example.

Example 1. Let us consider the following instance of the OBOP with 8 items, whose pair order matrix
is given in Figure 1.

1

100



50 52 46 72 60 70 82 90
48 50 10 42 60 90 22 78
54 90 50 76 98 85 82 80
28 58 24 50 80 76 65 80
40 40 2 20 50 55 0 20
30 10 15 24 45 50 50 0
18 78 18 35 100 50 50 90
10 22 20 20 80 100 10 50


Figure 1: Pairwise order matrix used in Example 1

Solving this instance with model (6) yields the unique optimum

1 3
∣∣ 2 4 7

∣∣ 8
∣∣ 5 6

with an objective value of 10.78.

3.2. Utopian matrix

To conclude this section, let us revise the notion of utopian matrix introduced in Aledo et al. (2017).
Given a pair order matrix C of order n, the utopian matrix UC = (uCrs)n×n is defined as

uCrs =


1 if crs > 0.75,

0.5 if 0.25 ≤ crs ≤ 0.75,

0 if crs < 0.25.

The utopian matrix UC provides a superoptimal solution to the OBOP, satisfying D(B,C) ≥
D(UC , C) for any bucket matrix B. However, UC may violate transitivity and thus not belong to the
feasible set of the OBOP.

In fact, UC can be obtained from model (6) by omitting the transitivity constraints (1c), as the
resulting formulation adjusts the variables to best approximate crs, yielding

xrs = uCrs ∀ r, s ∈ [[n]], r ̸= s,

which precisely defines the utopian matrix. For Example 1, we obtain D(UC , C) = 7.22, which shows
that the utopian matrix achieves a smaller value than the optimal feasible solution.
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4. Models with a fixed number p of Buckets

In this section, we extend the ranking problem to the case where the number of buckets is fixed
in advance to a number p, 1 ≤ p ≤ n. Hereafter, we refer to this problem as the p-bucket problem.
A similar idea was examined by D’Ambrosio et al. (2019), who proposed a heuristic median ranking
constrained to a given number of buckets. Here, we instead develop exact formulations within a general
optimization framework capable of handling diverse rank aggregation criteria.

This setting arises naturally in classification and rating systems where items are grouped into a
limited number of categories. For example, movie platforms such as IMDb or Rotten Tomatoes rate
films using one to five stars, each star level representing a bucket of tied items. Likewise, university
rankings often divide institutions into a few tiers (e.g., top, high, medium, low), forming a weak order
with a fixed number of buckets.

We introduce two alternative formulations: one based on item–bucket assignment variables and
another using representative items. We also discuss extensions that impose fixed bucket capacities or
specify the size of each bucket according to its rank position. The objective function is left general,
allowing the framework to accommodate different aggregation or consensus measures.

For the first model, we introduce the following variables:

yru =

1 if item r is assigned to bucket u,

0 otherwise,
∀ r ∈ [[n]], ∀u ∈ [[p]].

Unless otherwise specified, when referring to bucket u we mean the bucket that occupies the u−th
position in the ranking.

We propose the following model as our first formulation:

min f(Π,x) (7a)

s.t.
p∑

u=1

yru = 1 ∀ r ∈ [[n]], (7b)

n∑
r=1

yru ≥ 1 ∀u ∈ [[p]], (7c)

yru + ysu ≤ xrs + xsr ∀ r, s ∈ [[n]], ∀u ∈ [[p]] : r < s, (7d)

xsr +
u∑

v=1

yrv +

p∑
v=u+1

ysv ≤ 2 ∀ r, s ∈ [[n]], ∀u ∈ [[p− 1]] : r ̸= s, (7e)

xrs ∈ {0, 1} ∀ r, s ∈ [[n]] : r ̸= s. (7f)

yru ∈ {0, 1} ∀ r ∈ [[n]], ∀u ∈ [[p]]. (7g)

Constraints (7b) ensure that every item belongs to exactly one bucket, (7c) guarantee that each
bucket contains at least one item, constraints (7d) enforce that all items assigned to the same bucket
are tied, and constraints (7e) forbid an item from being ranked before (or tied with) another that is
assigned to a later bucket, ensuring that the global ranking remains consistent with the ordering of
the buckets.

For completeness, we note that constraints from the base weak-order model (1) are redundant in
this formulation; they remain valid inequalities for model (7). We formalize this result below.
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Proposition 2. The base inequalities (1b) and (1c), defining the weak order structure, are valid
inequalities for model (7).

Proof. Let r, s ∈ [[n]] with r < s. By (7b), there exists some u such that yru = 1. Applying (7d) to
(r, s, u) yields 1 + ysu ≤ xrs + xsr, hence xrs + xsr ≥ 1.

For distinct r, s, t, if xrs = xst = 1, then by (7e) item r cannot be placed after item s, and s

cannot be placed after t, which together prevent r from being placed after t. Hence xrt = 1, and
constraint (1c) is satisfied.

Moreover, the integrality of variables x can be relaxed, as formalized below.

Proposition 3. The integrality constraints (7f) on variables x can be relaxed.

Proof. Let r, s ∈ [[n]] with r ̸= s. By (7b), there exist u, v ∈ [[p]] such that yru = ysv = 1. If u = v,
then from (7d) and the fact that the variables satisfy xrs ≤ 1 and xsr ≤ 1, we obtain xrs = xsr = 1.
If u < v, constraint (7e) implies xsr = 0, and by (1b) we must have xrs = 1. Similarly, if u > v, we
get xrs = 0 and xsr = 1. In all cases, the variables xrs take integer values, so their integrality can be
relaxed.

The above formulation fully characterizes the p-bucket problem using assignment variables. How-
ever, an alternative model can be obtained by introducing representative-based variables, offering a
different but equivalent perspective of the problem.

In this second formulation, we assume that the representative of each bucket is the item with the
highest index among its members. Accordingly, if item r belongs to a bucket whose representative is
s, then r < s. Based on this convention, instead of using the assignment variables yru, we work with
the following decision variables:

αr =

1 if item r is chosen as the representative of a bucket,

0 otherwise,
∀ r ∈ [[n]],

βrs =

1 if item r belongs to a bucket whose representative is s,

0 otherwise,
∀ r, s ∈ [[n]] : r < s.

Based on these variables, we propose the following formulation as our second model for the p-bucket
problem:

min f(Π,x) (8a)

s.t. (1b) − (1c) (8b)
n∑

r=1

αr = p (8c)

βrs ≤ αs ∀ r, s ∈ [[n]] : r < s, (8d)
n∑

s= r+1

βrs + αr = 1 ∀ r ∈ [[n]], (8e)

xrs ≥ βrs ∀ r, s ∈ [[n]] : r < s, (8f)

xsr ≥ βrs ∀ r, s ∈ [[n]] : r < s, (8g)

xrs + xsr + αr ≤ 2 ∀ r, s ∈ [[n]] : r < s, (8h)
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xrs ∈ {0, 1} ∀ r, s ∈ [[n]] : r ̸= s, (8i)

αr ∈ {0, 1} ∀ r ∈ [[n]], (8j)

βrs ∈ {0, 1} ∀ r, s ∈ [[n]] : r < s. (8k)

Constraint (8c) ensures that exactly p representatives are selected and therefore p buckets are created.
Constraints (8d) enforce that an item can only be placed in a bucket whose representative has actually
been selected. Constraints (8e) require that every item is either a representative itself or is assigned
to the bucket of a representative with a higher index. Constraints (8f) and (8g) ensure that, whenever
an element belongs to a bucket represented by another one, both must be tied. By transitivity, this
implies that all elements within the same bucket are tied. Finally, constraints (8h) guarantee that each
bucket has exactly one representative: the largest-indexed item in that bucket.

In addition, we note that the following inequality, although not explicitly included in model (8), is
always satisfied by any feasible solution and can therefore be regarded as a valid inequality.

Proposition 4. The following constraints are valid inequalities for model (8):

βrs + αs ≤ xrs + xsr ∀ r < s (9)

Proof. If βrs+αs ≤ 1, the result follows from (1b). If βrs+αs = 2, then βrs = αs = 1, and by (8f)–(8g),
xrs = xsr = 1. Hence, (9) holds in all cases.

Proposition 5. By adding constraint (9) to model (8) and removing constraints (8f) and (8g), we
obtain an alternative formulation of the problem.

Proof. Fix r < s. If βrs = 0, then the removed constraints hold trivially. If βrs = 1, constraint (8d)
implies αs = 1, and (9) gives xrs = xsr = 1, which satisfies both (8f) and (8g). Hence, the added
constraint reproduces the effect of the removed ones.

To illustrate the effect of prescribing the number of buckets, we extend the previous example as
follows.

Example 2. Continuing with Example 1, we now consider the version of the OBOP in which the
ranking must be partitioned into a prescribed number of buckets, denoted as the p-OBOP. This problem
is solved using the optimization models (7) and (8) adapted to the OBOP, that is, by incorporating the
auxiliary variables d, replacing the objective function with (4), and adding constraints (5a) and (5b).
For p = 2 and p = 5, both models yield the unique optima

1 2 3 4 7
∣∣ 5 6 8 and 1 3

∣∣ 4 7
∣∣ 2

∣∣ 8
∣∣ 5 6

with objective values of 12.14 and 11.34, respectively. When p = 4, the solution coincides with that of
the original OBOP, as expected.

4.1. Equal bucket sizes

If, in addition, all buckets are required to contain the same number q of items (with p · q = n), the
models can be adapted as follows. In formulation (7), the set of constraints (7c) is replaced by∑

r∈[[n]]

yru = q ∀u ∈ [[p]], (10)
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whereas in formulation (8), the following constraints are added:

s−1∑
r=1

βrs = (q − 1) · αs ∀ s ∈ [[n]]. (11)

A natural application of this setting arises in tournaments or ranking systems where participants
must be grouped into divisions of equal size. For example, in a sports league, teams may be divided
into groups of the same number of members for a preliminary stage, based on their overall performance
scores. Each group corresponds to a bucket of identical capacity, and the resulting partition defines a
weak order among divisions rather than among individual teams.

We next provide an example to show how the models behave when all buckets are required to have
the same size.

Example 3. Revisiting Example 1, we now impose equal bucket sizes. For two buckets of capacity four
and four buckets of capacity two, the unique optima are

1 3 4 7
∣∣ 2 5 6 8 and 1 3

∣∣ 4 7
∣∣ 2 8

∣∣ 5 6

with objective values of 13.14 and 11.46, respectively. The former is worse (in terms of fitness) than that
in Example 2, while the latter differs from the optimal solution of the standard OBOP in Example 1,
even though the number of buckets is the same.

4.2. Prescribed bucket sizes by rank position

This setting models situations where the partition of the ranking is completely specified in terms of
bucket sizes (e.g., the top bucket must contain exactly three items, the second bucket four items, etc.).
The optimization problem then consists only in deciding which items are assigned to each bucket, while
the relative order between buckets is fully predetermined.

In this variant, the exact size of each bucket is fixed in advance according to its position in the
ranking. That is, for each u ∈ [[p]], the number of items that must be assigned to bucket u is a prescribed
parameter qu, with

∑
u∈ [[p]] qu = n. Such a configuration may arise in selection or allocation processes

where the number of elements per category is predetermined. For instance, in a scholarship or award
distribution problem, the number of recipients for each prize level (say three gold, four silver, and five
bronze awards) is fixed in advance. The relative order of these categories is therefore known, and the
optimization focuses solely on determining which candidates should be assigned to each level.

It should be noted that, although the representative-based model (8) could in principle be extended
to this setting by introducing additional variables, such an adaptation would no longer preserve the
essence of a representative-based formulation. The key advantage of that approach is that the order
of the buckets does not need to be specified, whereas in the present framework the order is fixed
in advance, and this benefit is therefore lost. For this reason, we restrict our attention to adapting
model (7) to this setting.

With this interpretation, the model is adapted as follows. In formulation (7), replace (7c) by:

n∑
r=1

yru = qu ∀u ∈ [[p]]. (12)

Constraints (12) share similarities to those from Section 4.1, and guarantee that each bucket has its
prescribed capacity qu. The resulting model is hereafter referred to as model (12).
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The main theoretical results derived for model (7) remain valid in this formulation. In particular,
the inequalities established in Proposition 2 also hold for model (12), since their proofs rely only on
the structural relations between variables x and y, which are preserved here. Moreover, the integrality
of variables x can be relaxed for the same reason as before.

Let us see how this variant operates through our toy example.

Example 4. Continuing with Example 1, we now fix both the order and capacity of each bucket. For
three ordered buckets of capacities one, three, and four, and for four ordered buckets of capacities one,
two, two, and three, the unique optima are

3
∣∣ 1 4 7

∣∣ 2 5 6 8 and 3
∣∣ 1 4

∣∣ 2 7
∣∣ 5 6 8

with objective values of 13.66 and 13.78, respectively. When four ordered buckets of capacities two,
three, one, and two are imposed, the solution coincides with that of the original OBOP, confirming the
model’s consistency.

5. Tail-Collapsed Upper-k

Identifying which subset of k items stands out within a collection of n is often more informative
than producing a complete ranking. Focusing exclusively on the upper part of the structure is also
computationally advantageous, since the number of feasible configurations is substantially reduced
when the lower portion is collapsed into a single bucket containing exactly n − k items. This leaves
the k potentially relevant items unconstrained, allowing different upper configurations to be compared.
Furthermore, it is highly relevant that the solutions show the strongest overall agreement when the
last n− k items are considered to be of no interest.

This approach is not equivalent to the classical top-k problem. Several heuristic and non-exact
algorithms have been proposed for this task (see, for instance, Lin (2010)). An exact procedure in
this spirit would consist of solving the problem with the model (1) and then keeping only the first k

positions of the resulting order. However, even such an exact approach raises an additional issue: if the
k-th position lies within a bucket of tied items, one must decide how to truncate that bucket, thereby
breaking a tie that the optimization process considered meaningful. This truncation-based methodology
can become ambiguous when the top-k boundary falls inside a block of tied or nearly tied items, since
an additional rule is needed to break that tie. Another possible way to obtain a top-k ordering would
be to first solve the OBOP to optimality, then construct any permutation consistent with its bucket
structure, and finally truncate this permutation after the first k positions. This alternative does not
suffer from the truncation ambiguity, since the permutation can be chosen after the bucketed solution
is known, but it is computationally more expensive because it requires solving the full OBOP before
producing the desired top-k order. Moreover, neither the option of truncating a bucket nor that of
choosing the best ones in the consistent permutation has to correspond to the one with the highest
consensus (i.e., the lowest value of the objective function, if we are minimizing) among all those that
treat the last n− k elements as equal.

Our approach is also not equivalent to imposing exactly two fixed blocks, with an upper block of
size k, since that formulation, unlike our proposal, forces the top k ranked elements to form a single
undifferentiated group. Again, the solution in which the first k elements are tied does not have to be
the one with the highest consensus if the goal is only to highlight the order among the top elements.

The Tail-Collapsed Upper-k problem addresses these issues by fixing the lower block of size n−k and
treating its elements as interchangeable, while allowing the upper region to retain whatever structure
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the optimization requires, that is, by selecting among multiple configurations the one that achieves the
highest consensus. This formulation is computationally simpler than fully ordering all n items, since
only the top-k region is modeled in full detail. The k selected items may form one or several levels,
depending on what yields the highest objective value.

To formulate the Tail-Collapsed Upper-k problem, we introduce the following variables:

zr =

1 if item r belongs to the last bucket,

0 otherwise,
∀ r ∈ [[n]].

Our formulation is then given by

min f(Π,x) (13a)

s.t. (1b) − (1c) (13b)∑
r∈ [[n]]

zr = n− k (13c)

xrs + zr ≤ 1 + zs ∀ r, s ∈ [[n]] : r ̸= s, (13d)

xrs ≥ zs ∀ r, s ∈ [[n]] : r ̸= s, (13e)

xrs ∈ {0, 1} ∀ r, s ∈ [[n]] : r ̸= s, (13f)

zr ∈ {0, 1} ∀ r ∈ [[n]]. (13g)

Constraint (13c) fixes the size of the last bucket to n−k, while (13d) and (13e) ensure that every item
in the last bucket appears after those outside it.

We illustrate the behavior of this formulation through our toy example.

Example 5. Using the same data as in Example 1, we now consider the version of the OBOP in
which only the top k positions are preserved while the remaining items are collapsed into a single tail
bucket. We refer to this problem as the TCU-k OBOP, and solve it using formulation (13) adapted to
the OBOP. For k = 4 and k = 7, the unique optima are

1 3
∣∣ 4 7

∣∣∣∣ 2 5 6 8 and 1 3
∣∣ 2 4 7

∣∣ 8
∣∣ 5

∣∣∣∣ 6

with objective values of 12.66 and 11.58, respectively. Hereafter, the symbol
∣∣∣∣ denotes the separation

between the head (the first k positions) and the collapsed tail in the bucket notation. For k = 6, the
model reproduces the optimal ranking of the OBOP.

We next provide an example illustrating that the previously mentioned problems and the TCU-k
approach are not equivalent.

Example 6. Consider an instance with 10 items, whose pairwise order matrix is shown in Figure 2.
Solving the OBOP yields two optima

6
∣∣ 9

∣∣ 5
∣∣ 3 7

∣∣ 1
∣∣ 4

∣∣ 2
∣∣ 10

∣∣ 8 and 6
∣∣ 9

∣∣ 5
∣∣ 3

∣∣ 7
∣∣ 1

∣∣ 4
∣∣ 2

∣∣ 10
∣∣ 8

both with an objective value of 13.14; the only difference is whether items 3 and 7 are tied or strictly
ordered.

When applying the TCU-k OBOP for k = 6, the optimal solution obtained is

9
∣∣ 3

∣∣ 1 6 7
∣∣ 4

∣∣∣∣ 2 5 8 10
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1

100



50 82 12 77 5 91 24 80 15 76
18 50 88 22 79 10 7 95 25 79
88 12 50 81 23 90 75 14 5 83
23 78 19 50 80 0 25 85 11 97
95 21 77 20 50 8 89 76 2 75
9 90 10 100 92 50 78 18 84 20
76 93 25 75 11 22 50 79 9 85
20 5 86 15 24 82 21 50 77 13
85 75 95 89 98 16 91 23 50 80
24 21 17 3 25 80 15 87 20 50


Figure 2: Pairwise order matrix used in Example 6

with an objective value of 28.9. This is somewhat unexpected when compared with the optimal OBOP
solutions reported above, since the six best-ranked items do not coincide with those appearing in this
solution. In fact, the best rankings whose tails coincide with the tail of the standard OBOP are

6
∣∣ 9

∣∣ 5
∣∣ 3 7

∣∣ 1
∣∣∣∣ 2 4 8 10 and 6

∣∣ 9
∣∣ 5

∣∣ 3
∣∣ 7

∣∣ 1
∣∣∣∣ 2 4 8 10,

both with a higher objective value of 29.1.
Moreover, for k = 3, the TCU-k OBOP yields

6
∣∣ 9

∣∣ 5
∣∣∣∣ 1 2 3 4 7 8 10

with an objective value of 30.1. For comparison, the two-bucket variant (with a first bucket of size
k = 3) admits the optimal solution

6 7 9
∣∣ 1 2 3 4 5 8 10

with an objective value of 31.38 while the result of visually splitting the OBOP ranking into two sections,
the first with 3(= k) items and the second with 7(= n− k), is

5 6 9
∣∣ 1 2 3 4 7 8 10

with an objective value of 32.06.

Remark 2. In this section, we have observed that the result of grouping the elements of a list into ho-
mogeneous subgroups (referred to as buckets in our context) can differ substantially when the number
or size of these homogeneous groups is modified. This peculiarity is not exclusive to weak ordering
methods, which constitute the main focus of this study, but also arises in any non-hierarchical clus-
tering method, such as the k-means algorithm, and in facility location problems (see Laporte et al.
(2019) for a survey) like the p-median problem. In both non-hierarchical clustering and the p-median
problem, the way elements are grouped changes with the number and size of the groups, prioritizing
configurations that optimize an objective function, namely the sum of squared distances in clustering
and the transportation cost in location problems.
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6. Incorporating fairness constraints

Fairness is a key concern in ranking and recommendation systems, where it is often desirable to
regulate how different item groups are represented throughout the ranking, either by promoting the
visibility of some or limiting the dominance of others. In response, recent works in rank aggregation
have introduced mechanisms to handle protected attributes (e.g., gender, race, religion), enabling
group-aware consensus ranking generation (Chakraborty et al., 2022; Pitoura et al., 2022). For example,
in an academic ranking, one might require a minimum share of students from underrepresented schools
among the top positions, or restrict any single school from exceeding a certain proportion.

Following the idea introduced by Chakraborty et al. (2024), who define fairness for linear orderings
by controlling the proportion of items from each group within the top positions, we extend this notion
to our bucket-based setting, where ties are allowed. Specifically, we incorporate fairness constraints
into the basic model (1), using the assignment variables y from model (7) with up to potential n

buckets in total. Empty buckets are forced to the end of the ranking to preserve the natural order of
filled ones.

Let G1, G2, . . . , Gg ⊆ [[n]] be item groups that form a partition of [[n]], and let λiℓ, µiℓ ∈ [0, 1]

denote the lower and upper bounds for the desired proportion of items from group Gi within the top ℓ

buckets, whenever such bounds are specified by the decision maker in a logically consistent manner;
otherwise, the default values λiℓ = 0 and µiℓ = 1 apply. The corresponding integer constraints are:

⌊
λiℓ

n∑
r=1

ℓ∑
u=1

yru

⌋
≤

∑
s∈Gi

ℓ∑
u=1

ysu ≤
⌈
µiℓ

n∑
r=1

ℓ∑
u=1

yru

⌉
, ∀ i ∈ [[g]], ∀ ℓ ∈ [[n]].

The use of floor and ceiling operators is essential. Without them, proportional lower bounds
imposed simultaneously for all groups would effectively require each group to contribute at least one
item to the top-ℓ buckets, regardless of whether the prefix is large enough to justify such a requirement.
The lower bound becomes nonbinding when the top-ℓ segment contains too few items to enforce
meaningful representation, and it activates only once the cumulative size is sufficient. A symmetric
rationale applies to the upper bound through the use of the ceiling operator.

These fairness constraints are written on the cumulative top-ℓ portion rather than on individual
buckets. This is important because, depending on the bucket structure of the ranking, per-bucket
proportional constraints may become trivially slack. For example, if a bucket contains very few items,
such as a single one, then any proportional lower bound would immediately round down to zero. By
working with cumulative prefixes, the constraints preserve their intended effect in a discrete ranking
setting, in line with the approach commonly adopted in the literature (see, for instance, Chakraborty
et al. (2024); Wei et al. (2022)). The need for the floor and ceiling operators and the cumulative
constraints is further justified in the following example.

Example 7. Consider items {1, . . . , 6} and one protected group, G1 = {1, 2, 3}, which we wish to
represent proportionally in the first two buckets, that is, with λ1ℓ = µ1ℓ = 0.5 for ℓ ∈ {1, 2}, λ1ℓ = 0,
µ1ℓ = 1 for ℓ ∈ {3, . . . , 6}. All remaining items constitute the complementary group, for which no
bounds are imposed.

If the fairness constraints were imposed without the floor and ceiling operators, the feasible bucket
orders would be limited to configurations where the number of items in the first two buckets is even,
such as:

1 2 3 4 5 6 1 2 4 5
∣∣ 3 6 1 4

∣∣ 2 3 5 6 1 4
∣∣ 2 5

∣∣ 3 6

15



These are some of the arrangements that could satisfy the proportional requirements exactly in
integers, which is overly restrictive. To see why, note that proportional fairness applies to the cumulative
top-ℓ portion of the ranking. When few items are included in the prefix, achieving an exact ratio such
as 0.5 is often impossible. For instance, if the first two buckets jointly contain three items, the desired
proportion requires 0.5 × 3 = 1.5 items from each group, which is meaningless in a discrete setting.
The floor and ceiling operators correct this by enforcing integer-consistent bounds, requiring at least
one and at most two items from group G1 in that prefix. For instance, the ranking 1 4

∣∣ 2
∣∣ 3 5

6 now becomes valid. In this case, the first two buckets together contain three items, {1, 2, 4}. The
proportional bounds for this prefix are ⌊0.5 ·3⌋ = 1 and ⌈0.5 ·3⌉ = 2, meaning that between one and two
of these items must belong to group G1. Since items 1 and 2 are in G1 and item 4 is not, the condition
is satisfied. Without rounding, however, the fractional target of 1.5 items from group G1 would make
this configuration infeasible. Thus, the floor and ceiling operators ensure that fairness is consistent in
a discrete setting, enlarging the feasible region while excluding only clearly unfair rankings such as 1 2
3
∣∣ 4 5 6 or 4 5

∣∣ 1 2
∣∣ 3 6.

Once rounding is introduced, the feasible set expands considerably. As a drawback, when the number
of items in the bucket is low the constraints can be overly relaxed and have a lower bound of ⌊0.5 · 1⌋ =
0 or an upper bound of ⌈0.5 · 1⌉ = 1. Cumulative bounds are then essential to force the desired
proportionality in the long term. For instance, if the fairness constraints were imposed with the floor
and ceiling operators but without the cumulative constraints, we might obtain configurations such as:

4
∣∣ 5

∣∣ 6
∣∣ 1

∣∣ 2
∣∣ 3 4

∣∣ 5
∣∣ 1 2

∣∣ 3 4 1
∣∣ 2

∣∣ 3
∣∣ 4

∣∣ 5
∣∣ 6 1 2 4

∣∣ 3
∣∣ 5 6

In the first two configurations, group G1 is entirely omitted from early buckets, whereas in the last
two configurations group G1 is overrepresented. In both cases, the intended 50% proportion is not
achieved. Cumulative bounds prevent this by enforcing fairness over prefixes of the ranking, regardless
of how many items are tied in each level.

Finally, with the floor and ceiling operators and cumulative bounds, configurations like

1
∣∣ 4

∣∣ 5
∣∣ 2

∣∣ 3
∣∣ 6 4

∣∣ 2
∣∣ 1 3 5 6 1

∣∣ 2 4
∣∣ 3

∣∣ 5
∣∣ 6 1 4

∣∣ 2 3 5
∣∣ 6 1 2 4

∣∣ 3 5 6

where the 50% proportion is respected regardless of the number of items per bucket, are all feasible.

The previous example illustrates that the proposed constraints behave as intended. However,
the choice of the parameters λ and µ cannot be arbitrary, since inappropriate values may lead to
infeasibility. These parameters must be selected consistently with both the total number of items
and the desired group proportions. For instance, it is clear that the cumulative bounds imposed by
λ across all buckets should not exceed 1, that is,

∑
i∈[[g]] λiℓ ≤ 1 for ℓ ∈ [[n]]. Moreover, if for some

group Gi we set λiℓ > |Gi|/n, this bounds the number of items that can be placed in buckets 1 to ℓ to
at most ⌊ |Gi|

λiℓ
⌋, since the total proportion of elements of group Gi cannot exceed its overall share in the

dataset. Consequently, the final value λin must necessarily satisfy λin ≤ |Gi|/n. A similar reasoning
applies to the parameters µ, which determine the lower bounds on the presence of each group in the
top-ranked buckets. In this case,

∑
i∈[[g]] µiℓ ≥ 1 for ℓ ∈ [[n]], the number of items that can be placed

in buckets 1 to ℓ must be at most ⌊n−|Gi|
µiℓ

⌋ and µin ≥ |Gi|/n for i ∈ [[g]]. Both λ and µ should therefore
be calibrated to reflect realistic group proportions while ensuring the feasibility of the optimization
problem.

When no ties are allowed, we have
∑n

r=1

∑ℓ
u=1 yru = ℓ, and the above constraints reduce to their

classical form, which requires no linearization. In the bucket-based setting, however, ties may occur. To
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keep the overall formulation linear, we replace the floor and ceiling operators with equivalent systems
of linear inequalities. Each proportional target is expressed as a reduced rational number, λiℓ = ηiℓ/ρiℓ

and µiℓ = κiℓ/τiℓ, with ρiℓ, τiℓ > 0. This rewriting allows us to encode the same integer bounds using
only linear constraints, thus ensuring that the model remains a valid linear (mixed-integer) formulation.

Lemma 1. The integer fairness constraints

⌊
λiℓ

n∑
r=1

ℓ∑
u=1

yru

⌋
≤

∑
s∈Gi

ℓ∑
u=1

ysu ≤
⌈
µiℓ

n∑
r=1

ℓ∑
u=1

yru

⌉
, ∀ i ∈ [[g]], ∀ ℓ ∈ [[n]],

are equivalent, under integer variables, to the following linear inequalities:

ηiℓ

n∑
r=1

ℓ∑
u=1

yru ≤ ρiℓ
∑
s∈Gi

ℓ∑
u=1

ysu + (ρiℓ − 1), ∀ i ∈ [[g]], ∀ ℓ ∈ [[n]] (14a)

τiℓ
∑
s∈Gi

ℓ∑
u=1

ysu − (τiℓ − 1) ≤ κiℓ

n∑
r=1

ℓ∑
u=1

yru, ∀ i ∈ [[g]], ∀ ℓ ∈ [[n]]. (14b)

where λiℓ = ηiℓ/ρiℓ and µiℓ = κiℓ/τiℓ, expressed as irreducible fractions with positive denominators.

Proof. Fix i ∈ [[g]] and ℓ ∈ [[n]], and set T :=
∑n

r=1

∑ℓ
u=1 yru ∈ Z and S :=

∑
s∈Gi

∑ℓ
u=1 ysu ∈ Z. For

the lower bound,

⌊
λiℓT

⌋
≤ S ⇐⇒ λiℓT < S + 1 ⇐⇒ ηiℓT < ρiℓS + ρiℓ ⇐⇒ ηiℓT ≤ ρiℓS + (ρiℓ − 1),

where the last step uses integrality. For the upper bound,

S ≤
⌈
µiℓT

⌉
⇐⇒ S < µiℓT + 1 ⇐⇒ τiℓS < κiℓT + τiℓ ⇐⇒ τiℓS − (τiℓ − 1) ≤ κiℓT,

again by integrality. This yields the claimed linear inequalities, proving equivalence under integer
variables.

These two linear inequalities serve as exact linear counterparts of the integer fairness constraints
introduced earlier. They guarantee that the representation of each group within the top-ℓ buckets
adheres to the intended proportional bounds while preserving the linear structure of the formulation.

We are now ready to integrate these fairness conditions into the basic version of our bucket-based
framework. In particular, they are incorporated into model (1), which employs the assignment vari-
ables y defined in model (7), now considering n buckets in total. By this we do not mean that the
solution must contain n distinct ranking positions. Rather, this formulation allows for up to n buckets,
with the understanding that many of them may remain empty. This device is simply a modelling con-
venience: it enables ties to be represented without fixing in advance the number of non-empty buckets,
which will be determined endogenously by the optimization process.

min f(Π,x) (15a)

s.t.
n∑

u=1

yru = 1 ∀ r ∈ [[n]], (15b)

n∑
s=1

ysu ≥
n∑

v=u+1

yrv ∀ r, u ∈ [[n]] : u < n, (15c)
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yru + ysu ≤ xrs + xsr ∀ r, s, u ∈ [[n]] : r < s, (15d)

xsr +
u∑

v=1

yrv +
n∑

v=u+1

ysv ≤ 2 ∀ r, s, u ∈ [[n]] : r ̸= s, u < n, (15e)

(14a) − (14b) (15f)

xrs ∈ {0, 1} ∀ r, s ∈ [[n]] : r ̸= s, (15g)

yru ∈ {0, 1} ∀ r, u ∈ [[n]]. (15h)

All constraints are similar to those in formulation (7), except for (15c), (14a), and (14b). Con-
straint (15c) ensures that any empty buckets, if any, appear only at the end of the ranking, since
the number of nonempty buckets is not known beforehand. Constraints (14a)–(14b) correspond to the
fairness conditions introduced earlier, ensuring that the distribution of items across buckets respects
the prescribed bounds for each group. By tuning these parameters, the decision maker can control the
relative visibility of different groups within the ranking.

For completeness, we note that the main theoretical results derived for model (7) remain valid in
this formulation, as was the case for model (12).

It is worth noting that specific choices of these parameters recover well-known fairness definitions
from the literature. For instance, in Wei et al. (2022) a ranking is deemed fair when both bounds are
fixed to the global proportion of each group in the population, that is, when λiℓ = µiℓ = |Gi|/n for all
i and ℓ, and where the groups Gi form a disjoint partition of the item set. This highlights that our
formulation subsumes such definitions as particular cases while allowing for overlapping groups and
more flexible proportional bounds.

To illustrate how these fairness constraints affect the resulting rankings, let us examine a simple
example.

Example 8. Continuing with the data from Example 1, consider two groups G1 = {1, 3, 4, 8} and
G2 = {2, 5, 6.7}. Assume that λiℓ = µiℓ =

|Gi|
n for all i ∈ [[g]] and ℓ ∈ [[n]]. The Fair OBOP, that is,

the OBOP with fairness constraints, is then solved using model (15) adapted to the OBOP, yielding
the unique optimum

3
∣∣ 1 2 4 7

∣∣ 5 8
∣∣ 6

with an objective value of 11.86. Note that the optimal solution of the OBOP given in Example 1 is
not feasible under these fairness constraints. In that unfair solution, the first bucket contains two items
and both of them belong to G1, whereas proportionality requires that at least one of them must belong
to G2. Hence, the original OBOP optimum violates the fairness conditions and is therefore infeasible
for the Fair OBOP.

More generally, fairness requirements can be expressed through explicit lower and upper bounds,
as detailed next.

Remark 3. Lower and upper bounds on the number of items of a group Gi assigned to a bucket u

(resp. to the top–ℓ buckets) can be imposed by adding

Liu ≤
∑
r∈Gi

yru ≤ Uiu (resp. Liℓ ≤
∑
r∈Gi

ℓ∑
u=1

yru ≤ Uiℓ),

where Liu and Uiu (resp. Liℓ and Uiℓ) denote the corresponding bounds whenever such bounds are
specified; otherwise, the default values Liu = 0, Uiu = |Gi| (resp. Liℓ = 0, Uiℓ = |Gi|) apply.
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It is also possible to impose an upper bound ν on the number of buckets considered. In that case,
the definition of the assignment variables must be adjusted so that u ∈ [[ν]], and every summation
or constraint involving bucket indices is updated accordingly by replacing [[n]] with [[ν]]. Similarly,
a lower bound can be imposed by requiring that the first buckets contain at least one element, thus
ensuring that the initial part of the ranking is always populated. It is clear that this fairness model
can also be applied to the version of the problem with a fixed number of buckets. In particular, we can
take p buckets and include the non-emptiness constraints (7c), while removing (15c). Furthermore,
bucket capacities could be incorporated by adding constraints (12). Recall that qu denotes the exact
number of elements assigned to bucket u. In this case, the linearization of the floor and ceiling functions
becomes redundant, as the total number of items in the first ℓ buckets is fixed to

∑ℓ
u=1 qu, and the

fairness constraints can therefore be directly expressed in linear form.
Alternatively, one could consider adapting model (13) to include fairness requirements. A natural

approach would be to impose lower and upper bounds, Li and Ui, on the number of elements from
each subset Gi appearing in the last bucket. This leads to the additional constraints

Li ≤
∑
r∈Gi

zr ≤ Ui, ∀ i ∈ [[g]].

7. Computational experiment

Next, we present the computational experiment, which is divided into two parts. The first part
compares our approach with the heuristics proposed in Aledo et al. (2018), while the second part
involves solving a set of selected instances using our models under different parameter configurations,
which will be described in detail later in this section.1

All tests were performed using the commercial IP solver Xpress Mosel on a server equipped with
an AMD Ryzen 9 7950X processor (3.4 GHz, 16 cores and 32 threads) and 4× 48 GB of DDR5 RAM
(196 GB in total). The system is configured to allow up to 16 single-threaded tasks to run concurrently,
each with approximately 16 GB of allocated memory, and relies on 2× 2 TB Western Digital Black
SN770 NVMe SSDs in RAID 1 to ensure data reliability during execution. In our experiments, each
Mosel instance was assigned 4 computational threads, and we executed 4 jobs in parallel, a configuration
that balanced solver performance with controlled resource usage across the benchmark set.

7.1. Comparison with heuristic methods for OBOP

In this section, we compare the performance of our exact formulation for the OBOP with the
heuristic methods proposed by Aledo et al. (2018). The main objective of this experiment is twofold.
On the one hand, we assess the quality of the solutions produced by the heuristics with respect to
provable optimal solutions. On the other hand, we analyze the computational behavior of the exact
formulation when solved using two alternative implementations: a static formulation, in which all
transitivity constraints are added a priori, and a dynamic formulation based on lazy constraints.

The set of benchmark instances considered in this comparison coincides with the 51 datasets used
in Aledo et al. (2018), thus ensuring full consistency with the experimental setup and allowing for a
direct comparison of results. Each instance is defined by the number of items n and the number of
voters m, which correspond to the input rankings used to construct the pair order matrix C.

1All instances used in this study can be downloaded from the following repository: https://doi.org/10.5281/
zenodo.18799994.
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The exact OBOP formulation involves an exponential number of transitivity constraints, which
severely limits the scalability of a purely static approach. To address this issue, we implement a
branch-and-cut scheme based on lazy constraints. In this dynamic version of the model, only a small
subset of transitivity inequalities is included at the root node. Specifically, we initialize the formulation
with those constraints associated with triples (r, s, t) such that crs, cst, ctr ≥ 0.25. During the branch-
and-bound process, transitivity constraints are generated on the fly by separation. Whenever an integer
solution induces a directed cycle of the form r ≻ s ≻ t ≻ r, the corresponding transitivity inequality
is added as a lazy cut. This approach preserves the exactness of the formulation while significantly
reducing its size.

Table 1 summarizes the computational results. For each instance, we report the number of items
and voters, the objective value obtained by the heuristic method, and the objective value obtained
by the exact formulation. For the exact approach, we additionally provide the value of the linear
relaxation (LR) and the utopic bound (Uto.), as well as the computation time of the static formulation
(Time) and of the lazy-constraint implementation (Time Lazy). Finally, we report the number of
distinct optimal solutions found. For the latter, values are reported as 1, 2, 3, or > 3 whenever at least
four optimal solutions are identified.

The instance ED-10-50 was not considered in the computational analysis since the exact formulation
did not solve it within the imposed time limit. Consequently, the discussion focuses on the set of
instances solved to proven optimality. The symbol “–” denotes values that could not be determined
within the computational limits; this occurs only when the enumeration of multiple optimal solutions
could not be completed for some of the largest instances.

As shown in Table 1, the heuristic methods achieve the same objective value as the exact formulation
in the vast majority of instances, which confirms their strong practical performance. As discussed
in Aledo et al. (2018), the heuristic values correspond to the best solution obtained after multiple
independent runs of several heuristic configurations. In particular, each heuristic is executed 30 times
per instance and the best solution among all these runs is selected. Individual heuristic executions are
relatively fast, with the slowest configurations requiring at most a few minutes per run, so that the
total computational effort per instance remains moderate. Nevertheless, this experimental protocol
differs substantially from that of the exact approach, where a single run either certifies optimality
or provides a valid optimality gap. In a few instances, the exact method strictly improves upon the
heuristic solution, showing that heuristic approaches may still converge to suboptimal rankings.

From a computational perspective, the exact formulation proves to be remarkably robust. Within
an overall time limit of two days, the exact model is able to solve all instances in the benchmark except
one, both when using the static formulation and when using the lazy-constraint implementation. This
shows that, despite the exponential number of transitivity constraints, the proposed formulation can
be solved to optimality for a wide range of problem sizes.

Regarding the comparison between the two exact implementations, the lazy-constraint approach
does not uniformly dominate the static formulation in terms of running time. While the dynamic gen-
eration of transitivity constraints leads to significant speed-ups in several large instances, in other cases
the static model performs similarly or even slightly better. Overall, the lazy-constraint implementation
provides a valuable complementary strategy that can improve performance in difficult instances, but
the results indicate that both implementations are viable and that their relative efficiency depends on
the specific structure of the instance.
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Instance Items Voters Heuristic Exact #Optima

Obj. value Obj. value LR Bound Uto. Bound Time Time Lazy

ED-10-02 51 9 524.97 524.97 164.61 65.59 7.26 2.20 1
ED-10-03 54 10 513.38 513.38 175.18 54.09 6.57 2.86 1
ED-10-11 50 11 558.01 558.01 216.50 89.64 6.28 2.45 1
ED-10-14 62 15 744.64 744.64 250.37 160.16 10.60 8.41 1
ED-10-15 52 14 576.96 576.96 206.95 117.64 6.64 3.02 1
ED-10-16 57 16 585.07 585.07 174.11 137.10 9.63 3.29 1
ED-10-17 61 17 683.76 683.76 199.81 168.25 12.12 3.39 1
ED-11-01 240 5 5560.00 5556.20 0.00 4522.40 39801.98 184.48 2
ED-11-02 242 5 10913.40 10913.40 0.00 6693.80 77452.66 1971.17 1
ED-11-03 103 5 1653.00 1653.00 0.00 1238.00 229.51 4.77 2
ED-14-02 100 5000 1953.24 1953.24 272.04 1148.20 1017.29 92.76 1
ED-15-07 110 4 1443.00 1443.00 0.00 920.00 565.47 54.18 > 3
ED-15-08 99 4 1304.50 1304.50 0.00 1015.50 367.55 63.56 > 3
ED-15-09 115 4 1684.00 1684.00 0.00 1091.00 536.54 98.32 > 3
ED-15-10 71 4 666.50 666.50 0.00 452.50 101.04 20.50 > 3
ED-15-11 63 4 484.00 484.00 0.00 325.00 34.35 14.06 > 3
ED-15-13 93 4 1381.50 1381.50 0.00 1011.50 211.81 93.43 > 3
ED-15-14 163 4 3505.50 3502.50 0.00 2273.50 2945.57 345.06 2
ED-15-15 69 4 728.00 728.00 0.00 461.00 107.15 8.54 2
ED-15-16 70 4 673.00 673.00 0.00 487.00 88.73 8.22 > 3
ED-15-17 127 4 2304.00 2304.00 0.00 1591.00 848.89 223.13 3
ED-15-19 87 4 999.50 999.50 0.00 707.50 271.52 42.18 > 3
ED-15-20 122 4 2382.50 2382.50 0.00 1562.50 794.26 285.38 1
ED-15-21 96 4 1246.50 1246.50 0.00 865.50 271.38 57.23 1
ED-15-22 112 4 1720.50 1720.50 0.00 1257.50 530.64 148.31 > 3
ED-15-23 142 4 2840.00 2838.00 0.00 1915.00 6148.12 332.74 3
ED-15-24 91 4 1028.50 1028.50 0.00 658.50 147.32 1028.50 2
ED-15-26 82 4 844.00 844.00 0.00 551.00 42.49 47.66 2
ED-15-27 95 4 1220.50 1220.50 0.00 847.50 61.23 137.82 > 3
ED-15-28 102 4 1518.50 1518.50 0.00 1107.50 125.28 104.05 2
ED-15-29 106 4 1410.00 1410.00 0.00 985.00 85.32 84.86 > 3
ED-15-30 64 4 560.50 560.50 0.00 377.50 17.88 20.63 > 3
ED-15-31 67 4 589.50 589.50 0.00 403.50 14.25 589.50 > 3
ED-15-32 153 4 3112.50 3112.50 0.00 2175.50 604.38 561.76 2
ED-15-33 128 4 2298.50 2298.50 0.00 1563.50 230.87 294.50 3
ED-15-34 55 4 444.50 444.50 0.00 324.50 4.30 16.68 > 3
ED-15-35 68 4 674.50 674.50 0.00 392.50 15.37 31.76 1
ED-15-39 89 4 922.00 922.00 0.00 629.00 43.33 38.48 1
ED-15-40 131 4 2512.00 2512.00 0.00 1543.00 495.29 398.44 3
ED-15-51 77 4 777.00 777.00 0.00 538.00 105.69 117.42 2
ED-15-54 60 4 410.50 410.50 0.00 281.50 5.84 3.44 > 3
ED-15-57 73 4 821.50 821.50 0.00 556.50 22.73 13.59 3
ED-15-60 72 4 658.50 658.50 0.00 394.50 28.99 658.50 1
ED-15-69 81 4 809.00 809.00 0.00 580.00 30.53 14.97 > 3
ED-15-77 56 4 498.67 498.67 0.00 297.00 13.36 3.91 1
ML-050-6 50 936 418.21 418.21 69.97 231.91 4.57 1.90 1
ML-100-1 100 951 1869.63 1869.63 303.39 970.85 166.02 53.64 1
ML-200-3 200 936 8421.68 8421.68 2472.81 2625.44 4079.50 14964.12 –
ML-250-4 250 942 12281.83 12281.83 4514.65 2516.49 104304.45 50530.62 –
ML-250-5 250 939 12257.52 12257.52 4378.48 2461.64 121672.11 12227.59 1

Table 1: Results obtained for the heuristic and exact approaches. From left to right, the columns indicate the instance
name, the number of items (n) and voters (m), the objective value achieved by the heuristic, and the results of the
exact formulation: objective value, linear relaxation (LR) bound, utopic (Uto.) bound, computation time of the static
formulation (Time), computation time of the lazy-constraint implementation (Time Lazy), and the number of optimal
solutions found (#Optima). All numerical values are rounded to two decimals.

7.2. Testing our models for the OBOP variants

In this section, we describe the computational experiments conducted to evaluate our proposed
models. We first present the set of 30 benchmark instances, which were taken from the PrefLib2 library,
and explain how the corresponding pair order matrix was derived. This includes the preprocessing steps
and any transformations applied to adapt the data to our framework. In the subsequent subsections,
we focus on specific model variants and parameter configurations to analyse their performance under

2http://www.preflib.org/
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different experimental conditions.
Within PrefLib, we selected the instances corresponding to Poland Local Elections (LP-68-xx),

Boxing (BOX-42-xx), and Seasons Power Ranking (SPR-56-xx). Each instance provides a set of items
to be ranked, denoted by n, a number of voters, denoted by m, and a collection of individual rankings
without ties, which are not necessarily complete. Let A = (ars)n×n denote the matrix whose entry
ars represents the number of voters who prefer item r to item s. Based on this, the pair order matrix
C = (crs)n×n is defined as follows:

crs =


ars

ars + asr
, if ars + asr ̸= 0,

0.5, if ars + asr = 0.

7.2.1. OBOP

To analyse the impact of our models, we first solved the selected instances with model (6). The
numerical results are summarized in Table 2. From each solution, we retrieved the optimal value (Obj.
value), the bound of the linear relaxation (LR Bound), and the computation time in seconds (Time),
all rounded to two decimal places. In addition, we ran the model again after removing the transitivity
constraints (1c) in order to obtain the bound provided by the utopian matrix (Uto. Bound), which
corresponds to the optimal value of that relaxed problem, also rounded to two decimal places. Finally,
we computed the number of optimal solutions (#Optima) using the approach described in Section 2
and recorded the number of buckets in the optimal solutions (#Buckets).

In Table 2, we observe that all instances are solved almost instantly, each in less than five seconds.
Although we could investigate the maximum instance size that the model can handle, our main goal
here is to compare the overall performance of the method as additional constraints are imposed on
the consensus ranking. The results also show that the bounds provided by the linear relaxation and
by the utopian matrix are not necessarily comparable: in some cases one is tighter, while in others
the opposite occurs. Moreover, we observe that the number of buckets in the optimal solutions always
consists of consecutive numbers, which might suggest that this is a general property; however, we show
in Appendix B that this is not necessarily the case.

7.2.2. p-OBOP

We now compare the optimal value obtained in the standard OBOP with that of the model including
a fixed number of buckets. Specifically, we consider values of p equal to 2, 5, p− 1, and p+1, where p

and p denote the minimum and maximum number of buckets, respectively, among all optimal solutions
of the standard OBOP. In addition, we also consider a configuration in which we fix the number of
buckets to p = 3 and fix the capacities of the first two buckets to q1 = ⌈n/10⌉ and q2 = ⌈n/5⌉.

Both the assignment-based formulation (7) and the representative-based formulation (8) are valid
approaches and yield the same optimal values. We discuss further implementation details and carry out
a comparative study between the two formulations in Appendix A, where we show that the assignment-
based model equipped with the additional valid inequalities (1b) and (1c) exhibits somewhat better
computational performance than the representative-based formulation. For this reason, we adopt this
strengthened assignment-based model as the reference formulation for the subsequent analysis.

Table 3 summarizes the optimal values obtained for the p-OBOP model, all rounded to two decimal

3Instance LPE-68-05 has a single-bucket optimal OBOP solution; thus, no feasible configuration exists with p−1 = 0.
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Instance n m OBOP

Obj. value LR Bound Uto. Bound Time #Optima #Buckets

LPE-68-01 10 23 15.63 3.53 6.15 0.01 1 4
LPE-68-02 14 15 34.14 11.64 3.05 0.03 2 3,4
LPE-68-03 9 15 12.29 4.0 1.29 0.01 1 4
LPE-68-04 17 15 29.78 8.78 1.78 0.05 1 3
LPE-68-05 5 15 3.94 0.00 3.29 0.00 1 1
LPE-68-06 9 15 11.25 3.00 0.92 0.01 1 3
LPE-68-07 13 15 25.73 11.11 1.73 0.02 1 3
LPE-68-08 7 15 6.38 0.00 6.12 0.01 1 4
LPE-68-09 10 21 6.99 2.98 3.20 0.01 2 7,8
LPE-68-10 7 15 4.97 0.00 1.77 0.00 1 2
BOX-42-01 17 31 14.27 7.08 2.47 0.03 3 14,15,15
BOX-42-02 23 46 33.7 5.57 12.14 0.09 1 9
BOX-42-03 20 36 22.94 7.14 10.21 0.06 2 11,12
BOX-42-04 21 36 32.69 7.59 13.86 0.07 1 9
BOX-42-05 22 37 27.18 11.3 5.73 0.08 2 13,14
BOX-42-06 22 37 17.38 8.31 4.38 0.08 1 14
BOX-42-07 25 41 51.58 29.57 10.10 0.12 2 10,11
BOX-42-08 22 38 28.01 16.03 7.56 0.08 1 12
BOX-42-09 18 9 3.89 0.00 2.89 0.04 1 13
BOX-42-10 16 31 1.45 0.00 1.45 0.03 1 13
SPR-56-01 31 5 76.07 22.53 25.87 0.28 1 13
SPR-56-03 41 5 155.97 53.03 44.30 1.76 1 10
SPR-56-08 35 5 83.13 10.63 46.33 0.41 1 9
SPR-56-12 31 5 73.3 25.87 27.90 0.28 2 11,12
SPR-56-15 29 5 62.17 12.93 38.03 0.19 1 16
SPR-56-16 42 15 252.98 77.83 67.30 1.54 1 7
SPR-56-19 55 15 402.95 138.18 79.20 4.78 1 5
SPR-56-29 40 15 180.51 54.57 56.50 1.12 1 7
SPR-56-30 43 14 266.56 92.87 66.31 1.58 1 6
SPR-56-94 47 17 305.39 85.89 75.87 2.11 1 4

Table 2: Results obtained for the standard OBOP model (6). From left to right, the columns show the instance name,
the number of items (n) and voters (m), the optimal value, the linear relaxation (LR) and utopic (Uto.) bounds, the
computation time in seconds, the number of optimal solutions, and the number of buckets in each optimal solution. All
numerical values are rounded to two decimals.

places. As expected, the smallest deviations from the optimal OBOP value occur when the number
of buckets differs by only one from the optimal configuration, that is, when p = p − 1 or p = p +

1. In contrast, when p takes more distant values, the resulting objective values tend to deteriorate
significantly, as one may expect. Although the maximum computation time observed was below 500
seconds, the vast majority of instances were solved in under 30 seconds.

We selected instances BOX-42-01, BOX-42-02, BOX-42-03, BOX-42-04, and BOX-42-05, and fur-
ther analysed the results by considering all possible values for the number of buckets, from 1 to n. The
optimal value obtained for each p and each instance is shown in Figure 3, where the corresponding
minima are highlighted in a darker shade; these correspond precisely to the numbers of buckets in
the optimal solutions of the standard OBOP. The case p = 1 was omitted to improve visual clarity,
since it represents a trivial solution (all items tied) whose objective values are considerably higher and
would otherwise distort the scale of the plot. Although the overall shape of the curves might appear
predictable at first sight, it is not guaranteed that these profiles are unimodal; indeed, we provide in
Appendix B a counterexample showing that this unimodal behaviour does not hold in general.
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Instance n m Opt. OBOP p-OBOP

p = 2 p = 5 p = p− 1 p = p+ 1 p = 3

q1 = ⌈n/10⌉, q2 = ⌈n/5⌉

LPE-68-01 10 23 15.63 17.07 15.68 15.92 15.68 17.13
LPE-68-02 14 15 34.14 35.14 36.14 35.14 36.14 42.14
LPE-68-03 9 15 12.29 13.29 13.29 13.29 13.29 13.29
LPE-68-04 17 15 29.78 35.67 37.44 35.67 32.44 56.11
LPE-68-05 5 15 3.94 4.01 6.06 –3 4.01 5.01
LPE-68-06 9 15 11.25 11.75 14.25 11.75 13.25 16.25
LPE-68-07 13 15 25.73 31.26 26.71 31.26 26.26 25.73
LPE-68-08 7 15 6.38 6.73 7.33 6.38 7.33 8.93
LPE-68-09 10 21 6.99 16.71 8.14 7.14 7.54 18.49
LPE-68-10 7 15 4.97 4.97 8.60 9.40 5.77 5.77
BOX-42-01 17 31 14.27 56.12 27.85 15.01 15.17 54.12
BOX-42-02 23 46 33.70 87.50 37.39 33.83 34.57 77.90
BOX-42-03 20 36 22.94 76.07 32.98 22.98 23.40 73.22
BOX-42-04 21 36 32.69 82.99 40.20 33.10 32.95 73.28
BOX-42-05 22 37 27.18 85.95 35.00 27.42 27.57 74.74
BOX-42-06 22 37 17.38 89.81 34.50 17.62 17.78 80.71
BOX-42-07 25 41 51.58 123.71 64.17 51.71 52.16 132.32
BOX-42-08 22 38 28.01 95.75 41.00 28.21 28.06 96.12
BOX-42-09 18 9 3.89 64.33 18.33 4.00 4.22 67.11
BOX-42-10 16 31 1.45 52.64 15.90 2.29 1.87 48.90
SPR-56-01 31 5 76.07 172.07 83.87 76.27 76.67 163.27
SPR-56-03 41 5 155.97 293.30 173.23 156.97 156.10 288.63
SPR-56-08 35 5 83.13 200.53 92.73 83.33 83.53 242.93
SPR-56-12 31 5 73.30 181.70 87.17 73.70 73.37 172.50
SPR-56-15 29 5 62.17 140.63 77.37 62.30 62.50 175.03
SPR-56-16 42 15 252.98 304.23 254.99 253.39 253.70 277.53
SPR-56-19 55 15 402.95 486.56 402.95 405.35 403.42 463.24
SPR-56-29 40 15 180.51 265.43 182.01 180.76 180.85 248.48
SPR-56-30 43 14 266.56 306.13 267.87 267.87 266.90 316.11
SPR-56-94 47 17 305.39 366.17 306.41 313.16 306.41 356.20

Table 3: Results obtained for the extended p-OBOP model. From left to right, the columns show the instance name,
the number of items (n) and voters (m), the optimal value of the standard OBOP model (6), and the optimal values of
the extended model (7) for different numbers of buckets p. Here, p and p denote respectively the smallest and largest
numbers of buckets yielding an optimal OBOP solution. The last column corresponds to model (12), with p = 3 and
bucket capacities ⌈n/10⌉, ⌈n/5⌉, and the remaining items in the last bucket. All numerical values are rounded to two
decimals.

7.2.3. TCU-k OBOP

We now examine how the optimal values change under the TCU-k formulation. To this end, we
solved the same family of instances for several values of k, namely 3, 5, ⌈n/10⌉, ⌈n/5⌉ and ⌈n/2⌉, using
model (13) now interpreted as the TCU-k OBOP.

Table 4 reports the optimal values obtained by the TCU-k OBOP. For small k, the model focuses
on distinguishing only a few top items, while the remaining n − k items are collapsed into a single
tail bucket. As k increases, more flexibility is allowed in the upper region, and the objective value
decreases accordingly. As expected, for each instance, the minimum value is attained when k equals n
minus the size of the worst bucket in an optimal solution of the standard OBOP, thereby reaffirming
the consistency of the TCU-k model with respect to the OBOP.

To further illustrate this behaviour, we computed the optimal values of the TCU-k OBOP for every
k ∈ {1, . . . , n} on five representative instances (BOX-42-01 to BOX-42-05). The results are displayed
in Figure 4, where the global minima are highlighted in a darker shade. In every case, one minimum
occurs at k = n, since collapsing an empty tail recovers the standard OBOP, and another appears
exactly at k = n− |worst bucket|, in line with the previous observation.
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Figure 3: Plot of the p-OBOP results across instances BOX-42-01 to BOX-42-05

Figure 4: Plot of the TCU-k OBOP results across instances BOX-42-01 to BOX-42-05
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Instance n m OBOP TCU-k OBOP

Opt. Value n− |Worst bucket| k = 3 k = 5 k = ⌈n/10⌉ k = ⌈n/5⌉ k = ⌈n/2⌉

LPE-68-01 10 23 15.63 9 16.63 15.92 18.70 17.07 15.92
LPE-68-02 14 15 34.14 13 36.14 41.14 35.14 36.14 42.14
LPE-68-03 9 15 12.29 6 13.29 13.29 15.71 13.29 13.29
LPE-68-04 17 15 29.78 16 43.67 51.11 40.44 47.11 56.11
LPE-68-05 5 15 3.94 0 4.57 3.94 4.60 4.60 4.57
LPE-68-06 9 15 11.25 8 15.25 16.25 11.75 13.25 16.25
LPE-68-07 13 15 25.73 5 29.26 25.73 31.26 29.26 30.26
LPE-68-08 7 15 6.38 5 8.33 6.38 11.11 10.21 6.73
LPE-68-09 10 21 6.99 8 17.49 9.55 27.46 22.49 9.55
LPE-68-10 7 15 4.97 3 4.97 7.27 6.97 6.77 6.77
BOX-42-01 17 31 14.27 16 80.58 56.74 94.32 67.58 30.27
BOX-42-02 23 46 33.70 16 142.39 107.74 142.39 107.74 52.64
BOX-42-03 20 36 22.94 19 108.59 78.59 125.59 94.37 42.71
BOX-42-04 21 36 32.69 17 115.80 90.55 115.80 90.55 49.26
BOX-42-05 22 37 27.18 15, 21 139.68 108.11 139.68 108.11 41.02
BOX-42-06 22 37 17.38 17 144.63 111.36 144.63 111.36 39.26
BOX-42-07 25 41 51.58 20, 21 188.07 161.83 188.07 161.83 79.10
BOX-42-08 22 38 28.01 19 153.80 121.92 153.80 121.92 59.52
BOX-42-09 18 9 3.89 16 98.33 73.11 113.33 86.11 32.89
BOX-42-10 16 31 1.45 15 74.64 53.97 87.64 63.03 27.29
SPR-56-01 31 5 76.07 24 306.87 263.87 283.87 226.87 117.67
SPR-56-03 41 5 155.97 29 570.90 509.50 509.50 396.10 185.43
SPR-56-08 35 5 83.13 10 411.73 360.53 385.93 314.73 128.53
SPR-56-12 31 5 73.30 24, 26 317.70 273.90 293.90 235.10 118.03
SPR-56-15 29 5 62.17 17 274.63 236.03 274.63 219.03 93.43
SPR-56-16 42 15 252.98 40 476.83 410.56 410.56 319.73 254.68
SPR-56-19 55 15 402.95 28 853.27 764.83 730.55 570.81 407.43
SPR-56-29 40 15 180.51 23 449.42 387.32 413.65 316.37 187.37
SPR-56-30 43 14 266.56 23 496.68 460.83 460.83 385.58 269.20
SPR-56-94 47 17 305.39 46 587.28 489.54 519.48 396.89 319.13

Table 4: Results obtained for the TCU-k OBOP model (13). From left to right, the columns show the instance name,
the number of items (n) and voters (m), the optimal value of the standard OBOP model (6), and the optimal values of
the Top-k variant for different values of k. The first two cases (k = 3 and k = 5) use fixed values, whereas the remaining
ones scale with n, namely k = ⌈n/10⌉, k = ⌈n/5⌉, and k = ⌈n/2⌉. All values are rounded to two decimals.

7.2.4. Fair OBOP

We complete the testing of our models with the Fair OBOP. For this purpose, we selected the groups
as shown in Table 5, without following any specific criterion other than ensuring that they form a valid
partition. One configuration includes groups of disparate sizes, while the other consists of groups of
approximately equal size. In both cases, proportional bounds were applied with λiℓ = µiℓ = |Gi|/n.
Furthermore, the number of buckets was fixed to lie between the number of buckets in the optimal
solution with the fewest buckets and that in the optimal solution with the most buckets, in order to
obtain a fairness-consistent solution with respect to the original one.

Table 5 summarizes the optimal values obtained for the Fair OBOP model, all rounded to two
decimal places. In most instances, the introduction of fairness constraints produces only minor varia-
tions with respect to the standard OBOP values. However, in certain cases the optimal value increases
substantially, reflecting the additional restrictions imposed on the ranking structure.

Figure 5 illustrates the fairness behaviour for the instance BOX-42-10, considering three groups.
The horizontal axis represents the index ℓ of the top buckets, while the vertical axis shows, for each
group, the proportion of its items contained within the top-ℓ buckets relative to the total number of
items in those buckets. The goal of the proportional fairness constraints is to keep this proportion close
to |Gi|/n, within a small tolerance margin. The figure is divided into three subplots, one for each group,
comparing the behaviour with and without fairness (that is, the optimal solution of the Fair OBOP
and the optimal solution of the standard OBOP, respectively). It can be observed that Group 1 is not
represented until the eighth bucket in the standard OBOP solution, but fairness constraints enforce
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Instance n m Opt. OBOP Fair OBOP

G1 = { r ∈ [[n]] : r ≤ 0.8n} G1 = { r ∈ [[n]] : r mod 3 = 0}
G2 = { r ∈ [[n]] : r > 0.8n} G2 = { r ∈ [[n]] : r mod 3 = 1}

G3 = { r ∈ [[n]] : r mod 3 = 2}

LPE-68-01 10 23 15.63 15.63 15.70
LPE-68-02 14 15 34.14 34.14 34.14
LPE-68-03 9 15 12.29 13.29 12.29
LPE-68-04 17 15 29.78 29.78 29.78
LPE-68-05 5 15 3.94 3.94 3.94
LPE-68-06 9 15 11.25 11.25 11.25
LPE-68-07 13 15 25.73 25.73 30.73
LPE-68-08 7 15 6.38 6.53 7.56
LPE-68-09 10 21 6.99 6.99 9.14
LPE-68-10 7 15 4.97 4.97 4.97
BOX-42-01 17 31 14.27 14.27 24.68
BOX-42-02 23 46 33.70 34.72 34.83
BOX-42-03 20 36 22.94 24.72 25.72
BOX-42-04 21 36 32.69 38.28 34.23
BOX-42-05 22 37 27.18 39.73 36.73
BOX-42-06 22 37 17.38 42.78 29.57
BOX-42-07 25 41 51.58 51.58 60.79
BOX-42-08 22 38 28.01 29.64 42.13
BOX-42-09 18 9 3.89 10.22 12.89
BOX-42-10 16 31 1.45 6.68 42.32
SPR-56-01 31 5 76.07 90.87 93.27
SPR-56-03 41 5 155.97 162.57 176.83
SPR-56-08 35 5 83.13 86.60 130.27
SPR-56-12 31 5 73.30 84.17 92.03
SPR-56-15 29 5 62.17 63.10 68.83
SPR-56-16 42 15 252.98 258.41 268.87
SPR-56-19 55 15 402.95 406.90 431.70
SPR-56-29 40 15 180.51 182.59 186.59
SPR-56-30 43 14 266.56 266.56 278.56
SPR-56-94 47 17 305.39 308.46 310.37

Table 5: Results for the Fair OBOP model (15). Columns report, from left to right, the instance name, n, m, the optimal
value of the standard OBOP model (6), and the optimal values obtained under two fairness settings: one splitting the
top 80% and bottom 20% of ranks, and another partitioning items by r mod 3. In both cases, proportional bounds
λiℓ = µiℓ = |Gi|/n are applied.

earlier representation. Conversely, Group 2 is prevented from being overrepresented, while Group 3
already exhibits approximately proportional representation without the need for additional constraints.

8. Application to University Rankings

In this section, we study the behavior of the proposed OBOP framework and its constrained
variants through an empirical application to a real-world dataset of Spanish universities. The aim of
this case study is not to reproduce or validate any existing institutional ranking, but to use a realistic
multi-criteria dataset as a common testbed for comparing different ordinal aggregation models.

For methodological reasons, the analysis is restricted to private universities. This subset constitutes
a relatively homogeneous group within the Spanish higher-education system, allowing us to compute
exact solutions and to focus on the structural effects induced by the different model variants.

Although the data are taken from the U-Ranking4 project (BBVA – IVIE), the aggregation pro-
cedure considered here is fundamentally different from the methodology used to construct the official
U-Ranking. In particular, U-Ranking aggregates indicator scores through a weighted cardinal scheme,
producing a composite numerical score that induces a total order over universities. In contrast, our
approach relies exclusively on ordinal information: for each indicator, universities are ranked accord-

4https://www.u-ranking.es/ranking
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Figure 5: Comparison of fairness and non-fairness results for instance BOX-42-10

ing to their relative performance, and these rankings are then aggregated through ordinal optimization
models without ever forming composite scores.

Table 6 summarizes the results obtained under all model specifications. To facilitate the interpreta-
tion of these results, Section Appendix C reports the acronyms of the universities considered together
with the list of evaluation criteria.

8.1. Dataset description and preprocessing

The empirical analysis in this section is based on indicator-level data for Spanish universities. As
discussed above, we focus exclusively on private universities, which results in a dataset comprising
24 institutions. This restriction is introduced for methodological reasons, allowing us to work with a
relatively homogeneous and computationally tractable set of alternatives while preserving a nontrivial
comparison context.

The data include 23 quantitative indicators grouped into three categories: teaching (10 indicators),
research (10 indicators), and labour-market outcomes (3 indicators). For each indicator, a numerical
score between 1 and 100 is reported for every university. These scores are obtained from the U-Ranking
project and correspond to the 2025 edition. The composite ranking published by U-Ranking is not
used in the analysis; instead, only the indicator-level information is retained and treated as raw input
data. To ensure replicability, the exact dataset used in the empirical analysis is made available in the
accompanying online repository 5.

For each indicator, universities are ordered according to their reported scores. Ties are introduced
only when two universities obtain exactly the same score on a given indicator. Each indicator therefore
induces a weak order on the set of universities. These indicator-specific weak orders are then aggregated
into a weighted pairwise comparison matrix C = (crs), which serves as the common input for all models
considered in this section.

5https://doi.org/10.5281/zenodo.18799994
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To reflect the relative importance of the broad dimensions represented in the dataset, dimension-
level weights of 45% for teaching, 45% for research, and 10% for labour-market outcomes are taken
from the U-Ranking methodology. Within each dimension, the corresponding indicators are treated
equally when computing the composite scores reported by U-Ranking. Accordingly, each teaching and
research indicator is assigned a weight of 9/200, while each labour-market indicator receives a weight
of 1/30. Denoting by ωa the weight associated with indicator a, we have

∑23
a=1 ωa = 1.

These weights are adopted solely to reflect the relative importance of broad dimensions as speci-
fied by the U-Ranking methodology and do not carry any claim of optimality or normative validity.
Alternative weighting schemes could be adopted without affecting the applicability of the proposed
framework.

The matrix C is constructed as

crs =
23∑
a=1

ωa 1{r ≻a s}+ 1

2

23∑
a=1

ωa 1{r ∼a s},

where ωa denotes the weight associated with indicator a, and r ≻a s (respectively r ∼a s) indicates
that university r is ranked above s (respectively tied with s) according to indicator a. By construction,
crs ∈ [0, 1], crr = 0.5 and crs + csr = 1 for all r ̸= s, so that C is a valid pair order matrix.

8.2. Overview of results

Table 6 summarizes the solutions obtained under all OBOP variants considered in this paper. For
each university, the table reports its assignment to ordinal buckets under the unconstrained OBOP,
the p-OBOP with p = 3 and p = 4, the TCU-k OBOP with k = 5 and k = 10, and the fairness-aware
OBOP.

Buckets are ordered from top (bucket 1) to bottom, with lower bucket numbers indicating better
positions. This representation allows for a direct comparison of how individual universities are posi-
tioned across different model specifications, and of how additional structural or fairness constraints
affect the resulting classification. All reported solutions are unique, i.e., no alternative optimal solu-
tions were identified for any of the model variants. The following subsections discuss these results in
detail, highlighting the role of each model and the impact of the corresponding constraints.

8.3. Consensus rankings via OBOP

We begin by computing the unconstrained OBOP using the pairwise comparison matrix C con-
structed from the full set of 23 indicators. In this baseline setting, no additional structural restrictions
are imposed, so the model recovers the ordinal consensus directly induced by the comparison data.

The resulting bucket assignments are reported in the first four columns of Table 6, corresponding to
the general OBOP and to the three dimension-specific analyses (teaching, research, and labour-market
outcomes). In the global consensus, only two universities are assigned to the top bucket, while the
majority of institutions are grouped into a large second bucket. This indicates that, when all indicators
are aggregated, the ordinal dominance relations are strong enough to clearly distinguish only a very
small set of leading universities.

The disaggregated analysis by category highlights notable differences across dimensions. As shown
in Table 6, UNAV appears in the top bucket when only research-related indicators are considered, while
being grouped into a much larger bucket under teaching and labour-market indicators. Conversely,
UCJC is assigned to the top bucket with respect to labour-market outcomes, but occupies lower
positions in the research-based consensus.
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OBOP p-OBOP TCU-k OBOP Fair
OBOP

Universities General Teaching Research Labour-
market p = 3 p = 4 k = 5 k = 10 p = 4

CEU-UCH
IEU
MU
UAOCEU
UCAM
UCJC
UCV
UD
UDIMA
UEC
UEM
UEV
UFPC
UIC
UNAV
UNEB
UNIR
UOC
UPCO
UPSA
URL
USPCEU
UVic–UCC
VIU

Legend: bucket 1 bucket 2 bucket 3 bucket 4

Table 6: Bucket membership of Spanish private universities across OBOP variants

These shifts illustrate how the global OBOP ranking emerges from the aggregation of heterogeneous
performance profiles across dimensions, rather than being driven by a single dominant criterion. As a
consequence of this heterogeneity, the unconstrained OBOP tends to produce large indifference classes.
While this behavior is fully consistent with the ordinal nature of the model, it may limit the usefulness
of the resulting weak order in applications requiring a more compact classification. This observation
naturally motivates the introduction of additional structural constraints, as explored in the p-OBOP
variants discussed next.

8.4. Structured classifications via p-OBOP

In many applications, it may be preferable to replace a fine-grained ranking by a classification
into a limited number of performance categories. Such tier-based representations are often easier
to communicate and interpret, for instance when distinguishing between top-performing institutions,
intermediate groups, and lower tiers.

Motivated by this perspective, we apply the p-OBOP to the same pairwise comparison matrix C

used in the unconstrained analysis. In this setting, the number of buckets is fixed to p and near-
balanced capacity constraints are imposed, requiring each bucket to contain between ⌊n/p⌋ and ⌈n/p⌉
universities.

The results for p = 3 and p = 4 are reported in the corresponding columns of Table 6. Compared
to the unconstrained OBOP, fixing the number of buckets primarily restructures the large indifference
class into ordered tiers, while preserving the universities occupying the top positions.

In particular, the two institutions that form the first bucket in the unconstrained solution remain
in the top bucket for both values of p, indicating that their leading position is supported by sufficiently
strong ordinal dominance relations to persist under additional structural constraints. As p increases
from 3 to 4, the classification becomes more refined, while the overall structure of the ranking remains
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largely stable, with only minor adjustments occurring at the boundaries of some buckets.
While the p-OBOP yields compact and interpretable classifications, its computational cost in-

creases rapidly with the number of alternatives, which may limit its applicability in large-scale ranking
problems.

8.5. Candidate set identification via TCU-k OBOP

In many evaluation settings, the objective is to identify a limited group of alternatives that can
be regarded as plausible candidates for leading positions, rather than to produce a complete ranking.
This is particularly relevant when performance is assessed through multiple criteria and only ordinal
information is retained.

With this objective, we apply the TCU-k OBOP to the same pairwise comparison matrix C used in
the previous analyses. The model identifies a subset of k universities that jointly maximize consistency
with the ordinal data, without imposing any further ordering on the remaining institutions.

The results for k = 5 and k = 10 are reported in Table 6. For k = 5, the model selects a small
group of universities that largely coincides with the institutions occupying the top positions in the
unconstrained OBOP. When the cardinality is increased to k = 10, the selected set expands to include
additional universities, while preserving all institutions already identified for k = 5.

In this application, the selected subsets therefore exhibit a nesting structure as k increases, although
this property is not guaranteed in general. The composition of the selected sets reflects the exclusive
reliance of the TCU-k OBOP on ordinal comparison data, which groups together alternatives that
cannot be clearly distinguished through pairwise dominance relations alone.

In contrast to the previous variants, the TCU-k OBOP does not aim at producing a full classifi-
cation of all universities. In the following subsection, we extend the analysis by incorporating fairness
constraints based on geographic information.

8.6. Fairness-aware rankings via Fair OBOP

Fairness considerations naturally arise in ranking problems when alternatives can be associated
with broader categories that may become overrepresented or underrepresented in the upper part of a
ranking. In the context of higher education, geographic location provides a particularly natural source
of such categories.

Geographic groups are constructed on the basis of the province in which the main campus of each
university is located (see Table C.9). Universities located in the provinces of Madrid, Barcelona, and
Valencia are assigned to the corresponding metropolitan-area groups, while all remaining institutions
are aggregated into a single residual group.

To ensure a non-trivial impact of the fairness constraints, the Fair OBOP is combined with a forced
bucket structure. Specifically, the model is required to produce four ranked buckets, each containing
at least four universities. The resulting classification is reported in the last column of Table 6.

Compared to the unconstrained and capacity-constrained variants, the Fair OBOP yields a more
geographically balanced distribution of universities across buckets, while preserving the presence of
high-performing institutions in the top positions. No single geographic group dominates the upper
buckets, illustrating how proportional fairness constraints can be incorporated into an ordinal ag-
gregation framework to mitigate geographic concentration without discarding consistency with the
underlying preference data.
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9. Conclusions and future research

This paper has introduced a unified Integer Linear Programming (ILP) framework for modeling
and exactly solving rank aggregation problems with weak orders (bucket orders) as outputs. The
proposed formulations cover a wide range of variants, including fixed-number-of-buckets configurations,
top-k–type problems, and fairness-aware consensus rankings, all motivated by practical applications.
By integrating fairness constraints directly within the optimization models, the framework provides
a computationally rigorous mechanism to generate equitable and interpretable consensus rankings,
relevant in socially sensitive contexts such as recommendation systems, hiring processes, or resource
allocation.

We illustrate the applicability of the framework through the Optimal Bucket Order Problem
(OBOP), providing the first exact mixed-integer linear programming formulations for this task. Com-
putational experiments on benchmark instances from the PrefLib repository demonstrate that the
approach produces exact solutions for moderate-size instances and offers a reliable reference for evalu-
ating heuristics and evolutionary methods. Additionally, in a real-world case study on Spanish univer-
sities, the models allow aggregation of rankings across teaching, research, and labour-market indicators,
yielding outcomes in which universities are not only fairly ranked but also geographically balanced,
highlighting the framework’s practical utility.

Beyond demonstrating effectiveness, this study shows how optimization-based approaches enable
systematic evaluation of structural properties of consensus rankings, support rigorous assessment of
approximate algorithms, and provide a bridge between combinatorial optimization and preference
aggregation.

Future research could focus on enhancing scalability through decomposition, relaxation, or hybrid
ILP–metaheuristic techniques, adapting the models to dynamic or uncertain environments, and explor-
ing trade-offs between fairness, optimality, and computational performance. Overall, the proposed ILP
framework establishes a foundation for both theoretical and applied advancements in rank aggregation,
offering interpretable, equitable, and practically applicable solutions.
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Appendix A. Comparison of p models

This section compares several equivalent formulations of model (7) for solving the p-OBOP. All
formulations are mathematically valid and represent the same problem, but they differ in the additional
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constraints considered or in the relaxation of the binary variables x to the continuous domain [0, 1]. The
objective of this comparison is to evaluate the impact of these variations on computational performance,
particularly in terms of solving time and final gap. Results are reported for different instances and
values of p, allowing an assessment of the robustness and efficiency of each formulation under diverse
settings.

Instance n m p (7) (7) + (1b) (7) + (1c) (7) + (1b) + (1c) (7) + Relax x (7) + (1b) + Relax x (7) + (1c) + Relax x (7) + (1b) + (1c) + Relax x

Time Gap Time Gap Time Gap Time Gap Time Gap Time Gap Time Gap Time Gap
ED-10-02 51 9 2 4.59 0.00 10.01 0.00 1124.23 0.00 38.99 0.00 9.35 0.00 11.34 0.00 2680.83 0.00 3066.90 0.00
ED-10-03 54 10 2 5.19 0.00 7.83 0.00 1054.20 0.00 14.57 0.00 9.91 0.00 10.97 0.00 3202.51 0.00 3600.00 3.53
ED-10-11 50 11 2 7.39 0.00 9.85 0.00 1051.74 0.00 22.82 0.00 13.58 0.00 12.63 0.00 3486.87 0.00 3600.00 4.17
ED-10-14 62 15 2 8.90 0.00 9.85 0.00 3161.16 0.00 22.62 0.00 22.10 0.00 21.25 0.00 3600.00 117.32 3600.00 116.52
ED-10-15 52 14 2 8.23 0.00 10.66 0.00 1578.47 0.00 33.63 0.00 11.31 0.00 15.43 0.00 3600.00 14.23 3600.00 14.68
ED-15-20 122 4 2 25.31 0.00 22.16 0.00 3600.00 249.02 3600.00 25.44 2417.31 0.00 3600.00 4.97 3600.00 – 3600.00 –
ED-15-21 96 4 2 3.76 0.00 2.38 0.00 3600.00 278.45 3212.55 0.00 147.83 0.00 124.00 0.00 3600.00 – 3600.00 –
ED-15-22 112 4 2 6.06 0.00 4.28 0.00 3600.00 248.51 3600.00 44.75 325.79 0.00 976.62 0.00 3600.00 – 3600.00 –
ED-15-23 142 4 2 9.98 0.00 6.73 0.00 3600.00 285.59 3600.00 42.92 1398.02 0.00 1114.80 0.00 3600.00 – 3600.00 –
ED-15-24 91 4 2 3.16 0.00 1.83 0.00 3600.00 363.25 2169.20 0.00 63.17 0.00 142.08 0.00 3600.00 – 3600.00 –

ED-10-02 51 9 5 3600.00 269.43 3600.00 127.69 3600.00 84.64 42.90 0.00 3600.00 273.35 3600.00 198.51 3600.00 404.79 3600.00 229.71
ED-10-03 54 10 5 3600.00 208.06 3600.00 107.92 3600.00 175.98 160.25 0.00 3600.00 208.06 3600.00 182.37 3600.00 336.39 3600.00 368.91
ED-10-11 50 11 5 3600.00 198.60 3600.00 126.83 3600.00 70.60 11.42 0.00 3600.00 197.32 3600.00 225.44 3600.00 221.34 3600.00 272.88
ED-10-14 62 15 5 3600.00 286.95 3600.00 132.28 3600.00 87.52 3600.00 0.15 3600.00 266.93 3600.00 268.48 3600.00 457.14 3600.00 315.48
ED-10-15 52 14 5 3600.00 199.46 3600.00 90.75 3600.00 74.91 3015.40 0.00 3600.00 200.31 3600.00 187.88 3600.00 412.97 3600.00 279.67
ED-15-20 122 4 5 3600.00 763.11 3600.00 119.42 3600.00 84.80 3600.00 0.59 3600.00 763.11 3600.00 795.55 3600.00 – 3600.00 –
ED-15-21 96 4 5 3600.00 356.73 3600.00 26.36 3600.00 87.69 3600.00 8.64 3600.00 356.73 3600.00 337.02 3600.00 – 3600.00 213017.65
ED-15-22 112 4 5 3600.00 430.48 3600.00 23.40 3600.00 – 3600.00 11.16 3600.00 429.15 3600.00 394.22 3600.00 – 3600.00 –
ED-15-23 142 4 5 3600.00 741.91 3600.00 91.94 3600.00 88.04 3600.00 16.56 3600.00 741.91 3600.00 621.63 3600.00 – 3600.00 –
ED-15-24 91 4 5 3600.00 259.77 3600.00 28.21 3600.00 114.81 1342.87 0.00 3600.00 277.02 3600.00 280.64 3600.00 – 3600.00 –

ED-10-02 51 9 20 3600.00 806.42 3600.00 – 3600.00 295.61 3600.00 – 3600.00 2479.97 3600.00 2231.35 3600.00 352.49 3600.00 316.13
ED-10-03 54 10 20 3600.00 1026.68 3600.00 – 3600.00 390.53 3600.00 20.05 3600.00 3193.27 3600.00 2623.30 3600.00 322.45 3600.00 325.34
ED-10-11 50 11 20 3600.00 646.02 3600.00 642.73 3600.00 270.56 3600.00 17.19 3600.00 2799.74 3600.00 2917.96 3600.00 289.24 3600.00 226.44
ED-10-14 62 15 20 3600.00 482.54 3600.00 702.66 3600.00 248.15 3600.00 19.68 3600.00 3765.04 3600.00 5848.68 3600.00 301.58 3600.00 289.21
ED-10-15 52 14 20 3600.00 439.71 3600.00 478.08 3600.00 222.94 3600.00 19.81 3600.00 2926.52 3600.00 3961.12 3600.00 325.02 3600.00 264.03
ED-15-20 122 4 20 3600.00 100.37 3600.00 121.47 3600.00 282.43 3600.00 2.69 3600.00 691270.79 3600.00 395850.89 3600.00 – 3600.00 –
ED-15-21 96 4 20 3600.00 76.04 3600.00 137.67 3600.00 443.44 3600.00 3.45 3600.00 36400.84 3600.00 29764.27 3600.00 – 3600.00 –
ED-15-22 112 4 20 3600.00 90.03 3600.00 398.01 3600.00 275.86 3600.00 2.85 3600.00 105678.72 3600.00 152830.47 3600.00 – 3600.00 –
ED-15-23 142 4 20 3600.00 116.76 3600.00 125.10 3600.00 483.92 3600.00 34.99 3600.00 – 3600.00 – 3600.00 – 3600.00 –
ED-15-24 91 4 20 3600.00 108.03 3600.00 134.34 3600.00 171.75 3600.00 2.82 3600.00 34007.68 3600.00 7958.28 3600.00 – 3600.00 330337.37

Table A.7: Comparison of model (7) variants for the p-OBOP. The term “Relax x” denotes the relaxation of binary
variables x to the continuous domain [0, 1].

As shown in Table A.7, although all formulations are equivalent from a modeling perspective, their
computational behavior varies considerably. The inclusion of additional structural constraints strongly
influences both solving time and solution quality. In particular, the formulation that combines the
transitivity constraints with the before-or-after constraints without relaxing the binary variables x

(namely (7) + (1b) + (1c)) achieves the best overall performance. This variant consistently provides
exact solutions within reasonable computation times, demonstrating a favorable balance between model
strength and numerical efficiency in the resolution of the p-OBOP.

Additionally, a second set of experiments was conducted to evaluate the impact of specific inequal-
ities on the performance of model (8). In this case, the objective is to determine which combinations
or substitutions of inequalities lead to stronger formulations and faster convergence.

From Table A.8, we observe that the inclusion of additional inequalities (9) can significantly enhance
the model’s performance, particularly for smaller values of p. In general, the strengthened formulations
improve convergence and reduce the optimality gap, confirming the positive effect of incorporating well-
chosen valid inequalities. These findings, together with the previous analysis, provide valuable insight
into which modeling strategies, both in terms of constraint structure and variable relaxation, yield the
most efficient formulations for the p-OBOP.

Appendix B. Behaviour of the p-OBOP model

A natural question arises as to whether the existence of optimal solutions for two distinct numbers
of buckets implies the existence of an optimal solution for every intermediate number of buckets. The
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Instance n m p (8) (8) − (8f) − (8g) + (9) (8) + (9)

Time Gap Time Gap Time Gap

ED-10-02 51 9 2 995.41 0.00 1016.43 0.00 493.93 0.00
ED-10-03 54 10 2 196.27 0.00 869.89 0.00 366.32 0.00
ED-10-11 50 11 2 10.56 0.01 182.56 0.00 11.66 0.00
ED-10-14 62 15 2 11.27 0.00 21.31 0.00 12.07 0.00
ED-10-15 52 14 2 781.46 0.00 1172.56 0.00 889.97 0.00
ED-15-20 122 4 2 3600.00 23.02 3600.00 87.40 3600.00 23.02
ED-15-21 96 4 2 3600.00 32.54 3600.00 69.36 3600.00 29.61
ED-15-22 112 4 2 3600.00 37.40 3600.00 41.68 3600.00 37.41
ED-15-23 142 4 2 3600.00 – 3600.00 111.18 3600.00 23.15
ED-15-24 91 4 2 3600.00 32.42 3600.00 62.11 3600.00 61.43

ED-10-02 51 9 5 51.86 0.01 323.51 0.01 302.15 0.01
ED-10-03 54 10 5 6.01 0.00 47.08 0.00 34.54 0.00
ED-10-11 50 11 5 5.93 0.00 27.07 0.00 34.78 0.00
ED-10-14 62 15 5 11.00 0.00 71.60 0.00 66.62 0.00
ED-10-15 52 14 5 7.70 0.01 43.33 0.01 35.95 0.01
ED-15-20 122 4 5 3600.00 0.11 3600.00 3.40 3600.00 0.07
ED-15-21 96 4 5 3600.00 1.26 3600.00 2.75 3600.00 2.13
ED-15-22 112 4 5 3600.00 9.12 3600.00 98.29 3600.00 7.91
ED-15-23 142 4 5 3600.00 23.25 3600.00 46.12 3600.00 22.27
ED-15-24 91 4 5 95.49 0.00 3600.00 2.63 230.99 0.00

ED-10-02 51 9 20 3600.00 15.46 1015.58 0.00 433.73 0.00
ED-10-03 54 10 20 3600.00 4.59 860.85 0.00 342.96 0.00
ED-10-11 50 11 20 3600.00 15.78 181.26 0.00 21.13 0.00
ED-10-14 62 15 20 3600.00 0.60 21.28 0.00 12.96 0.00
ED-10-15 52 14 20 3600.00 10.19 1400.03 0.00 883.35 0.00
ED-15-20 122 4 20 3600.00 52.28 3600.00 87.40 3600.00 23.02
ED-15-21 96 4 20 2145.80 0.04 3600.00 69.36 3600.00 29.61
ED-15-22 112 4 20 3600.00 37.40 3600.00 41.68 3600.00 37.41
ED-15-23 142 4 20 3600.00 – 3600.00 111.18 3600.00 23.15
ED-15-24 91 4 20 3600.00 32.42 3600.00 62.11 3600.00 61.43

Table A.8: Comparison of model (8) variants for the p-OBOP

following example demonstrates that this property does not necessarily hold.

Example 9. Consider the following instance of the OBOP with 4 items, whose pairwise order matrix
is shown in Figure B.6.

1

100


50 55 90 100
45 50 20 80
10 80 50 65
0 20 35 50


Figure B.6: Pairwise order matrix used in Example 9

Solving this instance with model (7) for values of p ranging from 1 to 4 yields the optimal values
shown in Figure B.7.

This example illustrates that the curve of optimal values for the p-OBOP as a function of p is
not necessarily unimodal. In particular, the existence of optimal solutions for the standard OBOP for
p = n− 1 and p = n+ 1 does not imply the existence of one for p = n.
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Figure B.7: Optimal values of the p-OBOP for different values of p

Appendix C. Data and notation for the real case

This appendix reports the auxiliary material used in the real-world application based on the U-
Ranking of universities. Table C.9 lists all the universities included in the study together with the
acronyms used throughout the paper. Table C.10 provides the list of the 23 U-Ranking indicators
considered in the analysis, grouped by dimension and with their corresponding weights, which are used
to construct the weighted pairwise comparison matrix.

Acronym University Province Acronym University Province

CEU-UCH Universidad Cardenal Herrera – CEU Valencia IEU IE Universidad Madrid
MU Mondragon Unibertsitatea Gipuzkoa UAO–CEU Universitat Abat Oliba CEU Barcelona
UCAM Universidad Católica San Antonio Murcia UCJC Universidad Camilo José Cela Madrid
UCV Universidad Católica de Valencia Valencia UD Universidad de Deusto Bizkaia
UDIMA Universidad a Distancia de Madrid Madrid UEC Universidad Europea de Canarias Santa Cruz de Tenerife
UEM Universidad Europea de Madrid Madrid UEV Universidad Europea de Valencia Valencia
UFPC Universidad Fernando Pessoa-Canarias Las Palmas UIC Universitat Internacional de Catalunya Barcelona
UNAV Universidad de Navarra Navarra UNEB Universidad Nebrija Madrid
UNIR Universidad Internacional de La Rioja La Rioja UPCO Universidad Pontificia Comillas Madrid
UPSA Universidad Pontificia de Salamanca Salamanca URL Universitat Ramon Llull Barcelona
USP–CEU Universidad San Pablo – CEU Madrid UVic–UCC Universitat de Vic – Universitat Central de Catalunya Barcelona
VIU Universidad Internacional Valenciana Valencia UOC Universitat Oberta de Catalunya Barcelona

Table C.9: List of private universities, acronyms, and province of the main campus
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Indicator Dimension Weight

% of students in international mobility Teaching 9/200
% of international students Teaching 9/200
PhD academic staff / total academic staff Teaching 9/200
Academic staff / students Teaching 9/200
Budget per student Teaching 9/200
Assessment rate Teaching 9/200
Retention rate Teaching 9/200
On-time graduation rate Teaching 9/200
Persistence rate Teaching 9/200
Success rate Teaching 9/200

% of PhD students Research 9/200
% of publications with international co-authorship Research 9/200
% of publications in the first quartile (Q1) Research 9/200
Citations per document Research 9/200
Scientific documents per PhD academic staff Research 9/200
Average impact factor Research 9/200
European research funds per PhD academic staff Research 9/200
Patents per PhD academic staff Research 9/200
Competitive public funding per PhD academic staff Research 9/200
PhD theses defended per PhD academic staff Research 9/200

Educational level match Labour-market insertion 1/30
Average contribution base Labour-market insertion 1/30
Social Security affiliation rate of Spanish graduates Labour-market insertion 1/30

Table C.10: U-Ranking indicators and weights
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