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ARTICLE INFO ABSTRACT

JEL classification: This paper develops a two-region New Economic Geography model with polluting firms subject
F12 to regional abatement policies. Pollution accumulates in the local environment and decreases
F18 the welfare of the population. We show that environmental policies have two opposing effects
gg on welfare: they reduce nominal wages and increase environmental quality. If environmental

regulations are equally strict in the two regions then population, pollution and wages tend
Keywords: to converge as trade becomes more open. If the two regions have different but unambitious
Pollution ) environmental regulations, firms agglomerate in the laxer region, which becomes a pollution
New economic geography (NEG) haven. However, a sufficiently far-reaching environmental policy in one of the regions raises its
Non-linear dynamics . s L . . .

A . environmental quality, increasing its attractiveness for population and firms, and the emergence
Agglomeration-dispersion forces K ] A X R A
Smooth and sudden transitions f)f a pollution h.aven is avoided. We also show tha.t if the na.tural absorption rate of Ipollu.tlon
Bifurcations is low, the environment recovers slowly, population and firms move between regions in a
pollute-and-flee cycle and no static equilibrium is reached.

1. Introduction

The damage to health and quality of life caused by pollution threatens the prosperity of heavily polluted industrialised cities
(AFP News, 2019; Insights, 2021). Some survey studies suggest that the intention to migrate in China increases substantially with
the level of pollution (Qin and Zhu, 2018; Lu et al., 2018; Zhou et al., 2023). Indeed, actual population data confirm that pollution is
a key determinant of out-migration from industrialised cities (Chen et al., 2022; Guo et al., 2022). Studies focusing on the migration
of productive workers show that pollution induces these workers to migrate from more polluted areas to less polluted areas (Khanna
et al.,, 2021; Levine et al., 2020). Farzanegan et al. (2023) find, however, that higher levels of per capita income discourage pollution-
induced out-migration. That is, although pollution itself is a bad people want to avoid, it is associated with factors such as the
industrial income that people enjoy. People may be willing to tolerate pollution resulting from increased economic activity that
raises incomes.

People’s dislike of pollution explains a substantial part of the wage gap between cities (Roback, 1982). Since people choose jointly
where to work and where to live (Heblich et al., 2021), they take into account both wage gains and amenities (or disamenities such
as pollution) in selecting their destination. Fontenla et al. (2019) find that the average household needs to receive approximately
US$ 1007.54 per year in compensation before it will tolerate a 1 pg/m? increase in pollution. Companies in China reportedly offer up
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to 20% wage premiums to induce workers to relocate to polluted production cities (AFP News, 2019). This phenomenon is not new:
Williamson (1985) and Brown (1990) find that a large part of the rise in wages in factories during industrialisation in nineteenth
century appears to be explainable as compensation for poor working and living conditions.

Efficient location of the labour force is essential for economic prosperity, so pollution control policies have a key role to play in
economic development. Despite this, environmental quality regulations often take a back seat to other priorities. Pollution exceeds
safe air quality standards for many cities in China (Khanna et al., 2021), the US (EPA, 2021) and Europe (Environmental European
Agency (EEA), 2020). EU air quality health standards for key pollutants such as particulate matter, nitrogen dioxide and ozone
from transportation and industry are exceeded in some central and eastern European countries, where regulations are less stringent
(EEA, 2020). By contrast, the European Green Deal aims to “protect, conserve and enhance the EU’s natural capital, and protect the
health and well-being of citizens from environment-related risks and impacts” (European commission, 2019). The set of measures
announced may have some negative effects in the short run,! but they are expected to be offset by better living conditions and
economic prosperity in the future. In this paper we examine the theoretical foundations of this assumption.

According to Rosen (1974), regional locations are as tied bundles of wages, rents, and amenities, including environmental
amenities. Following Rosen’s work, Roback (1982) constructed a model to show that regional wage differences are explained almost
entirely by differences in amenities (exogenously given). The Rosen-Roback general equilibrium model has been extended in many
directions to consider heterogeneous agents, tax policy, agglomeration and congestion. Nevertheless, many interesting questions of
economic geography are not easily addressed by a model of competitive general equilibrium (Krugman, 1991). According to the New
Economic Geography (NEG), the agglomeration of the economic activity in a region is due to the existence of economies of scale,
product differentiation and imperfect competition. Trade relationships among regions play a key role in the spatial distribution of the
economic activity and trade costs foster the agglomeration of population and industry. Our model takes these elements into account.
Moreover, regional amenities may not be constant or exogenously given, as in the Rosen-Roback model. The environmental quality
of a region is endogenously determined by the location decisions of polluting firms and evolves dynamically along with economic
activity, as addressed in our paper.

We build a model to study the spatial relocation of workers and firms between two regions, when local environmental quality
is taken into account, together with wages and prices. People consume goods produced locally and abroad, so trade costs interfere
with the decision whether to relocate. Workers and firms migrate jointly as in the Core-periphery model by Krugman (1991), which
is extended to consider polluting firms and pollution averse households. Pollution accumulates in the environment and is partially
removed by nature itself and by pollution abatement activities. In the short run, agglomeration externalities make wages higher in
the bigger region and in the region with the laxer emissions policy. Over longer periods the higher nominal wage and the greater
variety of industrial goods available in the larger region attract more population, which further increases the market size and the
incentives to in-migrate. The pollution dynamic counteracts these agglomerative forces and plays in favour of the dispersion of the
population in the long run. Our model has all the effects of Krugman’s model, i.e. a home market effect, a price index effect and
a competition effect. Pollution has a dispersion effect, called the pollution effect, which has no consequences in the short-run but
whose dynamic has long-run impacts on the spatial distribution of economic activity.

We find that people tend to distribute evenly between the two regions as trade becomes more open, but when there are high trade
costs the population could be partly agglomerated in one of the regions, with high wages and high pollution levels. As trade becomes
more open the advantages of living in the bigger region decrease and people tend to disperse. Wages converge and pollution levels
tend to balance out between the two regions. If both regions apply the same environmental policy the transition from agglomeration
to dispersion takes place smoothly provided that the natural absorption rate of pollution is high enough. But if one region (the
North) applies a more stringent environmental policy then a pollution-haven effect arises, encouraging firms to move to the region
with laxer regulations (the South). Initially this drain takes place smoothly, until the size of the market falls below a threshold level.
From then on, a sudden change occurs since most firms find it more profitable to relocate to the South, with the laxer environmental
regulations. On the other hand, a more stringent emissions policy in the North means lower net emissions (discounting abatement)
and could also mean better environmental quality, so the sudden change might take place in opposite direction, with most people
moving to the North. The final outcome depends on the relative strictness of the emissions regulations.

We prove that half measures do not prevent firms from leaving the greener region. That is, if one region strengthens its
environmental policy to slightly stronger than its counterpart, the recovery in the environment may not suffice to offset the
reductions in wages and firms’ profits. It can cause a population drain to the region with the laxer regulation, which becomes
a pollution haven. If an intermediate regulation is set the pollution haven will arise if there are high transport costs, because the
advantage of being in the larger region prevails. However, openness of trade weakens the agglomerative forces, so for low trade costs
the greener region ends up having a larger share of the population and industry. Finally, if environmental policy is ambitious the
possibility of a pollution haven can be completely ruled out and the greener economy ends up with the higher share of population
and industry for all transport costs.

There have been several attempts to tackle environmental pollution in New Economic Geography (NEG) models. Pfliiger (2001)
focuses on the case of two governments that choose an emission tax and face instantaneous local pollution which hurts utility and
production. He shows that governments choose inefficiently low (high) taxes if the scale of emissions in production is small (large)
relative to transport costs and the mark-up. However, the marginal disutility of pollution does not play a key role in his results.

1 Empirical literature has documented that differential enforcement of pollution regulations might encourage industrial migration to areas featuring laxer
regulation (Becker and Henderson, 2000; Greenstone, 2002; Kahn and Mansur, 2013).
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Zeng and Zhao (2009) address the problem of damage to production due to pollution and demonstrate that a pollution haven may
not arise if environmental regulation is slightly more stringent in the larger country. Ishikawa and Okubo (2017) also consider an
instantaneous pollution, but they focus on a transboundary pollution problem. They develop an asymmetric economic geography
model with relocation of capital where only the larger country imposes an emission tax (or quota).

None of these papers considers the joint decision by households on where to work and where to live, since they assume that the
owners of the production factors are not required to live in the region where their factors are employed. This assumption means
that the models are unable to explain the wage premiums observed in polluted cities. We focus on the trade-off between wages and
environmental quality, so we follow van Marrewijk (2005), who assumes that pollution emissions hurt welfare and (skilled) labour
moves to the region where welfare is higher, taking into account both the real wage and polluting emissions. This study focuses
on discussing the stability of either full agglomeration or symmetric spreading across the two regions. Lange and Quaas (2007) go
further and find that local pollution explains partial agglomeration and the smooth transition between stable symmetric spreading
and stable full agglomeration when transportation costs decrease.

However, none of these papers include environmental policy, which might cause sudden transitions, as we do. In a similar model,
Elbers and Withagen (2004) introduce emission taxes and solve the policy game between the two regions. They compare the Nash
equilibrium with the socially optimum symmetric distribution. Forslid et al. (2017) and Rieber and Tran (2009) also investigate the
consequences of global pollution and tax competition. Recently, Wu et al. (2023) show that agglomeration economies reduce the
impact of environmental regulations on the number of firms in a region and on pollution reduction.

However, to the best of our knowledge, NEG literature has not taken into account pollution dynamics and the limited recovery
capability of nature. It is assumed that it is pollution emissions that damage welfare and that the accumulation of pollutants and
the speed of environmental recovery do not play any role.” Some pollutants are not easily absorbed by nature and accumulate in
the environment, causing damage years after. In our model, unremoved pollution accumulates in the environment and it is the
accumulated stock that causes welfare damage.

There are some notorious real-world examples. For years, plastics and polymer production in Parkersburg, West Virginia,
contributed greatly to job creation and prosperity in the town. However, the industry discharged “dark water” into the river,
contaminating farmland and animals. Over the years, citizens began to suffer from disease and the region began a steady process
of depopulation and unemployment.® According to Bjelland (2004), the persistence of pollutants in soil and groundwater, released
over decades by past flourishing industrial activities, is the reason behind the disinvestment processes in the Minneapolis-St.Paul
metropolitan area during the second half of the 20th century. If the natural absorption rate of pollution is too low, population flee
before the environmental and health risks are neutralised by nature itself or by appropriate clean-up investments.

There are examples of former industrial areas that became into abandoned “brownfiels” because of hazards for public health and
that, after a period of time, with the right cleaning strategies, recovered and returned to offer quality of life and job opportunities.
A visible example is the London’s Olympic Park (Hou et al., 2015). The grounds that held the 2012 Olympics had previously been
heavily polluted, after hundreds of years of industrial activity. Bioremediation cleaning techniques turned this area of East London*,
with a lot of abandoned old industrial sites and higher than average unemployment than the rest of London, into an attractive
location for families and firms (Taraszkiewicz and Nyka, 2017). According to the European Commission’s 2020 report on sustainable
transformation and recovery, it was estimated that brownfield sites cover about 25,000 km2 across Europe. Koutra et al. (2023)
report examples in United States and in Europe of reindustrialised “brownfields” that provide again job opportunities and renewed
urban and social life. Firms and population fled from pollution but environmental regeneration reverted the migration process giving
rise to a pollute-and-flee cycle.

According to Kahn (2000), the rapid population growth in some counties in Los Angeles during the seventies and early eighties
raised pollution to unhealthy levels. High pollution levels stunted the economic development in the region. However, pollution
regulations in the 1990s reverted the process. New homes are projected to be built on regenerated brownfield lands (Department
for Levelling Up, Housing and Communities, 18 January 2023°). Nature and environmental measures need time to achieve results
and once the healthy standards are recovered, population flow again towards the region.

Zheng et al. (2013) also study the spatial evolution of industrialisation, urbanisation and pollution across China’s cities over recent
decades. The initial concentration of industry in coastal cities deteriorated environmental quality there. Due to this, population and
industrial production shifted towards inland cities from the mid-2000s onwards. Regional environmental policies contributed greatly
to these spatial dynamics. The inland cities attracted dirty manufacturing firms which brought with them economic growth and
employment opportunities. The stricter environmental regulations in richer coastal cities where people demand a higher quality of
life also pushed those dirty firms to the inland cities with laxer environmental regulations. Agglomerative forces increase population
and the number of firms, thus increasing pollution. Later, the damages to welfare increases sufficiently to revert the migration
process.

2 Cumulative pollution, defined as damage to the environment “caused by the combined impact of past, present and future human activities and natural
processes” (Clark, 1994), is gaining significance in environmental regulations (Council on Environmental Quality (1979) in the United States, Environmental
Impact Assessment Directive (1985) in the European Union, Canadian Environmental Assessment Act. (1995) in Canada).

3 Teflon firm faces fresh lawsuit http://news.bbc.co.uk/1/hi/business/4697939.stm

4 https://www.coolgeography.co.uk/gcsen/London_Regeneration.php

5 Department for Levelling Up, Housing and Communities, Cabinet Office (18 January 2023) Thousands of new homes to be built on regenerated brownfield
land https://www.gov.uk/government/news/thousands-of-new-homes- to-be-built-on-regenerated- brownfield-land
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Our model finds this type of spatial dynamics. The model assumes that pollution is a stock that accumulates in the local
environment and is partially removed by nature and by abatement activities. For equilibrium distributions of population between
the two regions to be stable there needs to be a high enough natural pollution absorption rate to counteract the speed of the NEG
agglomerative forces. Low absorption rates would make the equilibrium unstable for a wide range of levels of trade openness,
favouring the appearance of cyclical migrations. Moreover, if trade is open enough the transition towards the long-run equilibrium
could follow a bumpy dynamic.

The rest of the paper is organised as follows: Section 2 presents the model. Section 3 studies the equilibria and their stability if
both regions apply the same environmental regulation. In this case, the region with the higher wage is the most populated and most
polluted. Section 4 describes how damage to welfare due to pollution and the natural rate of pollution absorption determine the
strength and speed of the pollution effect, which has consequences for the transitional dynamics towards the equilibrium. Section
5 proves that different environmental policies in the two regions may cause sudden migrations. In this case, the region with the
higher wage might be not the one where most people want to live. People might be willing to earn less for the sake of a better
quality environment. Section 6 proves that if one region sets a more stringent regulation than the other it will only keep most of
the population and firms if the difference is large enough. Section 7 concludes.®

2. The model

The model is a variant on the well known core-periphery model by Krugman (1991) in New Economic Geography (NEG)
literature. There are two regions j = 1,2 and an increasing-returns production sector that can be located in either region. The
industrial sector needs labour and emits pollution to produce manufactured goods. Pollutants accumulate in the local environment,
which has a limited ability to regenerate. The stock of pollution hurts household welfare and firms pay for abating emissions.
Population migration and pollution dynamics interact.

2.1. Households

Households seek to maximise their utility, which takes the form of a nested Cobb-Douglas function and CES (across the varieties)
used in the original Krugman model (1991). Thus, a representative household in region 1 solves the following consumption problem”:

max Up = Cy Z7  withy€(0,1) (€D)]

cpp (e

s.t. wy

ny ny
/0 cll(i)Pl(i)di+/0 cip(Dpy(Drdi @)

ny o1 ny o-1 ﬁ
Cy, = </0 en@) e di+/o () di> 3

where Cy, is a consumption index of industrial goods with ¢ > 1; ¢, (i) is the consumption of variety i produced in region j (j = 1,2);
n; is the number of varieties existing in region j; w, is the income per household in region 1; p;(i) is the price of variety i of the
industrial good produced in region j; r > 1 is the iceberg transport cost® that consumers in region 1 have to pay to import industrial
goods from region 2; and finally, Z, is the stock of pollution in region 1, which negatively affects household utility. Damage to
welfare due to pollution, y, is one of the key parameters that determines whether regions converge or diverge. The same problem
is solved by households in region 2.

From the first order conditions of the maximisation problem (1)-(2), the following demand functions are obtained:

e (D) = Cyy, <PIT(:)> » epp(i) = Cy <p2}()ll)‘r> with Cy, = ‘%1 @

and

where P, is the price index in region 1, defined as

1
n ny T
P = (/0 pl(i)l_"di+/0 (pz(i)r)“"dz)1 (5)

Mirror-image formulas hold for households in region 2, named c,,(i) and ¢,,(i). In this case, demand for each variety depends on
the income and price index of region 2 (w, and P,).

6 All the proofs and graphics for this study can be reproduced with a computable document available to readers upon request.

7 The local agricultural sector in NEG models means that firms face a trade-off between proximity to the larger market, where prices are higher, and lack
of competition in the local market. The competition effect works in favour of the dispersion of economic activity and dominates when transport costs are high.
However, as trade becomes more open it loses strength and manufacturing becomes concentrated in one region. It is in this framework -when economic activity
is concentrated in one or a few locations- that environmental problems and damage from pollution appear. Thus, to focus on the effect of pollution on the
dispersion of population, we remove the agricultural sector from the original Krugman model so that the agglomerative forces dominate among the conventional
NEG effects.

8 We follow the approach by Krugman (1980, 1991). The price of a domestic product in country 1 will be the same as that received by the producer, p,.
Foreign products, however, will cost more than the producer’s price; if foreign firms charge p,, home country consumers will have to pay the price zp,. The
same results are achieved by assuming that producers optimise their profits by choosing a different price for domestic than foreign consumers. Both approaches
are equivalent and the proof is available upon request.
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2.2. Industrial sector

A firm i in the industrial sector in region j employs labour I to produce industrial goods according to the production function

x/(l) = ﬂ (lxj(i) - f)a el'(i)lia, O<a<l1 (6)

where e, (i) are the pollutant emissions,” # > 0 is a productivity parameter and f is a fixed cost. Note that if « = 1, the production
function (6) is the same as that proposed by Krugman (1980, 1991), which involves a constant marginal cost and a fixed cost, giving
rise to economies of scale. If « € (0, 1) labour productivity is lower when technology is greener. There is a regional authority that
forces firms to abate a share «; of their emissions e;(i)."" Thus firm profits are given by

”j(i)=pjxj(i)_wj(lx/(i) +laj(i)) (7)
where Lo,y is labour devoted to abatement activities. It is assumed that a unit of labour abates a unit of emissions, therefore
laj(,-) =k;e;(i) and therefore, by (7), we have that 7; (i) = p;x; (i) — wl'(l"/(") +K;e;(0)).

There are a large number of manufacturing firms, each producing a single product in monopolistic competition (Dixit and Stiglitz,

1977). Given the definition of the manufacturing aggregate (3), the elasticity of demand faced by any individual firm is —c. Thus,
the profit-maximising behaviour of a representative firm in region j leads to the following price and level of emissions:

1—a
- wjlxj«)—f c W <xj(i)>T 1

(i) = _ = _ —_— —_— 8
i) =775 0 o-1a \e® pi/e ®
Leay—f a x (i)
. 1—a'x0 I—a\* %01
¢ a K; ( o ) Py ®
Using (9) in (8),
1-a
- o Wil K
Pj=Pj(l)=ma—a<l_a> (10
A comparison of the prices of representative products in (10) gives
p= L4} = wk' 11
)2}
with w = w,/w, and x = k, /k,. Taking into account (6) and (9), the demand for labour is
_ a l-a xj(i) l—a
Lo = £ +(17=) ) and (12)
— l-a axj(i) 1-a
laj(i) = ( P ) TKj as

There is free entry in the industrial sector, so a firm’s profits must be zero. Using this condition and (10), it is obtained that'!

w, 1 l-a
— . J —
x; = x;()) = fo—— = ff(o — Da” <—> 14
Pj(l) Kj
Ly, =y =fU+ac=D] I, =l,o=f1-a)@-1) (15)

The equilibrium in the labour market of region j is L; =n iy, +1,)=n;fo. Thus, the number of firms in each region and the net
pollutant emissions at the market equilibrium solution are
L; |
- N _ _ J
n, = —, Ej =n; (1—Kj)ej—p L, (16)

7 fo K;
where p=(1—-a)(c - 1)/c.

9 As in Stokey (1998), we assume that emissions increase production.

10 Alternative environmental regulations can be considered. For example, it can be easily demonstrated that the reduction of emission intensities resulting
from an increase in firms’ fixed costs, considered by Wu et al. (2023), gives the same qualitative results as our approach. Our model could also be formalised
using a tax per unit of emissions with the same qualitative results. Moreover, our approach can also be adapted to the case of abatement technologies using
local inputs as labour and capital. For simplicity, we assume that labour is the only input in both production and abatement. These other alternative models
and the proofs that their results are equivalent are available upon request.

11 1t should be noted that although o is a parameter of tastes rather than technology, it can be interpreted as an inverse index of economies of scale. Note
that the ratio between marginal cost of production and average cost in a zero-profit equilibrium is (¢ —1)/c. This ratio takes a value of less than 1, which means
that total cost increases proportionally less than output. This in turn means that the industry exhibits increasing returns. Lower values of (¢ — 1)/o. i.e. lower
values of o, mean greater economies of scale.
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2.3. Short-run equilibrium

In the short-run equilibrium, households maximise their utility, firms maximise their profits, there is free entry in the market
and market clearing conditions hold for industrial goods. If it is assumed that L, + L, = 1 and L, = L then, the supply of goods
produced in a country meets demand and the trade costs if and only if

x1() = Lep () 4+ 7(1 = L)cy (i) a7
X5(i) = TLep() + (1 = L)eyy (i) (18)
Taking into account C M, =W i/ P; and (14) in (17), it emerges that

1-o

1P Y- ——2 ¥, =0 19)
np'=o¢+ny nypl=o +
where Y; = w, L and Y, = w,(1 — L) are the region incomes and ¢ = z!~°, with ¢ € (0, 1), is an index of the openness of trade. The
same equation arises from (18). From now on we assume that the wage in region 2 is the numeraire, so ¥; = Lw and Y, = (1 — L).
Taking into account (11) in (19) it can be concluded that this equation has a unique positive solution for w.

Eq. (19) also guarantees that trade is balanced. Note that expenditure by region 1 on manufactures from region 2 equals
expenditure by region 2 on manufactures from region 1 if and only if nycj,p,7Lw = nycy; py7(1 = L), where ¢ is the good produced
in region j and consumed in region k. Equation (19) is equivalent to this condition.

According to Fujita et al. (2001), a higher population leads to an increase in expenditure, and as a consequence, potential profits
rise, which translates into higher wages (home market effect). On the other hand, the relative price (p ;/ P;) increases due to the
higher competition. This tends to reduce local potential profits, implying a downward pressure on wages (competition effect). The
following proposition shows how w is affected by L. The effect of x on wages is also studied.

Proposition 1. A rise in population in one country will raise the relative wage. Moreover, if one country relatively raises its abatement
share of emissions, the relative wage decreases, that is'?

Jw Jw
a—L>0(lTld0—K_<0 (20)

As in Helpman (1998), Pfliiger and Tabuchi (2010), and Martinez-Garcia and Morales (2019), an increase in population in one
region raises the wage in that region. That is, the home market effect dominates the competition effect, due to the absence of a
non-footloose population. By contrast, stronger environmental regulations reduce wages.

However, as we move from the short-run to the long-run, other features must be taken into account. Workers are not interested in
nominal wages but in real wages and they will migrate to the region with the higher welfare, which depends on the stock of pollution.
Meanwhile, as the population increases so does the emission of pollutants into the local environment. These two interdependent
dynamic processes are explained in the following section.

2.4. Population and pollution dynamics

Workers are mobile between regions and choose to migrate if they gain in terms of individual welfare by doing so. As usual in
NEG models, population reallocation follows the following dynamics,'®

L=L(1-1L) 4 1 21)
- 2
where v is the indirect utility, obtained by taking into account (2) in (1),
w; 12 P, (Z\7
V,=—2z7 j=12and = =w=2 (=L (22)
U v, P \Z

where w; /P; is the real salary. Pollution in a region Z; accumulates by local net emissions, EJN , and it is partially absorbed by the
natural environment, at a rate u € (0, 1). That is,

Z;=E) —uz; j=12 (23)

where E]N is given in (16). Pollution is purely local, e.g. certain kinds of emissions from traffic and factories.'* Thus, the joint
dynamic of both stocks of pollution and population between the two regions is driven by

- -
L=L1-L) <w1+ﬁ;<1-“ <§> - 1) (24)

2

12 For the proof see Appendix.

13 In Fujita et al. (2001) L = L(V; — V) where V = LV, + (1 — L)V, is the weighted average of indirect utilities. A simple manipulation shows that
L = L(1 — L)(V; - V), which is equivalent to (21) if we divide by V,.

14 We focus on the purely local pollution problems that are the ones that make the pollution effect interact with the traditional effects of Krugman’s model.
Note that if environmental damage were global (Z = Z, = Z,) then the indirect profit ratio would not be affected by Z and the pollution effect would play no
role in the spatial distribution of firms.
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p<1_K'>L_ﬂzl with,,:w (25)
K c

Z,

. 1-x,

Zy=p (1-L)-uz, (26)
K2

where w is defined implicitly by Eq. (19). There are two agglomeration equilibria, one with L = 1 and the other with L = 0,

which are unstable, as proved in Lemma 1 in Appendix. Additionally, interior equilibria (with 0 < L < 1) may coexist when certain

conditions are satisfied (Propositions 2 and 6 below).

3. Both regions implement the same environmental policy

This section examines the dynamics of the three variables L, Z, and Z, and the existence and stability of equilibria when both
regions apply the same emissions policy, i.e. k; = k, = & € (0, 1). In this case there is always an interior symmetric equilibrium,
given by

L*=1,2*=Z;=l£1:’<
27 2u K
for any value of openness of trade ¢ € (0, 1), and two additional interior non-symmetric equilibria, if the conditions of the following

proposition are satisfied.'®

and w* =1, 27)

Proposition 2. The symmetric equilibrium (27) is the only interior equilibrium for any value of openness of trade ¢ if the following
condition is satisfied.
1

c—1

y2y= (28)

If (28) is not satisfied there are two additional interior equilibria, one with L > 1/2 and w > 1 and, the other with L < 1/2 and w < 1

when
20y(c — 1)

¢<¢:1—m€[0,1) (29)

If ¢ > ¢ the only interior equilibrium is the symmetric one.

The symmetric equilibrium represents a homogeneous distribution of economic activity between the two regions, with equal
wages and the same levels of pollution. Note that the value of 7 is higher the larger the economies of scale (the lower the value of ¢).
Therefore, according to Proposition 2, if the damage to welfare due to pollution, y, is high enough comparing with the economies of
scale, the regions converge for any value of openness of trade. However, if economies of scale are very high (the agglomerative forces
are very strong) and condition (28) is not satisfied, two partly agglomerated equilibria appear. In these non-symmetric equilibria
the region with the highest wage is the more heavily populated and more polluted.'®

The following proposition gives conditions for the stability of the symmetric equilibrium.

Proposition 3. If y >y the symmetric equilibrium is locally stable for any value of openness of trade ¢ when

_ 1
u>p=

(30)

o—1
If u < i the symmetric equilibrium is locally stable if and only if
(2o = D[ = p(oc = 1]

¢ = e Dr2e—1 (31)

If ¢ drops below ¢ the symmetric equilibrium becomes unstable and cycles arise, i.e. if ¢ < ¢ there is a Hopf bifurcation.

Note that the value of /i coincides with the value of 7. Therefore, if y > 7 = i > u, the symmetric equilibrium is locally stable
when transport costs are low enough. This prominence of transport costs is not new in NEG models. What is new in our model
is the role played by the absorption rate of pollution, u, and the damage to welfare due to pollution, measured by y. Note that
larger economies of scale (smaller values of ¢) increase the values of 7 and i, which reduces the chances of having a single stable
egalitarian symmetric equilibrium. The following proposition studies the stability of the equilibria if y < 7, i.e. when there are two
more equilibria in addition to the symmetric equilibrium.

Proposition 4. If y <7 and pollution is absorbed at a high rate, i.e.

u>y (32)

the symmetric equilibrium is locally stable if and only if ¢ > ¢. Moreover, if 0 < ¢ < ¢ the additional two interior non-symmetric equilibria
are locally stable.

15 The proofs of the propositions in this section are presented in Appendix.
16 Note that the long-run level of pollution ZjL is larger in the more populated region (with Z ,L the value that makes equation ((23)) vanish)
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Fig. 1. Four different dynamic behaviours depending on the values of y and u (¢ = 2.75).

However, if y < 7 and the pollution absorption rate u is not so high, i.e. if (32) is not satisfied, periodic solutions arise for some
values of ¢, as indicated in the following proposition.

Proposition 5. If y <7 and u < y, there is a value for the openness of trade ¢ < &, such that those equilibria nearest to agglomeration
are locally stable if openness of trade is low (¢ < ¢) and the symmetric equilibrium is locally stable if and only if (¢ > ¢). For intermediate
values of openness of trade, ¢ < ¢ < ¢, the interior steady states are unstable and cycles arise.

According to the above propositions, the space of parameters y and y can be partitioned as shown in Fig. 1. Note that if ¢ is low
enough (sufficiently large economies of scale) areas HH and HL may disappear.

Propositions 2 and 4 establish that if y and u are in the area LH, i.e. there are less environmentally-friendly societies (y < 7)
and the natural rate of pollution absorption is high enough (4 > y), there are two branches of equilibria: a horizontal branch of
symmetric equilibria for any value of ¢, and a tilted U-shaped branch of stable partly agglomerated equilibria whenever ¢ < ¢
(Fig. 2(a))."”

The tilted U-shaped branch of equilibria converges to the symmetric equilibrium at ¢, where the even distribution of population
attains stability. Thus, if trade costs are high the agglomerative forces prevail and the population is partly agglomerated in one of
the two regions, with high wages that offset damages to welfare due to pollution.'® As trade becomes more open, the population
smoothly leaves the agglomerated region and tends to distribute evenly between the two regions, with salaries converging. The
parameters in the area LL represent less environmentally-friendly societies and low natural rates of pollution absorption (u < y < 7).
In this scenario, propositions 2 and 5 show that the population is highly concentrated in one of the regions if openness of trade is low
and equally distributed if it is high (Fig. 2(c)). For intermediate values of ¢, the interior steady states are unstable and cycles arise. As
trade becomes more open, the population smoothly tends towards an even distribution between the two regions, though following
wavy behaviour. By contrast, if the parameters represent the most favourable situation, i.e. they are in the HH area, with highly
environmentally-friendly societies and a high rate of environmental recovery (y > 7, u > fi), the population becomes distributed
evenly between the two regions with local stable equilibria for any value of transport costs (Fig. 2(b)). The stocks of pollution and
wages become the same in both regions. Finally, for the parameters in area HL (y > 7 and u < ji), the unique symmetric interior
equilibrium loses its stability for low values of openness of trade and cyclic behaviours appear (Propositions 2 and 3).

4. The pollution effect and the transitional dynamics
The core-periphery model presented in this paper has all the effects in Krugman (1991) model: A home market effect, a price

index effect and a competition effect. The incorporation of pollution dynamics into the analysis introduces a pollution effect, which

17 The diagrams in Fig. 2 are called bifurcation diagrams and represent the steady state equilibria of L and w for each value of ¢ € (0, 1).
18 This is the trade-off between wages and amenities in the Rosen-Roback model.
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Fig. 2. Stability of the long run equilibria if x| = k,.These diagrams represent the steady state values of L (on the left) and w (on the right) for each value of
¢ € (0,1). The solid lines represent stable equilibria and the dotted lines represent unstable equilibria.

has no consequences in the short-run but has a long-run impact on the spatial distribution of economic activity and on transitional
dynamics.

Note that if the population were fixed at level L, as time passes the stocks of pollution would approach their globally stable
equilibria at a rate u:

P i S S ks Y (33)
H oK H Ky

An increment in population in one region raises the long-run local stock of pollution. Z J’- j = 1,2 do not appear in the balance
trade Eq. (19), so pollution has no effect in the short run.!” However, in the long run, if Z 1L / ZZL increases, indirect utility will be
higher in region 2 than in region 1 and the population will tend to migrate to that region, according to (24). Pollution acts as
a dispersion force while an increase in region 1 population raises nominal wages (Proposition 1) and the number of varieties of
industrial goods (which reduces the price index), reinforcing population agglomeration. The long-run outcome is the result of the
interaction of these agglomeration and dispersion forces, and both their strength and their speed are important.

19 The pollution effect that arises in this model differs from the resource effect in Martinez-Garcia and Morales (2019) in that pollution has no effect in the
short run, while resource scarcity has an immediate effect on prices and wages. Both these environment related effects have long-run consequences.
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To understand the intuition behind the role of the pollution effect and its speed (u), consider the stability conditions of an interior
equilibrium, which come from Propositions 3-5%:

ol oL 9Z i 9Zy

oL oL "% 0L 772 34
oL "9z, oL oz, oL 34
oL 0Zj

L =T =12

3L <H ()Zj,} (35)

The first term 01 /dL summarises the main NEG forces in our model: competition, home market and price index effects. The ratio
of wages, w, is implicitly defined by the balanced trade equation (19), so at an interior equilibrium,
oL _ ol ow
0L~ owdL
which is positive according to Proposition 1. However, pollution dynamics also play a key role in the long run (second and third
terms of (34)). If a firm moves from region 2 to region 1, the long-run stock of pollution decreases in the former and increases in the
latter (022L /oL <0 and 0Z 1L /oL > 0). Thus, pollution counteracts the traditional agglomerative forces and plays in favour of the
dispersion of the population. However, the values of Z; do not adjust instantaneously to their long-run values Z L and expression
(35) imposes an additional condition on the “speed” of the adjustment. According to (35) the pollution in each region has to adjust
to its long-run levels faster than the agglomeration process driven by the traditional NEG effects, dL/dL. Since the agglomeration
forces weaken as ¢ increases, a higher rate of pollution absorption, x, makes dispersion feasible for a wider range of trade openness.
In line with conditions (34)-(35), Fig. 3 shows the dynamic quality of the symmetric equilibrium for some specific values of the
parameters. As shown, different dynamic behaviours can arise in the areas of the space (y, u). The pollution absorption rate and
the damage to welfare due to pollution play key roles in the transitional dynamics towards the equilibrium. Fig. 4 illustrates the
different behaviours that can arise depending on the relative strengths and speeds of the agglomerative and the dispersion forces.
Similar behaviours could appear around any other interior equilibrium.
As can be seen in Fig. 3, if y is too low (e.g. y = 0.1), condition (34) is never satisfied, because the dispersion force of pollution
(0L/0Z;) is extremely weak. Thus, the symmetric equilibrium is unstable and the dynamic behaviour of the model is as shown
in Fig. 4(a). If conditions (34) and (35) are fulfilled with a low-medium preference for a clean environment (e.g. y = 0.35), the

>0 (36)

20 Let J, be the Jacobian matrix, of the linearised dynamic system (24)-(26), at an interior equilibrium (equation (47) in the Appendix). Thus —u is an
eigenvalue and, after some manipulations,

oL " 0Z, oL = 0Z, oL

|"L~=”Z aL+0L 1 +0L 2 . ”‘(-IL)=%_2M
oL
Equilibria stability requires |/, | <0 and t+(J;)+ u <0.
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the reader is referred to the web version of this article.)

population dynamic (24) is relatively insensitive to variations in pollution stocks. Thus, the long-run pollution levels Z 1L and ZZL
change very little. If the speed of adjustment of pollution is high enough (e.g. 4 = 0.8) then Z, and Z, will approach their long-run
levels with no oscillations (Fig. 4(b)). However, if conditions (34) and (35) are fulfilled with a higher value of y (e.g. y = 0.5) the
population dynamics will be very sensitive to changes in pollution levels. In that case, L moves at high speed, making Z IL and ZzL
change quickly. If 4 remains at the same level as before (u = 0.8), the pollution stocks may have not yet converged to their long-run
levels when L reaches the value 1/2 (very quickly because of the high y). Thus, L passes through 1/2, “overreacting”. Because u
is high enough ((35) holds), pollution stocks will eventually reach their long-run levels, and the population will oscillate until it
converges to L = 1/2 (Fig. 4(c)). Finally, if y is high but y is low such that condition (35) does not hold (e.g. y = 0.5 and yx = 0.3),
then the population dynamic reacts strongly to changes in the pollution stocks, raising the long-run levels, Z 1L and ZZL. As before,
the high y means that L reaches 1/2 before the pollution stocks reach their long-run values. However, the speed of adjustment of
pollution, u, is slow here, so the stocks, Z, and Z,, never get close enough to Z IL and ZZL. In this case, pollute-and-flee cycles arise
around the symmetric equilibrium (Fig. 4(d)).

5. One region unilaterally strengthens its environmental policy

This section examines the long-run spatial distribution of population and firms if the two regions have different environmental
policies.”> We name the North to the region with the higher abatement share and, correspondingly, the South, in this section, is
the region with the laxer environmental policy. If the North imposes a higher abatement share of emissions than region the South
x becomes higher than 1. In this case, the interior equilibrium is no longer symmetric, as it is in (27). However, there are always
non-symmetric interior equilibria, as proved in the following proposition.

21 The proofs of the propositions in this section are presented in Appendix.
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Fig. 5. Existence and stability of long run equilibria if x; > x, and & < x'~%. Note that w° $ w' if y S 7 with w® as the wage rate when ¢ = 0 and w' as the
wage rate when ¢ = 1. The solid lines represent stable equilibria and the dotted lines represent unstable equilibria.

Proposition 6. If y > 7 there exists a unique interior equilibrium L for each value of ¢ € (0, 1), which forms a branch of equilibria that
decreases (increases) as trade becomes more open if & < x'~¢ (¢ > k!~%) with

2(1-a)(o—1) Loy

K 1-x K

1'<=<—1> >1and£=—2<—'> S| (37)
K2

1-x \k

By contrast, if y < 7, there exists a value ¢, € (0,1) such that the interior equilibrium is unique if ¢ > $,, and there are three interior
equilibria if ¢ < ¢,. That is, there is a monotonous branch of equilibria that goes from ¢ = 0 to ¢ = 1, which is decreasing (increasing)
if k < 51“{’ (k > E“‘i’), and a second tilted U-shaped branch of equilibria that goes from ¢ = 0 to ¢ = ¢, < 1. This secondary branch is
below (above) the monotonous branch if © < 51‘43 (> 5“‘/3 ).

As in Proposition 2, the relative size of the damage on welfare of pollution, y, and the economies of scale (larger economies of
scale mean larger values of 7) determine whether economic activity is spread between the two regions or partially clustered in one

of them. Figs. 5 and 6 show the bifurcation diagrams of the equilibria. Note that if x = | then & = x!~%, as in Section 3. If & < k!~%,
the branch of equilibria that goes from ¢ = 0 to ¢ = 1 decreases as trade becomes more open (Fig. 5). That is, at the equilibria on

12
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Fig. 6. Existence and stability of the long run equilibria if x;, > x, and & > 5"‘5. Note that u” S w' if y 2 7 with u” as the wage rate when ¢ =0 and w' as
the wage rate when ¢ = 1. The solid lines represent stable equilibria and the dotted lines represent unstable equilibria.

that branch, wages and the share of population in the North are higher than in the South if transport costs are high. Those rates
decrease as trade becomes more open. If & > 51*“3, the same conclusions apply to the South if the equilibria are on the increasing
branch (Fig. 6). As can be seen in Figs. 5 and 6, graphs (b) and (d), if y > 7, the transition through the equilibria as ¢ increases is
smooth, as in Section 3. However, if households are not so concerned about pollution, y < 7, the transition from agglomeration (if
transport costs are high) to dispersion (if transport costs are low) could take place abruptly, with sudden jumps in population and
wages if ¢ surpasses the critical level ¢3K (Figs. 5 and 6, graphs (a) and (c)). This behaviour differs from the smooth transition if both
regions implement the same environmental policy (Fig. 2, graphs (a) and (c) in the previous section). Moreover, in contrast with

Section 3, the region with the higher wage is not necessarily the more polluted one, as can be derived from the following result.

Proposition 7. If k < 51’“3 there exists a level of openness of trade, ¢, < 1, such that the North is less polluted than the South if ¢ > ¢,
for any value of y € (0, 1). On the other hand, if & > x!=% and y > 7 then the North is less polluted than the South for any level of openness
of trade ¢. However, if & > k!¢ and y < 7 the result is satisfied if ¢ > §,.

13
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Unlike the case of the same environmental policy in Section 3, where the less polluted region is always the less populated one,
in this section, when region 1(the North) applies a stricter environmental policy, a higher stock of pollution is not always linked
with more population. As shown in Figures 5 (a) to (d), if trade costs are low enough (¢ > ¢ ), the North is less polluted than
the South despite having a larger population. If ¢ < ¢, as it is at points A and A’, the North is more heavily populated and more
polluted than the South, although the wage may be higher than in the South (point A) or lower (point A’). The wage rate w, in
these figures is the value of the variable w if openness of trade is ¢ .

As proved in the following proposition, the stability properties of the interior equilibria are quite similar to those for the case of
regions with the same environmental policy, in Section 3. The two-dimensional space of parameters (y, ) can, again, be partitioned
into four areas as in Fig. 1.

Proposition 8. If y > 7 and u > f, the unique interior equilibrium for a given ¢ € (0, 1) is locally stable. If u < i there exists a value
&, € (0,1) such that stability is maintained if transport costs are low enough, i.e. ¢ > .. If ¢ falls below $,. the equilibrium becomes
unstable.

If y < y there exists a curve u*(y) such that

(i) if u > u*(y) then the equilibria on the monotonous branch are stable for all ¢ € (0, 1) and there exists a value ¢, such that the
equilibria on the tilted U-shaped branch nearest to agglomeration are locally stable if ¢ < ¢, and the rest are unstable.

(i) if u < u*(y) and ¢ is low enough, the equilibria nearest to agglomeration (on either the monotonous or the tilted U-shaped branch)
are locally stable. If ¢ is high enough the equilibrium is locally stable.

If the Northern region has tougher regulations than the South it is at a disadvantage in terms of production costs, encouraging
firms to move away: a pollution haven effect. At the same time, with a higher «,, net emissions per firm in the North are lower
than in the Southern region, encouraging people to move there: a pollution (aversion) effect. If k¥ < 5"‘73 and transport costs are
high, the North is more heavily populated and more polluted than the South, in exchange for a higher nominal wage (as at point
A in Fig. 5 (a), with w > 1 > w,). As transport costs decrease, the differences in population and wages between the two regions
decrease. For sufficiently open trade, the North becomes the less polluted one with the lower wage (i.e. w < w, < 1). The pollution
aversion effect is strong. Only if the market is large in the South and transport costs are high can this region retain a greater share
of the population (as at point C). At that equilibrium firms can benefit from laxer regulations and a larger market. The population
suffer a higher level of pollution but receive a higher wage than in the North. As trade becomes more open, agglomerative forces
weaken and the population and firms move smoothly to the North (transition from C to B). The transition is smooth until the
market size falls below a critical level (point B in Fig. 5(a)) where a sudden change occurs. From that point onwards most of the
population would find it more profitable to move to the North, where they could benefit from the combination of a large market,
better environmental quality, and relatively low transport costs. By contrast, if & > 51‘43, then the North could be underpopulated
because its environmental quality may not be good enough to offset the cost disadvantage of having to abate a higher share of
emissions (as at point A in Fig. 6(a)). The pollution aversion effect is weak. Only if the market is large in the North and transport
costs are high can this region retain a greater share of industry and population (as at point C). As ¢ increases, exports become
cheaper, and the size of the market becomes less relevant, population and firms migrate smoothly to the South (transition from C
to B), where they can benefit from the combination of a large market, laxer environmental regulations and relatively low transport
costs. The main force preventing abrupt delocation is market size, but if ¢ surpasses a certain level (point B), the market falls below
a critical threshold and, from that point onwards a sudden drain of firms to the South occurs. This result is in line with the pollution
haven hypothesis (Zeng and Zhao, 2009).%*

6. No half measures

This last section seeks to determine the consequences for the long-run spatial distribution of the economy of implementing a
weaker/stronger environmental policy in one region.”* As pointed out, tougher environmental regulations in one region cause a
loss of competitiveness, encouraging firms to move away (pollution haven effect). However, the region with tougher regulations
has lower net emissions which could lead to a lower stock of pollution, encouraging people to move there (pollution effect). Trade
openness interacts with these effects through the home market effect and the final result depends on the strengths of these opposing
forces.

To assess the consequences of different environmental policies we distinguish between four regions in the space 0 < k, < k; < 1,
spatially distributed as R_ < R* < R* <R} ify > 7, and G_ < G* < G < G} if y <7 (where < means below), as shown in Fig. 7.
These regions are defined in Definition 3, in the Appendix, where

- 1+
a=2_1 gy =122 _1, a =200 (38)
14 14 14
with a; < ay <a,ify >7 and a; < a, < ay if y < 7. Note that a; decreases if y increases. These values become negative for high

values of y, which causes some regions to disappear (as shown in Figure 8 in the Appendix).

22 Forslid and Ottaviano (2003) find also a discontinuous path for a core-periphery model of two countries of different sizes. In our case, the asymmetry
arises because of different environmental policies.
23 The proofs of the propositions in this section are presented in Appendix.
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Fig. 7. The regions in Definition 3 in the Appendix, by Lemma 14, can be described as
R_:L(p=0<1/2, Lip = 1)<1/2,dL/dp>0 G_: Ly =0)>1/2, L, (¢ = 1)< 1/2,dL,/ddp >0
RY 1 L(p=0)<1/2,L(¢p = 1)>1/2,dL/dp>0 G* : Ly =0)>1/2, L,(p =1)>1/2,dL,/d¢p>0
RY L =0)>1/2, L = 1)>1/2,dL/d$p >0 G : Ly = 0)>1/2, L,(¢p = 1)>1/2,dL,,/d$p <0
RF L@ =0)>1/2, Ligp = )> 1/2,dL/dp <0 G : Ly =0)<1/2, L(p = 1)>1/2,dL,/dp <0
where L,, is the monotonous branch of equilibria and L, is the tilted U-shaped branch of equilibria.

It is known that if y > 7 there exists a unique steady state for each level of openness of trade (Proposition 6). The following
proposition characterises the stable steady states that arise when «; increases to more than «,.

Proposition 9. In the case of a highly environmentally-friendly society, i.e. y > ¥, a tougher environmental policy in region 1 than in
region 2 leads to equilibria characterised by one of the following features:

(i) if (x;,Kk,) € R_ then the share of population and wage are lower in region 1 than in region 2 for any level of openness of trade. As

trade becomes more open the share of population in region 1 increases and the wage in region 1 becomes closer to that in region 2.

(i) if (x|, k) € RT then the share of population is higher than in region 2 for high levels of openness of trade but for low openness of
trade region 1 has a lower share of population. The wage is lower in region 1 than in region 2 for all trade costs. As trade becomes
more open the share of population in region 1 increases and the gap between wages in regions 1 and 2 narrows.

(iii) if (x|, k) € R then the share of population is higher than in region 2, for any level of openness of trade, but the wage is lower
than in region 2. As trade costs fall, the share of population increases and the gap between wages in regions 1 and 2 narrows (as in
Fig. 6(b) and (d)).

(iv) if (k1. k2) € R} then the share of population is higher than in region 2 for any level of openness of trade, but as trade costs decrease,
so do that share and the wage rate (as in Fig. 5(b) and (d)).

The level of long-run pollution Z, is lower than Z, when the abatement shares are in R_, R* and R*. If the shares are in R}, there is
a level of openness of trade beyond which Z, is lower than Z,.

If (x|, x,) is in R_, the desire for a cleaner environment is not enough to offset the disadvantage of a higher abatement share. If
k| increases to more than «,, which remains fixed, region 1 loses competitiveness in favour of lower net emissions. As k, increases
the cost disadvantage for region 1 becomes more pronounced, which makes it lose population, when «,; remains below a,/(a; + 1),
according to Proposition 11. As this proposition proves, once this threshold is passed the benefits of better environmental quality
start to offset the abatement effort, at least if trade costs are low, when agglomeration forces are weak, and the share of population
in region 1 starts to recover. Once k,; reaches region R the share of population in region 1 is higher than in region 2 if trade is open
enough, that is, if agglomeration forces are weak. If trade costs are high the gap between the two abatement shares should be even
greater, i.e. k; should be higher than qy/(ay + 1). If k| reaches R*, any further increment in the abatement share is beneficial for
region 1. The high value of , allows low net emissions and the environmental quality is so high that even when the market is large
(low ¢) the desire to live in the less polluted area prevails over any cost disadvantage. This can also be interpreted in a different
way: high levels of effort in abatement mean a much cleaner environment, so region 1 can bear more polluting firms without losing
its preference. In this scenario, openness of trade works in favour of region 1, increasing its share of population and industry and
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bringing salaries closer together in the two regions. If k| reaches R} then openness of trade works in favour of reducing population
inequalities (Fig. 5 graphs (b) and (d)).

If y < 7 there are two branches of equilibria L, and L, such that, if ¢ > q@,( there exist a unique equilibrium for any value of ¢
and, if ¢ < ¢,, there exist three equilibria, two of them partly agglomerated (either in region 1 or region 2). Independently of the
value of y, those equilibria nearest agglomeration in region 1 or region 2 are stable for low values of openness of trade and, for low
trade costs, the unique equilibrium is stable. The size of the basin of attraction of partly agglomerated equilibria depends on how
much higher «, is than «,.*

Proposition 10. If the environmental damage to welfare is low, that is y < 7, a tougher environmental policy in region 1 fosters steady
states characterised by one of the following features:

@@ if (ky,x,) € G_ then the share of population and wage are lower in region 1 than in region 2 for any level of openness of trade at
the equilibria on the monotonous branch L,,. As openness of trade increases, the share of population in region 1 increases and the
wage in region 1 becomes closer to that in region 2. If ¢ < ¢, then the basin of attraction of those equilibria partly agglomerated in
region 1 is smaller than that of those concentrated in region 2 (see Fig. 6(a) and (c)).

(i) if (k1. x,) € GT the scenario differs from (i) in that for high levels of openness of trade the share of population is higher in region 1
than in region 2.

(i) if (x;,k,) € G* then the share of population is higher in region 1 than in region 2 for any level of openness of trade at the equilibria
on the monotonous branch L,,. As openness of trade increases, both the share of population and the wage rate decrease. If ¢ < ¢,
then the basin of attraction of those equilibria partly agglomerated in region 1 is smaller than that of those in region 2.

(i) if (k;,Kky) € G the scenario differs from (iii) in that the basin of attraction of those equilibria partly agglomerated in region 1 is
larger than that of those in region 2 (see Fig. 5(a) and (c)).

Those equilibria on the monotonous branch L,, have a long-run level of pollution Z, lower than Z, when the abatement shares are in
G_ or G*. There is always a level of openness of trade beyond which Z, is lower than Z, if shares are in G*or G}. Those equilibria partly
agglomerated in one of the regions on the tilted U-shaped branch L, suffer worse environmental quality.

In the case of less environmentally friendly societies, y < 7, the long run distributions of population and firms if x; exceeds «, are
quite similar to the case of y > 7. The differences arise when wages are compared with the stock of pollution. If x; reaches the top
region G/, the share of population in region 1 is higher than in region 2 for any level of openness of trade at the equilibria on the
monotonous branch (Fig. 5(a) and (c))). Moreover, the basin of attraction of those equilibria nearest agglomeration in region 1 for
low openness of trade is greater than for those equilibria partly agglomerated in region 2. At these partly agglomerated equilibria in
region 1 the wage is high enough to offset damage to welfare due to pollution. As agglomerative forces lose strength, i.e. ¢ increases,
the share of population in region 1 decreases but remains higher than 1/2 for any ¢. That is, the lower net emissions in region 1
make the environment so clean compared to region 2 that the gains in utility are large enough to offset any cost disadvantage of
having a tougher environmental policy and a lower wage.

As the following proposition shows, as k; increases the share of population in region 1 reacts in a non-monotonous way. That
is, the population decreases or increases if «; is below or above a threshold.

Proposition 11. With a fixed «,, if k, increases above x, and®

(i) k5 < k1 < a; /(1 + a)) then the share of population in region 1 decreases for low trade costs until k| reaches the level a, /(1 + a).
From this level onwards, with higher k, region 1 starts to recover population and firms for low trade costs, while the share decreases
in region 2.

(i) k, < k| < ag/(1 + ay) then the share of population in region 1 for high trade costs decreases (increases) until k| reaches level
ag/(1 +ay) if y > 7 (if y < 7). From this level onwards, if trade costs are high, with higher k| region 1 recovers (loses) population
and firms.

Summing up, a weak environmental policy, i.e. k| barely larger than k,, produces a pollution haven in region 2. Under an
intermediate policy, a pollution haven tends to arise for high transport costs. For low costs, however, the less polluted region ends
up having a larger share of the population. And when region 1 adopts a strong environmental policy the possibility of a pollution
haven is ruled out if y > 7 and, for high enough openness of trade, if y < 7.

7. Concluding remarks
We build a core—periphery model to study the spatial distribution of economic activity if the local stock of pollution is taken into
account together with prices and wages. The population can move freely between the two regions and pollution emissions depend

on market size. In the short run, agglomerative forces make wages higher in the bigger region and in the region with the laxer
environmental policy. However, as time goes on workers migrate to the region with the higher welfare (higher real wage but also

24 The basin of attraction of an equilibrium L is the region of initial values of L, which drive the system to the long run equilibrium L.
25 See Lemma 15 in Appendix.
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higher environmental quality). NEG forces (market home, competition and price index effects) interact with a dispersion force — the
pollution effect — and their relative strengths and speeds play a key role in the dynamics of the transition to long run equilibria.
Together with the trade cost parameter, the natural absorption rate of pollution and the damage to welfare due to pollution are
revealed as decisive parameters for the dynamics of the transition and long-run spatial distribution of economic activity. We find
that as trade becomes more open, the population tends to spread between the two regions. Openness of trade weakens agglomerative
forces and the formation of pollution havens is ruled out. We find that this transition can be smooth, if both regions apply the same
emissions regulations, or sudden, if they differ.

If both regions apply the same environmental policy, the population and wages are equal in the two regions when damage to
welfare due to pollution is high or households are highly environmentally friendly. If damage to welfare due to pollution is not so
high and trade costs are very high, economic activity is partly agglomerated in one region, where wages are higher and so is the
level of pollution. As trade costs fall, so does the advantage of being in the larger market. Firms can export their products from
the smaller region to the larger one at a relatively low cost and their workers can enjoy a less polluted environment. This leads to
a smooth transition from a highly concentrated population to a disperse equilibrium as trade costs fall and the home market effect
weakens. As trade costs fall people tend to become distributed evenly between the two regions, wages and environmental quality
converge. Therefore, policies of trade liberalisation favour regional convergence in economic and environmental terms. The natural
absorption rate of pollution determines the relative strength of the pollution effect, compared with the conventional NEG forces. If
the natural environment has a low recovery rate or the economies of scale in the industry are very high (z is high), pollute-and-flee
population movements arise.

If one region applies a tougher environmental policy (the North) a pollution-haven effect arises, encouraging firms to move to the
Southern region, with laxer environmental regulation. However, given a certain level of population, a higher emissions abatement
share means low net emissions. If damage to welfare from environmental causes is high enough, people do not agglomerate in
one region and the relative sizes of the two abatement shares determine which of the two regions ends up with the larger share
of population and higher wage for each value of trade costs. If pollution damage to welfare is not so high, partly agglomerated
equilibria arise when trade costs are high. As trade becomes more open agglomeration aminorates. Again, policies reducing trade
costs moderate wages and environmental divergences. At first migration takes place smoothly, until the market size falls below a
threshold. From that level on, a sudden change occurs since most firms find it more profitable to relocate to the South, the region
with the lower abatement share. However, a higher abatement share means lower net emissions, so the sudden change could occur
in the opposite direction with most people moving to the North with better environmental quality. The final outcome may be one or
the other depending on the relative sizes of abatement shares. It is worth highlighting that the region with the higher wage might
not be the more populated one. That is, people may be willing to accept a lower wage in exchange for a better quality environment.
This explains the current difficulties in attracting workers to some heavily polluted cities.

Some regions in the world have made great efforts to implement ambitious environmental policies (the European Green Deal
is an example) and have been attacked for discouraging business investment. Our results support such policies and undermine the
arguments against them. We prove that a weak unilateral environmental policy produces a pollution haven in the other region.
That is, if one region slightly tightens its emissions regulation, the slightly better environmental quality that it attains is not enough
to offset the loss of competitiveness, and a drain of firms to the other region arises for all levels of openness of trade. When an
intermediate regulation is set, a pollution haven arises when there are high transport costs. For low costs, however, the region with
the tougher environmental policy ends up being the more populated one. However, if that region increases its emissions abatement
share far enough above the other region the possibility of a pollution haven is completely ruled out for all transport costs. Even if it
has more than half of the population, there is always a level of openness of trade beyond which the region with tighter regulation
is the less polluted one.

We have focused on purely local pollution problems. In these cases the pollution effect arises and outweighs the agglomerative
forces if trade costs are low. However, some pollutants can spread over large distances and cause damage, not in the region where
they originate, but in neighbouring regions. This extension of our model is a matter for future research and may lead to different
policy recommendations. Another extension could deal with heterogeneous firms-in terms of productivity differences- as in Melitz
(2003). More productive firms would require less labour and less emissions per unit of output. Trade liberalisation induce highest
productivity firms to move to the biggest region and the lowest productivity firms to the periphery (Baldwin and Okubo, 2006). The
pollution effect is reinforced by lower trade costs, which favours a more even distribution of firms between the regions. The pollution
effect could induce an increment in exports and the exit of less productivity firms from the market. Note that more integrated market
exhibit higher productivity (Melitz and Ottaviano, 2008). The results in our model are maintained in the case of heterogeneous firms.
However, this line of research could be revisited in the future in search of new results. Furthermore, our study does not take into
account the strategic behaviour of regions. In many real examples, environmental policies take into account the reaction of trading
partner regions. The incorporation of game theory techniques could deal to better policy recommendations.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

Data availability
No data was used for the research described in the article.

17



M.V. Caballero et al. Resource and Energy Economics 76 (2024) 101420
Appendix A. Mathematical proofs of the propositions and properties of the main document
Supplementary material related to this article can be found online at https://doi.org/10.1016/j.reseneeco.2023.101420.
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Appendix

Proof of Proposition 1. Taking into account (11) and n; given in (16) equation (19) can

be reduced to

l-0 __ Lp1_0¢ + (1 B L) l1—0c _ o—1
P S LS L - D —w(@ Dy ) (@9

Given fixed values of L and x, the LHS of (39) strictly decreases with w since ¢ > 1. The
RHS of this equation, however, strictly increases with w. Moreover, lim,,_,o+ LHS=+o00
limy, 4+ oo LHS=(1-L)¢ and lim,,_,o+ RHS=0, lim, o RHS=+o00. Therefore, for given
values of L and x there exits a unique value of w=w(L,x,¢) that satisfies (39). Taking into

account (11) and implicitly differentiating (39) we obtain

aﬂl ,wpafl o ¢ erlfa(l o wpaflqs)
oLw — (o—1)(Lp" 7+ A= Dyuwp” ) +w((-L)p" +L9)
B c
_ wp” G+ (1~ wp ) o
(0—=1) (1~ L) (wp” " =) + ow ((1-L) p~+Lg)
———

B

Where we have used (39) in the denominator. Note that equation (39) implies that B =
L(1—¢?) /(1 —L)p° '+ L¢p) and C = (1 — L)(1 — ¢?)/((1 — L)p° ! + L¢). Substituting
B and C into (40) we arrive to the following expression

dw  w(l—¢?)

skt S A . 41
il ~ D(w,L,r) " (41)
Similarly,
dw _ ~(1-a)(o-1) wP((1-1) p 4L+ (1LG))L(LL) _ "
dk K D(w, L, k)
with D(w, L, k)=ow((1-L) p° '+ L¢)? + (o-1)L(1-L)(1-¢?) > 0.
Lemma 1. There are two unstable boundary equilibria. One of them is L = 1, w

(prI=Ne=IN =V 70 — (1 — k1) /(ur1), Zo = 0 and the other is its mirror image, L =0
s w = (/== 70— 0 and Zy = p(1 — ka)/ (ko).

Proof. Note that these agglomeration equilibria cause the three equations (24)-(26) to
vanish. One of the eigenvalues of the triangular Jacobian matrix of the system at these
equilibria is positive (1 if L = 1 and positive if L = 0) and the other two are —p (double).

The proof of Proposition 2 needs some definitions and lemmas.



Definition 1. Define the following functions on w € (0, +00)

L) 05200415~ 1)
A = g (w) (R ) Rl -
1 Rw?7-1 o1/ Rw( 0+ )+1)¢1
du(w) = wIRL/2 (Lﬁwi(l*ozl)‘*‘l—l) o s (F5T)Hg ) .

with ¢ defined in (29) and &, k in (37). From now on, when x = 1 we refer to (43) and
(44) as A(w) and ¢(w).

After some arithmetic manipulations we can arrive to the following expressions of the

derivatives of the functions in the previous Definition.

Lemma 2. By differentiating (43) and (44), the following derivatives are obtained

dw (Rw?7-1)*

dA(w) (% (1+-% )+1) 20e- D=5 (1+5%) me(#(1+;’_1)+1)(1+$)+¢g“> _

an"(quw@(“cffl)“)(”@+:)} (45)

£ (1L 2155+t 2
d¢;;w) _ R ('y (1+%) + 1) (Fw??-1) ((1+<£)—(1—<£)A,€(w)> (46)

- 2
2o+l (/@wv(H T)+l 1)

Lemma 3. If k = 1 and v < 7 the function A(w) is continuous and differentiable for all
w € (0,400), limy,_,o+ A(w) = limy 400 A(w) = 400, with a global minimum point at

w =1 such that A(1) = (1+¢)/(1— ) and A'(1) =0

Proof. The limits are easily obtained. Note that A(w) is a continuous function at any

w # 1. If w =1, by applying L’Hopital

L(4+55)+ g 7(%(1+ )+1)¢> -
lim A(w) = lim (- +1)Y + g _ 1+
w—1 w—1 \ 7y - 1 20w 1—¢

Taking into account (45) in Lemma 2 for x = 1 and, again, by applying L’Hopital, A’(1) =
lim1 A'(w) = 0. Note that w = 1 is the unique point for which A’(w) vanishes. Since
w—r

lim, o+ A(w) = limy—100 A(w) = 400, it can be concluded that A(w) has a global

minimum at w =1. ®



Lemma 4. Function ¢(w) is continuous and differentiable for all w € (0, 400) with ¢(1)
¢ and ¢p(w) = ¢(1/w). If v > 7 then ¢(w) < 0 for all w € (0,+00). By contrast, if v <
then ¢p(w) > 0 for all w € (0,4+00) with a global mazimum value at w = 1, lim,,_,g+ ¢(w)
limy,— 400 ¢(w) = 0, ¢(w) increases if w < 1 and decreases if w > 1.

1=l

Proof. By applying L Hopital, lim,,_,; ¢(w) = é. Taking into account ( 46) in Lemma 2
for k =1 and v < 7, given that A(w) > A(1) = (1 + qg)/(l — ¢) for all w # 1, it emerges
that ¢/(w) > 0 if w < 1 and ¢/(w) < 0 if w > 1. The remaining properties can be easily

proven. M

Proof of proposition 2.  Any interior equilibrium L # 0,1 makes (24)-(26) vanish.
Solving variable L in equation Vi /V, — 1 = 0 gives

20—1
wien
— p—— Wlth w e [O, +OO)
14+ w30

L = La(w)

On the other hand, any equilibrium must satify the balanced trade condition (19) and

solving variable L
w (w7 —¢)

L= L%T(w> = % Wlt}h w e [O, +OO)
L B

It holds that L%T(w) = La(w) if and only if w = 1 and L = 1/2, for any value of ¢, and/or
if p = ¢(w), defined in (44) with k = 1.

If v > 4, by Lemma 4, ¢(w) < 0 for all w € (0,400), then functions L (w) and L%T(w)
cross only once at the point w = 1 with L = 1/2, which is the only interior equilibrium for

all ¢ € (0,1) (Figure 2 (b) and (d)).

If v < 5 then w =1 and L = 1/2 is an interior equilibrium for all ¢ € (0,1) (the
horizontal branch of equilibria in Figure 2 (a) and (c)). Moreover, given that ¢(w) > 0
for all w € (0,400) and, by Lemma 4, ¢(w) increases if w < 1 and decreases if w > 1,
with a global maximum at ¢(1) = ¢ , two additional interior equilibria appear if ¢ € (0, cﬁ)
Note that, for a given ¢ € (0, QAS), there are two values of w such that ¢ = ¢(w), one with
w € (0,1) and the other with w € (1,+00). Given the one-to-one relation between w and
L, there are two values of L such that ¢ = ¢(w(L)), one with L € (0,1/2) and the other
with L € (1/2,1). The tilted U-shaped branch in Figure 2, graphs (a) and (c), represents

these equilibria.

The proof of Proposition 3 needs some definitions and lemmas.



Lemma 5. The Jacobian matriz of system (24)-(26) assessed at an interior equilibrium

(L #0,1) is

s\ dw 1 ~y y
L(1-1L) (1+5%) T —L1-D)Jr L0-L)
1 2
. 1 -k
Jr, = —u 0 (47)
R1
1*/‘.‘/2
_ 0 _
K2 H

where Z¥ and ZY are given in (33), dw/dL is given by (41) and w is the solution of the
balanced path equation (19) for a given value of L, ¢ and k. Thus,

tr(J) =24+ (1 +%) Ef(w),  det(Jy)=p2y [i (1 +%) sg(w)_l] (48)
where pry — W LA=L) 1 “
L(w)zﬁ w oAl (w) +o—1 (49)

The value —p is always an eigenvalue of Jr..

Proof. The Jacobian matrix (47) can easily be obtained from the system (24)-(26). From

. " w1 (=D 46L/(1-1)
(41) it holds that & = <O’w( (1-¢>)L/(1 -L)

2 -1
) +0— 1> and, from (19), L/(1 —

-1
- g . fo it K w”ﬁ1/2 1— 2
L)= wU—lfil/Q(w H1/2_¢)/(1—¢w /@1/2). Thus, £F = (O’ (wa,_il/qu)((lfdj;le/g) +o0— 1) ,

which is equivalent to (49) if (43) is taken into account. m

Lemma 6. The symmetric interior equilibrium (27) is locally stable if and only if ¢ >

o {,6)

Proof. From (41), at the symmetric equilibrium (27), dw/dL = 4(1 — ¢)/(20 — 1 + ¢).
Thus, from (49) it holds that & /5(1) = (1 — ¢)/(20 — 1+ ¢). Taking into account the value
of &1/5(1) in (48), and knowing that —pu is one of the eigenvalues of J /5, the other two
eigenvalues will be negative if and only if ¢ > ¢ (that is det(Jy/2) < 0) and ¢ > ¢ (which

is equivalent to tr(J; ) +p <0). =

Lemma 7. If either p < p =75 < v, or p < vy < 7, the symmetric equilibrium (27)
loses stability if ¢ < ¢ and bifurcates into a family of periodic solutions around it (Hopf
bifurcation). Moreover, there is a value ¢' € (0,¢) such that theses cycles disappear for

¢ < ¢



Proof. If ¢ < ¢ then tr(Ji2)+p > 0, and the eigenvalues of J; /5 are —u and two conjugate
eigenvalues with positive or zero real part 0(¢) = —p + (1 + %5 )(1 — ¢)/(20 — 1 + ¢). As
le(q;) # 0 the system has a Hopf bifurcation (according to Gandolfo (1997, page 477)) at
¢ = ¢. For ¢ < ¢ the system has a family of periodic solutions that disappear at ¢ = ¢; < ¢

where (tr(J19) + p)? +4det(Jy2)/n=0. m

Proof of Proposition 3. v > %4 if and only if ¢ < 0 and, p > ju if and only if ¢ < 0.
Therefore the results are straightforward, as shown in Lemma 6. Lemma 7 proves the

existence of a Hopf bifurcation.

Lemma 8. If v <7 and ¢ < QAS, the two additional interior non-symmetric equilibria that
appear (one of them with L > 1/2 and the other with L < 1/2) are locally stable if pn > .
If u <~ , there exists a value 0 < ¢ < ¢ such that the interior equilibria are locally stable

if and only if ¢ < 5

Proof. It is known that —u is always an eigenvalue of matrix (47). Moreover, (41) and vy < 1
ensure the positivity of the first addend in det (Jz). From lemma 3 and equation (49), w = 1
is a global maximum of £ (w). Thus, & (w) < (1) = (i <1 + 00_1> — 1> _1Which im-
plies that det(Jy) < 0 at any non-symmetric interior equilibrium. In the same way, if condi-
tion (32) is satisfied, £..(1) < p/(1+0/(c—1)), then tr(Jr)+p < —p+ <1 + UU_1> Er(l) <
0.

By Lemma 3 and (49) the function &, (w) increases when 0 < w < 1 and decreases when
w > 1, with limy, 0 (w) = limy— 400 £ (w) = 0. Thus, if condition (32) is not satisfied,
there is always a value of w < 1 such that £, (w) < E(w) = E(1/w) = p/(1+0/(c—1)) <
Er(1). Let ¢ = ¢(w) = ¢(1/w) be the corresponding value of (44) with x = 1. Thus, if
¢ < ¢, that is, if w < W or if 1/ < 1/w, then tr(Jy) +p < —p + (1 + ail> Ep(w) = 0.
[
Proof of Proposition 4 . Note that (32) is satisfied if and only if ¢ < ¢. Thus, according
to Lemmas 6 and 8, the two additional equilibria that appear (one with L > 1/2 and the
other with L < 1/2) are locally stable for all 0 < ¢ < ¢ and the symmetric one (27) is
locally stable when ¢ > (Z)

Proof of Proposition 5 . If (32) is not satisfied then ¢ > é. According to Lemma 6, the

symmetric equilibrium (27) is locally stable if ¢ > q~5 > gB, and the two additional equilibria



that appear if ¢ < ¢, one with L > 1/2 and the other with L < 1/2, are locally stable if
P < q? < é, according to Lemma 8. Therefore, for those values of ¢ such that <5 < ¢ < g,

the steady states are unstable and cycles arise.

Definition 2. If £ > 1, define the following values: wp = @_1/(%(1+ﬁ)+1) <1, w =
(R/@l/((%(l-i-ﬁ)-i-l)fﬁ) and w! = g~1/(20) < 1.

After some arithmetic manipulations the following relations can be established.

Remark 1. Note that if v > 7 and k < @1"‘3 then w° > w' > wp and, if & > @1"73then
w? < wl < wpg.

0 1

By contrast, if v < 7 and & < @1_‘75 then w and, if k& > @l_dsthen

w? > wp > wh.

< wp < w

Lemma 9. If k > 1 then the function A, (w) confirms that A, (w°) = 1 and has an asymp-
tote at w' < 1. If v > 7 then A.(w) is a monotonous decreasing function in (w',w®) if

R < ﬁl’g’and it increases in (w°,w') if & > k'7%. If y < 7 then,

i) If k < £ then Ay (w) decreases in (0,w°) and, in (w',+oc0) the function Ax(w)

1
has an U shape with a global minimum value. Moreover, A,(w) > A(w) > . +¢§ for

allw e (w, 4+00).

i) If & > k!9 then A.(w) has an U shape with a global minimum value in (0,w') and,

Iy
Ax(w) increases in (w°, +00). Moreover, Ax(w) > A(w) > . +? for all w € (0,w!)

(%(H‘ﬁ)“)(lﬂg) and b = Rw?2? . The derivative

Proof. Define the following functions a = kw
of A,(w) has the same sign than ¥ = b(da + 7/k) — (a + ¢&/k). If v > 7 and & < £9
then ¢ < 0 and wp < w! < wP. Therefore, if w € (w!,w®) then #/k < a/b and b > 1.
Consequently, ¥ < ¢a(b — 1/b) < 0 and A.(w) is a monotonous decreasing function in
(wh,w?). If v > 7 and & < £17% then ¢ < 0 and w® < w! < wp. Therefore, if w € (w®, w)
then #/k > a/b and 0 < b < 1. Consequently, ¥ > ¢a(b — 1/b) > 0 and A (w) is a

monotonous increasing function in (w’, w').

The function A, (w) has a stationary point, according to (45) in Lemma 2, if and only

if

A

R0 D(46) | g5

9 K
Rw* = - 50
éﬁw(%@-&-ﬁ)ﬁ-l)(lﬂb) i (50)

|
q
|=

|3 |3



The LHS of (50) strictly increases from 0 to 4o if w increases in (0, +00). The RHS in (50)
is a monotonous increasing function. If y < 7, as ¢ € (0,1), then the RHS strictly increases
from 0 < (;AS <1to q@’l > 1 as w increases in (0, +00), so there exists a point w, where the
derivative of A, vanishes. Given that lim,, oo Ax(w) = 400 and lim,,_,,1+ Ag(w) = +00
if kR < @1_“3, wy € (wh, +o0) if & < ﬁl_é and it is the unique minimum point of A. Since
lim,,_,o+ Agx(w) = 400 and lim,,_,,1- Ax(w) = 400 if & > k179 then w, € (0,w') is the

unique minimum point of A, if & > ﬁl_‘z’, and the results follow. =

Lemma 10. The function ¢.(w) defined by (44) with k > 1 satisfies the requirement that
br(w?) =0 and ¢, (w') = 1. Moreover,

i) If v > 7 then 0 < ¢n(w) < 1 if and only if w € |w°, w!| and ¢.(w) is a monotonous

decreasing function if & < k'~% and monotonous increasing if & > x'~%¢. 26

i) If v < 7 and & < k' then 0 < ¢ (w) < 1 if and only if w € (0,w") U (wh, +00).
Moreover, in the interval (0,w") the function ¢.(w) has an inverted U shape with
a mazimum value, referred to as ¢n. Function ¢.(w) decreases in (w',+00) with
lim,, 0+ ¢u(w) = hm}u%Jroo Pr(w) =07

iii) If v <7 and & > k1% then 0 < ¢ (w) < 1 if and only if w € (0, w!)U(w?, +o0). More-
over, in the interval (w®, +o00) the function ¢, (w) has an inverted U shape with a maz-
imum value, referred to as ¢n. Function ¢.(w) increases in (0, w') lim, o+ ¢p(w) =
limyy s 400 P (w) = 0T,

Proof. If v > 7, it is obvious that 0 < ¢,(w) < 1 if and only if w € |w® w!|. Note that
éx(w) has a vertical asymptote at wp ¢ |w’, w!| and is a continuous function in [w®, w!|. By
Lemma 9, A, (w) is a continuous monotonous function in [w®, w'| with A, (w) > A, (w°) =
1>0+¢)/(1—-¢). Ifk < k7% and w € (wh, w%) then Fw??-1 > 0 by (46) in Lemma 2
and ¢, (w) is a monotonous decreasing function in (w!, w?). If & > k179 and w € (w?, wt)

then £w??-1 < 0 and ¢, (w) increases in (w’, w!).

If v < 4 then ¢.(w) € (0,1) if and only if w ¢ |w® w!| and, given that the asymp-
tote wp € |w’ w!| , it is a continuous function at any point w ¢ |w’, w!|. Additionally,
lim,, o+ G (w) = limy o0 ¢u(w) = 0. If & < ﬁl_qg then w® < w! and the function A, (w)
is a continuous decreasing function in (0,w") with lim,,_,o+ Ax(w) = +oo and A (w’) = 1.
There exists a unique value w® € (0,w?) such A.(w") = (1 + ¢)/(1 — ¢) > 1, which is

a critical point of ¢, (w), by (46) in Lemma 2. The point w" is a local maximum point

2619y, w'| denotes both, the interval (w*,w°) and (w°, w"). Note that if v > 7 and & < P (or v < %
and & > £!7?) then w' < w®. Contrary, if ¥ > 7 and & > ' =% (or v < 7 and & < £'7%) then w® < w'.



of ¢p(w). If 0 < w < w® then Ag(w) > (1 + ¢)/(1 — ¢) and ¢.(w) increases. By con-
trast, if w" < w < w® < w' then Ag(w) < (1+ ¢)/(1 — ¢) and lim, 1+ Ax(w) =

lim,, g+ Ak (w) = limy— 400 Ax(w) = +00 are satisfied, which implies that ¢, (w) decreases.

1
Note that if w > w! then A, (w) > N * ? and ¢, (w) decreases.

The same reasoning applies if & > 51_‘2’. [

Proof of proposition 6. Any interior equilibrium L # 0, 1 makes (24)-(26) vanish. Solving
variable L in equation V;/Vo — 1 = 0 gives

wh 20
vy o—1
k+1
On the other hand, any equilibrium must satisfy the balanced trade condition (19), that is

ocz1/2
— 7O _ : _ o (o-1)z12 WK ¢
L = L% (w) = with C(w) = w@Vg!/ T guorl?

Thus, an interior equilibrium meets the requirement that L%’;(fw) — L\ (w) = 0 if and only if
¢ = ¢p(w), with ¢, (w) defined in (44). By Lemma 10, if v > 7 then ¢, (w) is a monotonous
function in |w0,w1‘ with ¢, (w’) = 0 and ¢, (w') = 1. Consequently, for every ¢ € (0,1)
there exists a unique value of w such that ¢ = ¢,.(w). The value of w decreases ( increases)
ifk < @1_9{5 (k > @1_‘73). Given (51), there is a positive one-to-one relation between w and L,
so there exists a monotonous branch of equilibria that decreases/increases with ¢ (Figures

5(b, d) and 6 (b,d)).

By Lemma 10, if v < 4 there exists a unique value of w such that ¢ = ¢.(w) for
every ¢ € (¢g,1). The value of w decreases (increases) with ¢ if & < K19 (R > @174’).
However, if ¢ € (0, ¢,), given the inverted U shape of ¢, (w) in (0,4°) (in (w®,400)) and
its monotonous behavior in (w!, +00) (in (0,w')) there exist three values of w € (0, +00)
that satisfy ¢ = ¢x(w). Given the one-to-one relation between w and L, there are two
branches of equilibria, a monotonous one with dL,,/d¢ < 0 (dw/d¢ < 0) if & < K179 for

¢ € (0,1) and a tilted U-shaped branch for ¢ < ¢, (Figures 5(a,c) and 6 (a,c)).

Proof of proposition 7. By (51) and (33), Zf/ZL = Koy T2 Region 1 is less
polluted than region 2 if and only if ZF/Zf < 1. Moreover, ZF/ZF < 1 if and only if

w < wy = k- 1E=D/Qo=1) ¢ (1 1),



According to Lemma 10, if & > £17% and v < 7 then ZF/ZE < 1 for all the equilibria
with ¢ > @H. Note that in this case w < wy for all the equilibria of the monotonous branch.
By contrast, if & > @1_‘13 and v > 7 then wy ¢ (w°,w') and therefore Zf/ZL < 1 for any

value of ¢.

On the other hand, if & < @1_‘2’ and v < 4 then wy > w!. Therefore, if ¢ > ¢z = ¢p(wy)
then Z{/ZL < 1. Moreover, after some cumbersome calculations, if & < 5% and v >

then wy € (w!,w®) and if ¢ > ¢z = ¢ (wyz) then ZL /7L < 1.

Lemma 11. If v > 7, det(J) <0 for any value of ¢ € (0,1). Additionally, if p > ji then
tr(Jr) +p < 0 for any value of ¢ € (0,1) . By contrast, if u < [i, there exists a value ¢,
such that tr(Jp) + p < 0 for any value of ¢ € (P, 1).

Proof. By (48), if v > 7, then det(J;) < 0 at every interior equilibrium by Lemma 9
and (49 ). If v > 4 then £ (w) is a monotonous function on |w? w'| by Lemma 9 and
Ef(w) < EF(w®) = (20 — 1)~ for all w € |w®, w!|. Therefore, if 11 > i then tr(Jy) + p < 0.
If u < [, since £f(w) is a monotonous function, there exists a value 0" € |w0, wl} such that
tr(Jr) + u < 0 for all interior equilibrium corresponding to w € |w0, 1D“|. We denote ¢, the
value of ¢ such that ¢(w") = 6. and, by Lemma 10, the interior equilibrium satisfies the

condition that ¢r(Jp) +p <0 if ¢ € (¢r,1). ™

Lemma 12. If vy < 7, every interior equilibria on the monotonous branch meets the condi-
tion that det(.Jr) < 0. For the equilibria on the tilted U-shaped branch there exists a value ¢y
such that one of them meets det(J1) < 0 and, at the other, det(Jr) > 0, if ¢ € (0,bx). The
remaining equilibria in the tilted U-shaped branch satisfy the condition that det(Jr) > 0.

Moreover, there is a function u"(vy) such that

i) if > p"(vy), the interior equilibria on the monotonous branch satisfy the condition
that tr(Jr) +p < 0 for all the values of ¢ € (0,1). There exists a value b1 such that if
b € (0,0x), one of the equilibria on the tilted U-shaped branch meets the requirement
that tr(Jp) + p < 0 and at the other tr(Jy) +p > 0 . If ¢ > ¢. the remaining
two equilibria on the tilted U-shaped branch, if they exist, meet the condition that
tr(Jr) +p > 0.

i) if p < p"(7), those equilibria on the monotonous branch meet the requirement that
tr(Jr) + p < 0 either for low or high values of ¢. However, there is an interval of
intermediate values of ¢ such that tr(Jr) + p > 0 at the equilibria on the monotonous
branch. The equilibria on the tilted U-shaped branch fulfil the same property as in ).



Proof. By Lemma 9, if v < 7, the function A,(w) has an asymptote at w'. It is a

monotonous function on one side of the asymptote and a U-shaped curve on the other.
Thus, function £F(w), given in (49), is monotonous on one side of w! and has a maximum

on the other side at a point w,. The following condition is met

1 1 1
< - = 52
oAy (wi)+o-1 ~ ;1+e +o0—1 o
1-¢

£ (w.) = 1
5
So those equilibria ¢(w) on the monotonous branch meet the condition that det(Jz) < 0
(the monotonous branch of equilibria ¢(w) is on the side where A, (w) is a U-shaped curve
and vice versa). However, on the side where the function £(w) is monotonous, there exists
a value w such that inequality (52) is satisfied on one side of this value. This means that
there exists a value ¢, = ¢, (w) such that one of the equilibria on the tilted U-shaped branch
meets det(J;) < 0 and at the other det(.J.) > 0, if ¢ € (0, ¢,). The remaining equilibria
on the tilted U-shaped branch satisfy the requirement that det(Jy) > 0.

Define the function p®(y) = 22=1&%(w. (7)) where w,(7) is the point where £%(w)

reaches its maximum for a given . Thus,

i) if g > p"(7y), then tr(Jr) + p < 0 at any equilibrium on the monotonous branch.
However, on the side where £%(w) is monotonous, there exists a value ¢, = ¢(") such
that one of the equilibria on the tilted U-shaped branch meets ¢r(Jr) + ¢ < 0 and at the
other tr(Jp) 4+ p > 0 if ¢ € (0,¢,). At the remaining equilibria on the tilted U-shaped
branch tr(Jg) + p > 0.

ii) If p < p"(y) there exist two values @1 and Wy with ¢; = ¢, (1) and ¢y = ¢, (2)
such that the equilibria on the monotonous branch satisfy tr(Jy) + p < 0 iff ¢ & (d1, do).
Those equilibria on the tilted U-shaped branch meet the same condition as in the previous

paragraph. ®

Proof of Proposition 8: If v > 4 and p > [, under Lemma 11, the three eigenvalues of
the Jacobian matrix Jy are negative. Then, the unique interior equilibrium for a given ¢
is locally stable. We use the same reasoning if y < . That is, the equilibrium is locally

stable if and only if ¢ > ¢".

Under Lemma 12, if v < 7 and p > p"(+y) the eigenvalues of the Jacobian matrix Jy, at

the equilibria on the monotonous branch are negative. If y < p(y) the three eigenvalues are
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negative if ¢ is low or high enough. The three eigenvalues of Jy, at the partly agglomerated

equilibria on the tilted U-shaped branch are negative when ¢ < ¢".

Lemma 13. Given the function fi(k1,k2) = (1 —kr1)k]" — (1 — ke)ky' with 0 < ky < K1 < 1
and a; € R, the equation fi(k1,k2) = 0 is always satisfied if ko = k1. If a; < 0 then
fi(k1,k2) <0 for all 0 < ka2 < K1 < 1.

If a; > 0 then fi(k1,k2) = 0 implicitly defines ko as a decreasing function of k1 in the

region 0 < kg < 1_‘& < k1 < 1. The curve of this function moves upwards if a; increases.
T

The requirement that f;(k1,k2) > 0 at points (k1, ke) below the curve and fi(k1,k2) <0
above the curve is met.

Proof. Some of the properties are obvious. It is also clear that, given k1 € [{f5-,1),

if a; > 0 there is always a unique value x%(x1) € (0, -] with k4(k1) < k1 such that

fi(k1,k5(k1)) = 0. By implicitly differentiating the equation f;(k1,x2) = 0, it follows that

if Ky < 1?@1 < K1 then
% _ H‘lh:j(ai(l — K1) — K1) < 0and % _ _,.g‘lli(l — nl)_l?lil — K1 — @)lnlﬁg >0
der kYT (ai(l — K2) — K2) da; -k ai(1 — ko) + KS'

(]

Definition 3. The following disjoint sets are defined in the space 0 < ko < k1 < 1. If
Y27 (a1 < ag < ap): Ro = {(k1,k2) /fi(k1,k2) >0, fo(k1,k2) >0 and f,(k1,k2) > 0},
Ri_ = {(Iﬂ;l,lﬁg)/ fl(/’@l; HQ) < 0, fo(lil,lig) > 0 and fr(lﬁl,lﬁg) > 0}7

Rt = {(Iil,ﬁg)/ fl(lil, Iiz) < 0, fo(lil,liz) < 0 and fr(lil,lig) > O},

RF = {(k1,k2) / fi(Kk1,k2) <0, fo(k1,k2) <0 and fr(k1,Kk2) < 0}.

Ify <7 (a1 < ar <ag)

G_ = {(Iil,/ig)/ fl(/ﬂ,fig) >0, fr(/il,/ig) >0 and fo(h’l,/iz) > 0},

Gt ={(k1,r2)/ fi(k1,62) <0, fr(k1,k2) >0 and fo(k1, K2) > 0},
Gt ={(k1,k2) [ f1(k1,K2) <0, fr(k1,k2) <0 and fo(k1,K2) > 0},
GY ={(k1,k2) [ f1(k1,k2) <0, fr(k1,k2) <0 and fo(k1,K2) < 0}.

Remark 2. Ifa; > 0, i = 0,1,r, the curve defined by f;(k1,k2) = 0 moves upwards if a;
increases, as per Proposition 13, so the spatial distribution of the above sets is R_ < RT <
RT < R} (where < means below) and G_ < Gt < G+ < GF.

If v = 4 then ag = a, and RT is empty. If v > 7 and a; < 0 then R_ is empty; if
ap < 0 then R_ and RY are empty; and if a, is negative then R} is the only non-empty
region. If v <7 and ay < 0 then G_is empty; if a, < 0 then G_ and GT are empty; and if
ap < 0 the only non-empty region is G . Figures and 7 and 8 show all the possibilities.

Lemma 14. The sets defined in Definition 3 can be described as in Figure 7.
Proof. It is clear that fj(k1,k2) > 0 if and only if In[(1 — x1)k]] — In[(1 — k2)k5'] > 0.

By taking L = L%, defined in (51), evaluating at w® and w' (see Definition 2), and taking

Neperian logarithms, after some calculations the following is obtained:
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i) L(¢ =0) = L% (w°) < 1/2 if and only ifm k(1 — kK1) —Inky®(1 — K2)]
0 depending on the sign of ¢. If v > 7 then ¢ < 0 and, therefore, L(¢ = 0) < 1/2if and
only if fo(k1,k2) > 0. By contrast, if ¥ < 7 then é > 0 and, then, Ly(p=0)>1/2
if and only if fo(k1,k2) > 0. Note that if ag < 0 it follows that fo(k1, k2) < 0 for all
0 < kg < K1 < 1 whereas if ag > 0 the sign of fy(k1,k2) can be positive or negative.

ii) L(¢ =1) = L (w') > 1/2 if and only if fi(x1, k2) < 0, which is always true if a1 < 0,
whereas if a; > 0 the sign of fi(k1,k2) can be positive or negative.

iii) If v > 4 it is known that dL/d¢ > 0 iff & > @1_95. On the other hand, & > 51_925 is
equivalent to (1 — ¢) [In k% (1 — k1) — In k(1 — k)] > 0. That is, & > k=% if and
only if f.(k1,k2) > 0. If a, < 0 then f.(k1,k2) < 0 whereas if a, > 0 the sign of

fr(k1, ko) can be positive or negative. If v < 7 the same reasoning applies to dL,,/d¢.

Lemma 15. Given a fized ko, the population level L(¢ = 1) decreases with k1 € (k2,a1/(14
a1)) and increases in k1 € (a1/(1 + a1),1). The level of population L(¢ = 0) decreases
(increases) with k1 € (Kk2,a0/(1 + ag)) and increases (decreases) in k1 € (ao/(1 4+ ag),1) if
Y>> (ifv<73)

Proof. Solving the system (19), (24)-(26), for ¢ = 0 and ¢ = 1, it is obtained that

L(6 =0) _[(fs)l—m}um L<¢—1>_<H2>1—“2 (53)

1—L(¢):0>_ K9 1—/<62 K1 1—/<61

= LG=1)

Note that L(¢ = 0) and L(¢ = 1) increases/decreases with x1 as expressions in (53)
do. Moreover, if a; > 0 then the function x{*(1 — k1), ¢ = 0,1, has a global optimum at
k1 = a;/(1 +a;). If ¢ =1 the result follows immediately. If ¢ = 0 it must also be taken

into account that QAS >0 ifand only if y < 7. m

Proof of Propositions 9. As per Figure 7, the conclusions as to the shares of population in
regions 1 and 2 and how they change if ¢ increases, are straightforward. For the conclusions
on wages, we have taken into account that the wage rate at ¢ = 1 is lower than 1, that is
w! < 1, together with the positive one-to-one relation between w and L (51). Moreover,

given that wy € (wl, 1), the conclusions on the levels of pollution Z; and Z, are clear.

Proof of Propositions 10. If v < 7 there are two branches of equilibria: A monotonous

one L,, and a tilted U-shaped one L. In G_ it is found that dL,,/d¢ > 0 (k > @1"2’)7 with
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L,, reaching a value L,,(¢ = 1) < 1/2. Therefore L,,(¢) < 1/2 for any value of ¢, which
means that the share of industrial firms and population is lower in region 1 than in region
2, for any value of ¢ on L,,. Moreover, the share of population in region 1 increases and
the wage rate increases with ¢, as explained in 7). On the other hand, in G_ it is found
that Ly(¢ = 0) > 1/2 and this point is unstable, which means that the basin of attraction
of the equilibria nearest to agglomeration in region 1 is lower than in region 2. The same
reasoning applies to cases i) to iv). For the conclusions on wages and stocks of pollution

we have taken into account that 0 < wy < w! < 1.
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