UNIVERSIDAD DE MURCIA

ESCUELA INTERNACIONAL DE DOCTORADO

Contributions to the Theory and Applications of
Projection Algorithms

Contribuciones a la Teoria y a las Aplicaciones de
los Algoritmos de Proyeccion

D. Rubén Campoy Garcia
2018






S
//5/ 4 \‘«"

N

Y UNIVERSIDAD DE
G

MURCIA

ol
AL
=2 S 32|
) )/
Y

DocTOoRrAL THESIS

CONTRIBUTIONS TO THE THEORY AND
APPLICATIONS OF PROJECTION ALGORITHMS

Author
Rubén Campoy Garcia

Supervisor

Dr. Francisco J. Aragén Artacho

A thesis submitted in fulfillment of the requirements
for the degree of Doctor of Philosophy (Mathematics) in the

ESCUELA INTERNACIONAL DE DOCTORADO

UNIVERSIDAD DE MURCIA

Murcia, 2018






Los resultados de esta tesis se enmarcan dentro del proyecto de investigacion MTM2014-
59179-C2-1-P (Fundamentos, métodos y aplicaciones de la optimizacion continua) del Mi-
nisterio de Economia y Competitividad de Espana (MINECO), cofinanciado por el Fondo
Europeo de Desarrollo Regional (FEDER) de la Unién Europea (UE). Dicho proyecto
se ha desarrollado en el Departamento de Matematicas de la Universidad de Alicante.
Durante este periodo, el autor ha disfrutado de la ayuda predoctoral BES-2015-073360,
dentro del programa “Ayudas para contratos predoctorales para la formacién de doctores
2015” del MINECO, confinanciada por el Fondo Social Europeo (FSE) de la UE.

This dissertation was partially supported by the research project MTM2014-59179-C2-
1-P (Fundamentals, methods and applications of continuous optimization) by the Ministry
of Economy and Competitiveness of Spain (MINECO) and the European Regional Deve-
lopment Fund (ERDF) of the European Union (EU). This project was carried out in the
Department of Mathematics at the University of Alicante. The author was additionally
supported by MINECO of Spain and the European Social Fund (ESF) of EU (grant BES-
2015-073360), under the program “Ayudas para contratos predoctorales para la formacién
de doctores 2015”.






Agradecimientos

Acknowledgements

Este trabajo no habria sido posible sin la constante ayuda de mi director, Francisco J.
Aragoén Artacho. Recuerdo cuando, atin siendo estudiante de la licenciatura, asisti a una
charla impartida por Fran. Entre otras cosas, nos contd su experiencia académica, desde
sus comienzos en la licenciatura hasta su postdoc en Newcastle, pasando por innumerables
estancias, viajes y anécdotas. Esa charla me hizo plantearme que ese era el camino que
queria seguir. ;Quién me iba a decir que, unos anos mas tarde, seria mi director de tesis?
Muchas gracias, Fran, por todo el tiempo que me has dedicado, por trasmitirme tu pasion
por la investigacion, y por todo lo que he me has ensenado. Gracias por la confianza que
has tenido en mi, por animarme a aprovechar cualquier oportunidad que se presentara, y

por haber sabido valorar mi esfuerzo.

Quiero expresar mi agradecimiento a los profesores Miguel Angel Goberna y Marco
Antonio Lépez por sus valiosos consejos, por toda la ayuda prestada, y por haber confiado
en mi animandome a iniciar una carrera investigadora. Extiendo el agradecimiento a
todos los compafneros del Departamento de Matematicas de la Universidad de Alicante
por su ayuda en temas docentes y administrativos, y por haberme tratado como a uno
mas de la plantilla. En particular, al resto de miembros del grupo de optimizacion,
Margarita Rodriguez y Maril6 Fajardo, por sus consejos y por todos los buenos momentos
compartidos durante los viajes a congresos. Agradecer también a José Vidal y Miguel
Angel Navarro, quienes, no solo han sido companeros de despacho, sino que han soportado
mis agobios y quejas, y me han ayudado en muchas ocasiones. Los meses que estuve solo

fueron mucho mas aburridos.

Me gustaria agradecer a mi tutor en la Universidad de Murcia, Antonio Pallarés, su
interés y su disponibilidad siempre que lo he necesitado.

I would like to express my gratitude to Russell Luke for his kind hospitality during my
stay in Gottingen. Many thanks to him and all the members of his research group, for
our joint lunch times and those beers after work that I really enjoyed. I want to especially

thank Matt Tam, for all his suggestions to make my stay more enjoyable.

Vil



I am really thankful to Guoyin Li and Vera Roshchina for having invited me to visit
them in Sydney. That was an incredible experience and a great opportunity to meet many

colleagues around Australia.

Me siento muy afortunado de contar con grandes personas que me han acompanado a
lo largo de esta etapa. Gracias a mis amigas, Lorena y Carolina, por formar parte de mi dia
a dia y por todos los momentos en los que me han ayudado a evadirme del estrés producido
por esta tesis. A David, por su fe ciega en mi y sus llamadas constantes para animarme y
comprobar que todo va bien. A Pablo, por nuestro café rutinario para empezar la tarde
con energia. A Juan Carlos y Andrea, por ser tan especiales y conseguir que cada instante
compartido se convierta en un momento inolvidable. A la otra doctoranda (ya doctora)
del grupo, Ana, por estar siempre dispuesta a echarme una mano. Y por supuesto, a
mis companeros de fatigas predoctorales, Alba, Elisa, Maria Jestis y Manas, por nuestras
victorias conjuntas contra LaTeX y esa tradicional inauguracion de las vacaciones en

Benidorm (siento mucho haberlo estropeado este ano; prometo compensaros).

Por 1ultimo y mas importante, quiero dar las gracias a mi familia. A mis padres,
que, aunque probablemente ain no entiendan qué he estado haciendo exactamente es-
tos ultimos tres anos, siempre han apoyado mis decisiones. A mi hermana Iris, que
podria considerarse coautora de esta tesis. Gracias por aguantar mis infinitas preguntas,
a veces absurdas, sobre gramatica inglesa (es lo que tiene contar con una filéloga en casa).
También por alimentarme y librarme de preocupaciones durante las tltimas semanas que
estuve escribiendo esta tesis. Pero sobre todo, gracias por estar siempre a mi lado y ser
un pilar fundamental de mi vida. Me gustaria extender este agradecimiento al resto de
mi familia por todo su apoyo. Sin duda, lo que mas he echado de menos cuando he estado

fuera han sido nuestras comidas familiares.

Rubén Campoy Garcia
Alicante, 2018

viil



Contents

Resumen xi
Abstract xvii
1 Preliminaries 1
1.1 Convex analysis and monotone operator theory . . . . .. ... ... ... 1
1.1.1 Projection and normal cone mappings . . . . . .. ... ... ... 3

1.1.2  Nonexpansive mappings . . . . . . . . . . . . vt v 6

1.1.3 Monotone operators . . . . . ... ... 10

1.2 Matrix analysis and linear algebra . . . . . . . . ... ... 15
1.2.1 The geometry of two subspaces . . . . .. .. .. ... .. ..... 16

1.2.2  Convergence of powers of matrices. . . . . . . ... ... ... ... 18

1.2.3 Complementary sequences and discrete Fourier transform . . . . . . 19

1.3 Closed-form expressions for some selected projectors . . . . . . . ... ... 22

2 Classical projection methods 25
2.1 Feasibility and best approximation problems . . . . . . .. ... ... ... 26
2.1.1  Product-space reformulation . . . . . .. ... 27

2.2 Fundamental algorithms . . . . . . .. ... . oo 28
2.2.1 The method of Alternating Projections . . . . . . . ... ... ... 28

2.2.2  The Douglas-Rachford algorithm . . . . .. .. ... ... ... ... 36

2.3 Projection algorithms for best approximation problems . . . . . .. .. .. A7
2.3.1 Dykstra’s algorithm . . . . . .. .. ... o oL 47

2.3.2 Haugazeau-like algorithms . . . . . . .. . ... ... ... ... 49

2.3.3 Halpern’s algorithm . . . . . . . .. ... ... 0L 50

2.3.4 Combettes’ method . . . . . . . .. ... ... o 51

X



3 The averaged alternating modified reflections method 55

3.1

3.2

3.3

A new best approximation algorithm . . . . .. ... ... ... ... 56
3.1.1 The averaged alternating modified reflections operator . . . . . .. 57
3.1.2  TIterative scheme for finding the closest point in the intersection . . 68
3.1.3  Finitely many sets . . . . . . . ... 75
3.1.4 Numerical experiments . . . . . . . . .. ... ... ... 79
Optimal rates of linear convergence for two subspaces . . . . . .. .. ... 87
3.2.1 Convergence rate analysis . . . . . . ... ... ... ... ... 87
3.2.2  Comparison with other projection methods . . . . . . . . . ... .. 100
3.2.3 Computational experiments . . . . . .. . ... ... ... ... . 104
Extension to monotone operator theory . . . . . . . .. ... .. 107
3.3.1 AAMR splitting algorithm for maximally monotone operators . . . 108
3.3.2 Parallel AAMR splitting for the resolvent of a finite sum . . . . . . 113

4 Solving combinatorial problems with the Douglas—Rachford algorithm 119

4.1 Graph coloring problems . . . . . . . ... L 120
4.1.1 Introduction . . . . . . . . ... 120

4.1.2 A feasibility model based on a binary linear program . . . . . . .. 131

4.1.3 A feasibility model based on a low-rank constrained matrix . . . . . 148

4.2 Combinatorial designs of circulant type . . . . . . .. ... ... 167
4.2.1 Introduction . . . . . . . ... 167

4.2.2 Modelling Framework . . . . . . ... ... oo 167

4.2.3 Computational Results . . . . . . .. ... . ... ... .. ..... 176
Conclusions and future research 183
Bibliography 187
List of Figures 201
List of Tables 207
Notation and Symbols 209
Index of Topics 213



Resumen

Esta tesis contribuye a la familia de los llamados algoritmos de proyeccion. Estos al-
goritmos son herramientas ttiles y de facil implementacion para resolver problemas de
factibilidad. Dado un espacio de Hilbert H y dados dos conjuntos A, B C H, el problema

de factibilidad consiste en obtener un punto en la interseccion de estos conjuntos, es decir,
Encontrar x € AN B.

Cualquier problema de factibilidad definido por méas de dos conjuntos se puede reducir al

caso anterior gracias a una reformulacién en el espacio producto propuesta por Pierra [152].

Muchos problemas reales se pueden modelizar como problemas de factibilidad, aun-
que obtener una formulacién apropiada puede requerir cierta creatividad. En muchas
situaciones practicas, abordar esta interseccion en si misma resulta una tarea complicada,
mientras que la proyeccién sobre cada uno de los conjuntos se puede calcular de forma efi-

ciente. El operador proyeccion o proyector sobre un conjunto C' C H es la correspondencia
Pe : H = C definida por

Po(x) == {p e€C: |z —p| =do(z) = 122 llc — x||} , para todo x € H;

es decir, el proyector es una aplicacion que asigna a cada punto del espacio los puntos del
conjunto que estan més proximos a éste. Los algoritmos de proyeccién utilizan estas pro-
yecciones de forma iterativa, definiendo una sucesién que converge a un punto que permite
resolver el problema. Desde el punto de vista tedrico, estos algoritmos son iteraciones de
punto fijo generadas por un operador definido en términos de los proyectores sobre los
conjuntos. Cuando los conjuntos son cerrados y convexos, el operador proyecciéon es univa-
luado y satisface ciertas propiedades de no expansividad (este y otros conceptos, asi como
todos los resultados preliminares que se utilizan a lo largo de la tesis vienen recogidos en
el Capitulo 1). Gracias a este hecho, la convergencia de los algoritmos de proyeccién esta

garantizada cuando abordamos problemas descritos por conjuntos cerrados y convexos.
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El Capitulo 2 proporciona una vision general del tema, recorriendo los diversos algo-
ritmos de proyeccién existentes en la literatura. Probablemente, el algoritmo de proyec-
cién més conocido es el método de proyecciones alternadas. Este debe su origen a John
von Neumann [174], quien lo propuso inicialmente para abordar problemas definidos por
dos subespacios lineales. Posteriormente, Halperin [113] generalizé el resultado para un
nimero arbitrario de subespacios, y fue finalmente Bregman [62] quien extendié el algo-
ritmo para resolver problemas de factibilidad definidos por conjuntos cerrados y convexos
arbitrarios. Es el método mas simple e intuitivo ya que, como su propio nombre indica,
cada iteracion consiste en proyectar de forma alternada sobre los conjuntos que describen
el problema. Especificamente, dado cualquier punto inicial xy € H, la sucesion se genera

mediante la recurrencia
Tpe1 = PpPa(xy), parak=0,1,2...

Cuando los conjuntos que definen el problema son cerrados y convexos, la sucesién gene-

rada converge débilmente a un punto en la interseccién.

Otro método de proyeccién diferente para resolver problemas de factibilidad es comun-
mente conocido como el algoritmo de Douglas—Rachford, ya que fue originalmente pro-
puesto por J. Douglas y H.H. Rachford [89] para resolver un sistema de ecuaciones lineales
que surge en problemas de trasmisiéon de calor. Sin embargo, fueron realmente Lions y
Mercier [140] quienes extendieron el algoritmo para resolver problemas de factibilidad con
conjuntos cerrados y convexos arbitrarios. La iteracién del algoritmo se define recursiva-

mente mediante

1 1
T+t = 5Tk + 5(2PB —1d)(2Ps — Id)(xy), parak=0,1,2,...,

donde Id representa el operador identidad. Dado un conjunto C' C H, el operador 2 P —1d
se conoce como el operador reflexion sobre C'. El nuevo término en la sucesién generada
por el algoritmo de Douglas—Rachford es, por tanto, el punto medio entre la iteracion ac-
tual y dos reflexiones consecutivas, una sobre cada conjunto. Debido a esta interpretacion
geomeétrica, el método es también conocido como el algoritmo de reflexiones alternadas
ponderadas. De nuevo, si los conjuntos son cerrados y convexos, la sucesién generada

por el algoritmo converge débilmente a un punto que permite resolver el problema de

factibilidad.

Puede ocurrir que estemos interesados en encontrar, no solo un punto cualquiera en la

intersecciéon de los conjuntos, sino el més cercano a un punto dado z € H. Esta variante
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del problema se conoce como el problema de mejor aproximacion y se define formalmente
como

Encontrar w € AN B, tal que |w—z|| =inf{||lz —z|| : 2 € AN B}.

En el caso particular de que los conjuntos que definen el problema sean subespacios afines
cerrados, los dos métodos descritos anteriormente no solo encuentran un punto cualquiera
en la interseccion, sino que dicho punto es, de hecho, el mas cercano al punto inicial. De
esta forma, permiten resolver problemas de mejor aproximacion en este contexto. Sin
embargo, esto no ocurre cuando consideramos conjuntos cerrados y convexos arbitrarios.
Existen otros métodos de proyeccién especificos para resolver este problema con conjun-
tos mas generales. Uno de ellos es el algoritmo de Dykstra [90, 61], que surge como una
modificacién apropiada del método de proyecciones alternadas, cuya sucesién generada
converge fuertemente a la proyeccién del punto inicial sobre la interseccién. Otras po-
sibilidades son los algoritmos de tipo Haugazeau [115], el algoritmo de Halpern [114], o
el algoritmo de Combettes [77]. En la Seccién 2.3 resumimos todos estos algoritmos de
mejor aprorimacion.

En el Capitulo 3 proponemos una modificacién del método de Douglas—Rachford, obte-
niendo un nuevo algoritmo de proyeccion que permite resolver problemas de mejor aproxi-
macion, en lugar de simplemente problemas de factibilidad. Nuestro enfoque consiste en
modificar las reflexiones sobre los conjuntos. Concretamente, cada operador reflexién en
el método de Douglas—Rachford se remplaza por lo que denominamos operador reflexion

modificado, el cual se define para un conjunto C' C H como
268Pc —1d, con 8 €]0,1][.

Por eso, llamamos al nuevo algoritmo el método de reflexiones modificadas alternadas pon-
deradas (abreviado AAMR, del inglés averaged alternating modified reflections method).
Dado un punto z € H, fijados dos parametros o € |0,1] y 5 € ]0,1[, y dado cualquier
punto inicial xg € H, el nuevo método AAMR se define iterativamente mediante la recu-

rrencia
Tpy1 = (1 — @)z + a(2Pp—, — 1d)(28P4—, — Id)(z), parak=0,1,2,....

Si A y B son conjuntos cerrados y convexos tal que AN B # 0, bajo la cualificacién de

restricciones
2z — Panp(2) € (Na+ Np)(Panp(2)),
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donde N4 y Np denotan los conos normales a los conjuntos A y B, respectivamente,
probamos que la sucesién generada por el algoritmo cuando o < 1, (xy)32,, converge

débilmente a un punto z* tal que
Pi(z + %) = Panp(2).

Ademds, la sucesién (Pa(z + xy))52, converge fuertemente a Pynp(z), incluso cuando
a = 1, resolviendo asi el problema de mejor aproximacion. Una condicién suficiente para
garantizar la cualificacion de restricciones en el punto de interés es la propiedad conocida

como strong CHIP (del inglés strong conical hull intersection property), que establece que
Na+ Np = Nanp.

De hecho, esta propiedad caracteriza la convergencia del método para todo punto en el
espacio.

Comparamos el nuevo AAMR con otros métodos de proyecciéon en problemas de mejor
aproximaciéon definidos por subespacios lineales de dimension finita. Esta comparacion se
lleva a cabo primero de forma numérica, mediante varios experimentos computacionales
en la Seccién 3.1.4, y luego analiticamente en la Seccién 3.2, estudiando la tasa de con-
vergencia lineal del método en este contexto. Este analisis tedrico de la tasa se realiza
mediante el estudio de la serie de potencias de matrices definida por el algoritmo, gracias
a la representaciéon matricial de los proyectores sobre subespacios lineales de dimension
finita. La tasa de convergencia lineal del método depende del dngulo de Friedrichs que
forman los subespacios, asi como de los parametros que definen el esquema. Cuando estos
parametros son elegidos de forma 6ptima, la tasa obtenida resulta ser la mejor entre las
tasas conocidas de otros algoritmos de proyeccion clasicos. Incluimos, ademas, nuevos

experimentos numéricos que ilustran los resultados tedricos obtenidos.

El nuevo algoritmo AAMR se presenta como una modificacion del método de Douglas—
Rachford. Este tultimo puede aplicarse de forma més general para encontrar un cero en la
suma de dos operadores mondtonos maximales. Dicha extension se obtiene remplazando
proyectores sobre conjuntos cerrados y convexos por resolventes de operadores monotonos
maximales. De la misma forma, también extendemos el algoritmo AAMR a este contexto
méas general en la Seccion 3.3. Esto da lugar a un nuevo método de descomposicién, que
permite calcular el resolvente de la suma de dos operadores monoétonos maximales, utili-
zando evaluaciones individuales de los resolventes de cada operador. Gracias al enfoque

con el que se desarrolla esta extension, junto con la reformulacién en el espacio producto,
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podemos derivar dos versiones diferentes del algoritmo paralelizado para calcular el resol-

vente de una suma finita de operadores monétonos maximales.

En los tltimos anos el algoritmo de Douglas—Rachford ha despertado un gran interés,
debido en parte a su buen comportamiento en escenarios no convexos. A pesar de la es-
casez de resultados tedricos que lo justifiquen, el algoritmo ha sido empleado con éxito en
una amplia lista de problemas combinatorios. Algunas de estas aplicaciones incluyen pro-
blemas de completacién de matrices [8], reconstruccién de la estructura de proteinas [58],
recuperacién de fase (phase retrieval) [39, 93], ecuaciones diferenciales [133], Sudokus [10]
o problemas de satisfacibilidad [94], entre otros. Sin embargo, la teoria es mucho mas
limitada: existen muy pocos resultados que expliquen por qué el algoritmo funciona en
problemas no convexos, y ain menos, justificando su buen comportamiento global. Por
ejemplo, la convergencia global del método esta garantizada para el caso de una esfera y
un subespacio [54], o para el caso de un semiespacio y un conjunto cerrado no convexo
verificando cierta propiedad [9]. Otros resultados existentes establecen convergencia de
tipo local [49, 116, 151].

En el Capitulo 4 presentamos dos nuevos problemas combinatorios que pueden ser
abordados de forma satisfactoria con el algoritmo de Douglas—Rachford: el problema de
coloreado de grafos y la construccion de disenos combinatorios de tipo circular. El objetivo
de este capitulo es doble. Por una parte, mostramos que el algoritmo de Douglas—Rachford
puede utilizarse como un heuristico eficaz para resolver los problemas considerados, algo
que puede ser de interés por si mismo. Por otra parte, adquirimos un mejor conocimiento
del comportamiento del algoritmo en ciertos escenarios no convexos. Esto puede pro-
porcionar nuevas perspectivas y jugar un papel fundamental en el desarrollo de nuevos

resultados de convergencia.

Consideramos primero, en la Seccién 4.1, el problema de coloreado de grafos. Un grafo
consiste en un conjunto de vértices o nodos, que estan conectados por ciertos enlaces.
Dado un grafo y un conjunto de colores, el problema consiste en asignar un color a
cada vértice, de forma que cualquier par de vértices conectados no compartan el mismo
color. El coloreado de grafos tiene aplicaciones en la planificacién de horarios [135], el
reparto de frecuencias de radio [112], la asignacién de registros en computacién [70] o
en pruebas de placas de circuitos impresos [106], entre otros campos. Se sabe que se
trata de un problema NP-completo [127], por lo que seria razonable pensar que no existe
un algoritmo exacto que resuelva el problema en tiempo polinémico. Por este motivo, se
han desarrollado una gran variedad de heuristicos y algoritmos aproximados para abordar

el problema. En esta tesis, mostramos que el algoritmo de Douglas—Rachford se puede
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utilizar satisfactoriamente de forma heuristica para colorear grafos, cuando reformulamos
el problema como un problema de factibilidad. De hecho, presentamos dos modelos de
naturaleza distinta que reformulan el problema. El primero de ellos, introducido en la
Seccion 4.1.2, se basa en la representacion del problema mediante programacion entera,
haciendo uso de variables binarias. Posteriormente, en la Seccién 4.1.3, presentamos un
enfoque alternativo basado en programaciéon semidefinida, cuyo problema de factibilidad
derivado consiste en reconstruir una matriz simétrica, semidefinida positiva y con rango
acotado. Mediante varios experimentos numéricos, mostramos el buen funcionamiento del

algoritmo y analizamos las diferencias cuando se aplica a cada una de estas formulaciones.

Por dltimo, en la Seccién 4.2, estudiamos la construccién de disenios combinatorios
de tipo circular. Disenos de este tipo pueden describirse mediante matrices circulares,
con entradas en un conjunto finito, cuyas filas o columnas verifican ciertas propiedades en
términos de correlaciéon. Entre otros campos, los disenos combinatorios tienen aplicaciones
a la teorfa de cédigos [19, 158], a la computacién cuantica [101, 172], y a la comunicacién
sin cables, criptografia y radares [109]. Para construir de forma explicita disenios com-
binatorios de gran orden es necesario explotar la estructura subyacente de los mismos.
Algunas posibilidades para ello son el estudio de estructuras de grupo, o una represen-
tacion eficiente del problema donde los algoritmos de biisqueda, como los metaheuristicos,
puedan ser implementados. En esta tesis, proponemos una formulacién genérica mediante
un problema de factibilidad que permite modelar diferentes clases de estos disenos. La
caracteristica fundamental del problema, que permite una implementacion eficaz del al-
goritmo de Douglas-Rachford, es que la funcién autocorrelaciéon da lugar a un operador
proyeccion que puede calcularse de forma explicita y eficiente. La aplicabilidad de esta
formulacién se ilustra con la construccién de matrices circulares de ponderacion, matrices
D-dptimas y matrices de Hadamard con dos nicleos circulares. Asimismo, construimos de
forma explicita dos matrices circulares de ponderacion cuya existencia estaba previamente

indicada como un problema abierto.



Abstract

This thesis focuses on the family of the so-called projection algorithms. These algorithms
are employed for solving feasibility problems, whose goal is to find a point in the inter-
section of a collection of sets in a Hilbert space. Often, the intersection set is hard to
deal with, while the projection mappings onto the individual sets are readily computable.
Projection algorithms iterate by making use of these projections, to generate a convergent

sequence whose limit solves the problem.

Two of the most well-known algorithms within this class are the method of alternating
projections and the Douglas—Rachford algorithm. The weak convergence of these algo-
rithms to a point in the intersection is guaranteed, provided that the involved sets are
convex. In the special case where these sets are closed affine subspaces, the aforementio-
ned methods not only find a point in the intersection, but they converge to the closest one
to the initial point. However, this is not the case for arbitrary convex sets. The problem
of finding the closest point in the intersection to any given point in the space is known
as the best approzimation problem. There are specific projection methods for solving this
type of problems. For instance, Dykstra’s algorithm is an appropriate modification of the
method of alternating projections that forces the strong convergence to the projection of

the initial point onto the intersection.

In this dissertation, we propose a modification of the Douglas—Rachford method that
allow us to solve best approximation problems, rather than just feasibility ones. Due
to the geometry of the iteration, the Douglas—Rachford algorithm is also referred to as
the averaged alternating reflections (AAR) method. Our approach consists in altering the
reflection steps at each iterate. For this reason, the new iterative projection method is
termed AAMR for averaged alternating modified reflections method. Under a constraint
qualification at the point of interest, we show strong convergence of the method. We com-
pare the performance of AAMR against other projection methods for finding the closest
point in the intersection of pairs of finite dimensional subspaces, first numerically, and
then analytically by studying the rate of linear convergence of the algorithm within this
context. When the parameters defining the scheme are optimally selected, the obtained

rate becomes the best among all known rates of other projection algorithms. We also
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extend the algorithm so that it can deal with operators instead of sets. This gives rise to
a new splitting algorithm for computing the resolvent of the sum of maximally monotone

operators.

In the last years, the Douglas—Rachford algorithm has received much attention, due
in part to the good performance of the method in nonconvex scenarios. Despite a lack of
convergence results, the algorithm has been successfully employed in a wide list of combi-
natorial problems. In this thesis we extend that list of applications, by incorporating the
graph coloring problem and the construction of combinatorial designs of circulant type.
For the former, we present two feasibility problems of different nature which model the
problem. The good performance of the algorithm when it is applied to these formulations
is demonstrated through various computational experiments. For the case of combina-
torial designs, we propose a general feasibility problem which models different classes of
them. We illustrate the applicability of the formulation to the construction of circulant
weighing matrices, D-optimal matrices, and Hadamard matrices with two circulant cores.
Furthermore, we derive explicit constructions of two circulant weighing matrices whose

existence was previously marked as an open question.

The structure of this dissertation is as follows. In Chapter 1 we provide basic defini-
tions and preliminary results that are needed. Chapter 2 contains an overview of various
classical projection algorithms existing in the literature. We develop the new AAMR
algorithm in Chapter 3. Finally, in Chapter 4, we present some combinatorial problems

which can be successfully tackled with the Douglas-Rachford algorihtm.



Chapter 1
Preliminaries

The aim of this introductory chapter is to fix the notation and provide some basic notions
and preliminary results that shall be needed throughout this thesis. Most of them are ta-
ken from the specialized literature in their mathematical areas. The chapter is structured
as follows. In Section 1.1 we introduce the essentials of convex analysis and monotone
operator theory. The content in that section is mainly based on the fundamental book by
Bauschke and Combettes [35]. Then, in Section 1.2, a concise overview on linear algebra
and matrix analysis is given. That section is written in a more direct way in order to
provide just those results, collected from different resources, that shall be used in our
subsequent developments. For further information, the reader is encouraged to check
classical references in matrix analysis as [119, 144]. Finally, in Section 1.3 we present

various examples of projectors onto different convex and nonconvex sets.
1.1 Convex analysis and monotone operator theory
Unless otherwise is stated, throughout this thesis

H is a real Hilbert space,

equipped with the inner product (-,-) and the induced norm || - ||. We abbreviate norm

convergence of sequences in H with — and we use — for weak convergence. We denote by

B(z, p) the open ball with radius p centered at z, i.e, B(x,p) :={x € X | ||[x — y|| < p}.
For a subset C' C H, we denote by int C' and C the interior and the closure of C,

respectively. We recall that a set C' is said to be convez if for any =,y € C,

(1-Nz+IyeC, Vrel0,1];
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and we say C' is a cone if for all x € C,
A eC, VA>N0.

The span of C', the affine hull of C', the convex hull of C' and the cone generated by C

are denoted, respectively, by span C, aff C', conv C' and cone C} i.e.,

span C' := {\x + py | x,y € C,\, u € R},
af C:={(1—- Nz + Iy |z,y e C,\ e R},
convC :={(1=XNz+ My |z,y e C;A€[0,1]},
coneC :={Az |z € C,A>0}.

The orthogonal complement of C, denoted by C*, is the set
Ct={xeH|{c,z)=0VceC}

For a convex set C' C H, we denote by riC, sriC and core C', the relative interior, the

strong relative interior and the algebraic interior of C| respectively; i.e.,

riC = {x € C| cone(C — ) = span(C — z)},
striC :={z € C | cone(C — x) =span(C — )},
coreC :={x € C| cone(C —x) =H}.

Given a non-empty set D C H, we denote by T : D = H a set-valued operator that
maps any point from D to a subset of H, i.e., T'(x) C H for all z € D. In the case when T’
always maps to singletons, i.e., T'(z) = {u}, for all x € D, T is said to be a single-valued
mapping and it is denoted by T': D — H. In an abuse of notation, we may write T'(z) = u
when T'(xz) = {u}. The domain, the range, the graph, the set of fized points and the set
of zeros of T', are denoted, respectively, by domT’, ranT', graT, FixT and zer T’ i.e.,

domT :={zreH|T(x)#0}, ranT:={ueH|IreH : ueT(x)},
gral :={(z,u) e HxH|ueT(x)}, FixT:={xeH|xzecT(x)},
and zerT :={xeH|0e€T(x)}.

The identity operator is the mapping Id : H — H that maps every point to itself. The
inverse operator of T, denoted by T1, is defined through z € T (u) & u € T(z).
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Given an extended real-valued function f : H — R U {xoo}, the domain and the
epigraph of f are denoted, respectively, by dom f and epi f; i.e.,

dom f:={zeH| f(zr) <4oo} and epif:={(z,) e HxR| f(z) <}

A function f is proper if dom f # () and f(x) # —oo for all z € H. We say that f is

convex if its epigraph is a convex set, or equivalently, when
(1= Na+2g) < (1= N () + Af(y), Va,y € dom f,¥A € [0,1].
A function f is said to be lower semicontivous (lsc) at T € H if

£(7) < liminf f(),

T—T
and we just say f is lower semicontiuous if it is so at every point in H. The subdifferential
of a proper function f : H — oo, +0o0] is the operator f : H = H defined by

Of(x) :={ueH|{y—z,u) + f(x) < fly), YyeH}, forallzeH.

The prozimity operator of f is the mapping prox, : H — H given by
: 1 9
prox;(z) := argmin ( f(u) + §||35 —ul|), forall zeH.
u€H

Given a nonempty subset C' of H, the distance function to C, the support function of C'
and the indicator function of C, denoted by d¢, o¢ and i, respectively, are the extended

real-valued functions defined at each x € H by

0, ifzedC;
do(x) :=inf ||c — z||, oc(x) :=supl{c,z) and io(x): = ’ ’
o(w)i=inf e~z oc(x) =suple,) and ic(a) {+w7ﬁx¢a

1.1.1 Projection and normal cone mappings

In this section we introduce the concept of best approrimation to a set, which leads to
define the projection mapping. We also discuss some results regarding existence, unique-
ness and characterizations of the projection when dealing with closed and convex sets, as
well as its relation with the concept of normal cone to a set. For a basic reference on best

approximation see [81].
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Definition 1.1 (Projection mapping). Given a nonempty subset C C H, the pro-
jection mapping (or projector) onto C' is the possibly set-valued operator, Po : H = C,
defined at each x € H by

Polx) = {p e ' = pll = defw) = inf o — xn}.

Any point p € Po(x) is said to be a best approzimation to x from C (or a projection of
x onto C'). If a best approximation in C' exists for every point in H, then C' is proziminal.
If every point x € H has exactly one best approximation from C, then C' is Chebyshev.
In this case, the projector P¢ is a single-valued mapping that maps every x € H to its
unique projection onto C', that is Po(x) = p. The projector is also referred to as projection
operator, metric projection, nearest point mapping or best approximation operator, among

other names. The reflector with respect to C' is the operator R¢ : H — H given by
RC = 2PC - Id,

where each element r € Rqo(z) is called a reflection of x with respect to C. It is clear
that the reflector is single-valued if and only if the projector is so (see Figure 1.1). The
following proposition characterizes the projection mapping onto closed and convex sets,

as well as presents some geometric properties.

Proposition 1.2. Let C' C H be nonempty, closed and convex. Then the following hold.

(i) C is Chebyshev.

(ii) For every x € H,

p=PFPo(zr) < pelCand{c—p,x—p) <0 forallceC.
(111) For every v € H and A > 0,
Pe (Po(z) + A (x — Po(x))) = Po(x).

(w) For everyy € H, Pyro(z) =y+ Po(x —y).
(v) For every A € R, Pyxc(Ax) = APc(x).

Proof. See, e.g., [35, Theorem 3.16 and Propositions 3.19 and 3.21] and [82, page 2.7]. [
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Any nonempty, closed and convex set is Chebyshev by Proposition 1.2(i). The question
about whether the converse implication is true is known as the Chebyshev problem. The
answer is affirmative in finite-dimensional spaces, while it still remains open in general.
Nevertheless, it is proved that any nonempty weakly closed set is Chebyshev if and only

if it is convex (see, e.g., [7, Theorem 14]).

IE‘/ xbl"/
(a) A closed and convex set C (Chebyshev). (b) A closed but nonconvex set C. The pro-
The projection and reflection of the point = are jector and reflector are multi-valued at =,
unique with Po(z) = {p1,p2} and Re(z) = {r1,7m2}

FiGure 1.1: Examples of projectors and reflectors onto convex and nonconvex sets.

We define next the normal cone to a convex set, which arises in convex analysis as a

tool to study the local geometry of the set.

Definition 1.3 (Normal cone). Let C' C H be a nonempty convex set and let © € H.
The normal cone mapping to C is the operator No : H = H given by

Ne(x) =
ol@) 0, otherwise.

{ {ueHH|(u,c—2z) <0, VeeC}, ifxeC;

The projection onto closed and convex sets can be characterized by the normal cone.

Proposition 1.4. Let C' C H be a nonempty closed and conver set, and let x,p € H.
Then,
p=PFPo(xr) < x—pé€ Nc(p).

Proof. See, e.g., [35, Proposition 6.47]. ]

Given two convex sets A, B C H, it always holds that N4+ Ng C Na~p. The reverse
inclusion, which leads to the equality, has been widely studied in the literature [72, 73,
84, 81]. We use the following name coined by Chui, Deutsch and Ward in [72].
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Definition 1.5 (Strong CHIP). Let C' and D be two closed and convex subsets of H.
The pair of sets {C, D} is said to have the strong conical hull intersection property (or
the strong CHIP) at x € C' N D if

NCQD<£L‘) = Nc<£L'> + ND(Z')
We say {C, D} has the strong CHIP if it has the strong CHIP at each x € C'N D.

For relationships between strong CHIP and the so-called bounded linear reqularity
property in Euclidean spaces, which plays an important role in the rate of convergence of
projection algorithms, see [31, 132].

The next result collects some sufficient conditions for the strong CHIP to hold.

Proposition 1.6. Let C' and D be two closed and convex subsets of H. Then {C, D} has
the strong CHIP if one of the following conditions holds.

(i) The set epioc + epiop is weakly closed (which holds, e.g., if (int D) N C # 0,
0 € core(C' — D) or cone(C' — D) is a closed subspace).

(i1) H is finite dimensional and (riC') N (ri D) # 0.

Proof. (i) See [65, Theorem 3.1 and Proposition 3.1]. (ii) See [157, Corollary 23.8.1]. [

1.1.2 Nonexpansive mappings

Many problems in applied mathematics can be reduced to finding a fixed point of a given
operator. A natural approach to addressing it consists in iteratively applying the mapping,
and expect the generated sequence to reach such a fixed point in the limit. Specifically,

given a mapping 7' : H — H and any xy € H, we refer to the scheme generated by
Ty = T(xg), fork=0,1,2,..., (1.1)

as the fixed point iteration or Banach—Picard iteration defined by T'. In this section we
present several notions of nonexpasiveness for single-valued operators. They represent a

key feature to provide sufficient conditions for the convergence of fixed point iterations.

Definition 1.7 (Notions of nonexpansiveness). Let D be a nonempty subset of H
and let T : D — H. The operator T is said to be
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(i) nonexpansive if
[T(x) = TWI < [l —yll, v,y e D;

(i1) firmly nonexpansive if
|17 (z) = T(y)|I* + |Id =T)(z) = Id=T)(W|* < [l — y||*, Va,y € D,
or, equivalently,

(@ =y, T(2) = T(y)) = |T(z) =T, Y,y € D;

(i) p-cocoercive for p > 0 if pT is firmly nonexpansive, i.e.,

(@ —y,T(x) = T(y) = pllT(x) = T(WI*, Va,y € D;

(iv) contractive if there ezists some constant 0 < k < 1 such that

IT(x) =Tl < sllz —yll, Va,y e D;

(v) quasi-nonexpansive if

IT(z) =yl < llz —yll, VzeD, VyecFixT;

(vi) strictly quasi-nonexpansive if

| T(z) —y|l < |lxr —yl, Vee D\FixT, Yy e FixT;

(vii) a-averaged for o €10, 1[, if there exists a nonexpansive operator R : D — H such that

T=(1-«a)ld+aR.

Firm nonexpansiveness implies nonexpansiveness, which itself implies quasi-nonexpan-
siveness. The converses are not true. Other additional implications are shown in the

following proposition. For more, see [35, Chapter 4].

Proposition 1.8. Let D C H be nonempty and let T : D — H. The following hold:

(i) T is firmly nonexpansive < 2T — 1d is nonezpansive.
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(i) If T is a-averaged, then T is nonexpansive and strictly quasi-nonexpansive. In

addition, if o € }0, %] then T is firmly nonexpansive.
Proof. See, e.g., [35, Proposition 4.2, Remark 4.34, Remark 4.36 and Remark 4.37]. [

Nonexpansive operators can be easily turned into averaged ones by considering their

relaxation, a concept which is generally defined as follows.

Definition 1.9 (Relaxation). Given a mapping T : D — H and X € [0, 2], the operator
T\ : D — H defined by
Ty := (1= X\ Id+\T, (1.2)

15 called a A-relaxation or, shortly, relaxation of the operator T'. We call A a relaxation

parameter. A relazation is said to be strict if A € |0,2[. More specifically, T) is called
(i) an under-relaxation of 7' if A € |0,1[;
(ii) an over-relaxation of T if X € ]1,2].

If X =2 then T) is called the reflection of T

REMARK 1.10. Note that the set of fixed points is not affected by relaxations, i.e.,
FixT\ = FixT, for all A € ]0,2].

If T is nonexpansive and A € ]0,1[, it directly follows from the definition that T} is

A-averaged. Furthermore, observe that (1.2) can be expressed as
A A
In=1-XNId+\T"=(1- 3 Id+§(2T —1d).
Hence, according to the previous equality together with Proposition 1.8(i), if A € |0, 2] we

get that T} is %—averaged7 for every firmly-nonexpansive operator 7.

The following fundamental result is responsible for the well behavior of projection

algorithms in the convex setting.

Proposition 1.11. Let C' C H be nonempty, closed and convex. Then the projector
operator Pgo is firmly nonexpansive. Moreover, if C' is a closed subspace, then Po is a

linear mapping.

Proof. See, e.g., [35, Proposition 4.16] and [81, Theorem 5.13]. ]
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As a direct consequence of Propositions 1.8 and 1.11(i), if C' is a nonempty, closed and
convex subset of H, the reflector R¢ is a nonexpansive mapping. Moreover observe that
Fix Rc = C, and hence Fix R¢ is a closed and convex set. As shown in the next proposi-
tion, the latter assertion can be generalized to the set of fixed points of any nonexpansive

mapping defined over a closed and convex domain.

Proposition 1.12. Let D C H be nonempty, closed and convex, and let T : D — H be

nonexpansive. Then FixT is a closed and conver set.
Proof. See, e.g., [35, Corollary 4.24]. O

Even when the operator T' defining (1.1) is nonexpansive, the Banach—Picard iteration
may fail to converge. For a simple example, consider T' = — Id and any xy # 0. Therefore,
stronger conditions must be required. Indeed, the so-called asymptotic reqularity property,
which imposes that

T(QJ}C) — Ty — 0,

becomes critical for guaranteeing such desirable convergence (see, e.g., [35, Theorem 5.14]).
In the following result we show how this property can be achieved by taking relaxations

of the mapping, and thus the convergence is obtained.

Theorem 1.13 (Krasnosel’skii-Mann iteration). Let D be a nonempty, closed and
convez subset of H, let T : D — D be a nonexpansive operator such that FixT # 0 and
let (M) e a sequence in [0,1] such that Y ;-  A(1 — A\g) = +o00. Given zy € D, set

Tpr1 = (L= M)z + T (xy), fork=0,1,2....
Then the following hold.
(i) (T'(xy) — x1)e, converges strongly to 0.
(ii) (x1)pey converges weakly to a point in Fix T.
Proof. See, e.g., [35, Theorem 5.15]. O

Particularly, Theorem 1.13 asserts that the Banach-Picard iteration in (1.1) will con-
verge weakly to a fixed point if we require T" to be averaged. The next proposition shows
how this result can be sharpened if T is additionally a linear operator, since in that case

we obtain strong convergence to the closest fixed point.
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Proposition 1.14. Let T : H — H be a nonexpansive linear operator and let xo € H.
Set w1 = T(xy), for k=0,1,2,.... Then

rr = Prixr(z0) & 2 — 2pp — 0.

Proof. See, e.g., [35, Proposition 5.28]. ]

Clearly, a Banach—Picard iteration (1.1) can only converge whenever the operator
T has at least one fixed point. When FixT = (), there exist some results provided by
Pazy [149] in 1971, and by Baillon, Bruck and Reich [24] in 1978, regarding the asymptotic
behavior of the iteration for an average mapping. These are summarized in the following

theorem.

Theorem 1.15 (Asymptotic behavior of averaged iterations). Given a €10, 1], let
T :H — H be an a-averaged operator. For any x € H, the following hold:

(i) (T*(x) — T (2))2, converges in morm to the unique element of minimum norm
in Tan(ld —T7);

(ii) FixT = 0 < ||T*(z)|| — oo.

Proof. (i) See [24, Corollary 2.3], [149, Corollary 2|. (ii) See [24, Corollary 2.2]. O

1.1.3 Monotone operators

In this section we give an overview of the fundamentals of the theory of monotone opera-
tors. A problem of great interest is finding zeros of a given set-valued operator A : H = H;

that is, solving the inclusion
0 € A(z). (1.3)

Many problems in optimization and variational analysis can be modeled as (1.3). For
instance: convex minimization, systems of nonlinear equations, complementarity problems
and variational inequalities, among others. The problem has been widely studied assuming

certain monotonicity properties of the operator, which are defined next.

Definition 1.16 (Notions of monotonicity). An operator A : H = H is said to be

(i) monotone if
(x—y,u—v) 207 V(:c,u),(y,v) EgraA;
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(#1) maximally monotone if it is monotone and there exists no other monotone operator

B : H = H such that gra B properly contains gra A; i.e., for every (x,u) € H X H,

(x,u) egrad < (z—y,u—v)>0, VY(y,v)€ grai;

(i4i) p-strongly monotone for > 0, if A — pld is monotone; i.e.,
<I—y,u—v> 2:U’||J’1_y||27 V(x,u),(y,v) EgraA.

REMARK 1.17. Given any monotone operator A : H = H there always exists a maximally

monotone extension, i.e., a maximally monotone operator A:H = H with graA C graAv
(see, e.g., [35, Theorem 20.21]).

Two well-known examples of maximally monotone operators are given next.

Example 1.18 (The subdifferential and the normal cone operators).

(i) Let f:H — ] — 0o, 400] be a proper lsc convex function. The subdifferential of f,
Of, is a mazimally monotone operator (see, e.g., [35, Theorem 20.48]).

(i) Let C' be a nonempty closed and convexr subset of H. The normal cone to C, N¢, is

a mazimally monotone operator (see, e.q., [35, Example 20.26]).

The following lemma shows the preservation of (maximal) monotonicity under affine

transformations.

Lemma 1.19. Let A: H = H be a (mazximally) monotone operator, let w,z € H and
let v, A € R such that yA > 0. Then the operator A:H=H defined for any x € H by

A(z) == w4+ vyA(Az + 2),

is (mazximally) monotone.

Proof. Let (x,u), (y,v) be two any arbitrary pairs in gra A. Then

(Aaﬂ—z,u_w),()\y—i—z,v_w) € gra A.
g g

Assuming that A is monotone we obtain that

<(Ax+z)—(Ay+z>,“_w—”_w> >0,
Y Y
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and equivalently,

A
—(x —y,u—v) > 0.
gl

Since > 0, it can be removed from the last inequality to deduce that A is monotone.
The case of maximal monotonicity can be analogously reasoned so we decide to omit the

proof. O

A very useful characterization of maximal monotonicity is provided by the following
fundamental result established by Minty [145] in 1967.

Theorem 1.20 (Minty). Let A:H = H be monotone. Then
A is mazimally monotone < ran(ld+A) = H.

Proof. See, e.g., [35, Theorem 21.1]. O

Next we recall the definition of the resolvent of an operator, which is an important

tool in the theory of monotone operators.

Definition 1.21 (Resolvent). Given an operator A : H = H, the resolvent of A is the
operator defined by
Jq = (Id +A>71.

The reflected resolvent of A is defined by Ry := 2J4 — 1d.

Clearly, dom J4 = ran(Id +A), and thus Minty’s theorem (Theorem 1.20) guarantees
that the resolvent has full domain precisely when A is maximally monotone. In the next
result we collect some additional properties regarding the single-valuedness and nonexpa-

siveness of the resolvent and the reflected resolvent of maximally monotone operators.
Proposition 1.22. Let A:H = H be a mazximally monotone operator. Then

(i) Ja:H — H is firmly nonexpansive;

(ii)) Ra:H — H is nonexpansive.
Proof. See, e.g., [35, Corollary 23.11]. O

The previous proposition establishes that the resolvents of maximally monotone ope-
rators are firmly nonexpansive. In fact, this turns out to be a characterization of the firm

nonexpansiveness of any given mapping.
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Proposition 1.23. Let T': H — H. Then T is firmly nonexpansive if and only if it is

the resolvent of a maximally monotone operator A : H = H.
Proof. See, e.g., [35, Corrollary 23.9]. O

Furthermore, the strong monotonicity of an operator is related with the cocoercivity

of its resolvent.

Proposition 1.24. Let A : H = H be monotone and let p > 0. Then A is u-strongly

monotone if and only if Ja is (u + 1)-cocoercive.
Proof. See, e.g., [35, Proposition 23.13]. ]

The resolvents of the maximally monotone operators considered in Example 1.18 are

also some well-known mappings.

Example 1.25 (The proximity and the projection operators). According to Pro-
position 1.22, the resolvents of the operators considered in Example 1.18 are single-valued

and firmly nonexpansive with full domain.

(1) ([35, Example 23.3]) Let f : H — | — 0o, +00] be a proper lower semicontiuvous con-

vex function. The resolvent of its subdifferential is the proximity operator of f, i.e.,

Jof = prox; .

(i1) ([35, Example 23.4]) Let C' C H be a nonempty, closed and convex set. Then the

resolvent of the normal cone to C' is the projection mapping onto C, i.e.,

JN = pc.

C

We recall next the concept of perturbation of an operator, which is denoted as in [48].

Definition 1.26 (Inner perturbation). Let A : H = H and let w € H. The corre-
sponding inner w-perturbation of A is the operator A, : H = H defined by

Ay(x) = Az —w), forallz e H.
Lemma 1.27. Let A: H = H and let w € H. Then

JAw = (JA)w —+ w.
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Proof. Observe that, for any x € H,
pEJa(z)rept+tAp—w) S r—weEp—w+Ap—w) S p—w e Ja(r —w),
which proves the result. O
We now turn our attention to the set of zeros of monotone operators.
Proposition 1.28. Let A, B : H = H be two monotone operators and let v > 0. Then,
(1) zer A = Fix Jya;
(11) zer(A+ B) = Jya(Fix Ryg R, 4).
Proof. (i) See, e.g., [35, Proposition 23.38]. (ii) See, e.g., [35, Proposition 26.1(iii)(c)]. O

Proposition 1.29. Let A : H = H be strongly monotone. Then zer A is at most a

singleton. If in addition, A is also maximally monotone then zer A is exactly a singleton.
Proof. See, e.g., [35, Proposition 23.35 and Corollary 23.37]. ]

Some of the previous results give us some insight into the role of resolvents for sol-
ving (1.3). Specifically, Propositions 1.22(i) and 1.28(i) can be combined with Theo-
rem 1.13 to construct a fixed point iteration which will be weakly convergent to a zero
of a maximally monotone operator. Closely related to this idea, a finer algorithm was
proposed in 1976 by Rockafellar [156].

Theorem 1.30 (Rockafellar’s proximal-point algorithm). Let A : H = H be a
mazimally monotone operator such that zer A # 0, and let (yx)72, be a sequence in |0, +00]

verifying that Y, v, = +00. Given xy € H, set
Tpp1 = Jyalxy), fork=0,1,2....
Then the following hold.

(i) (z1)pey converges weakly to a point in zer A.

(ii) Suppose that A is strongly monotone. Then (x),., converges strongly to the unique

point in zer A.

Proof. See, e.g., [35, Theorem 23.41]. O
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1.2 Matrix analysis and linear algebra

Consider C™™ (R™*™) the vector space of n x m complex (real) matrices. We denote
by I,, 0, and 0,,x,,, the n x n identity matrix, the n X n zero matrix, and the n x m
zero matrix, respectively. For simplicity, we shall omit the subindices when the size can
be deduced. The transpose of a matrix A € C™*™ is denoted by A”, while the conjugate
transpose is denoted by A*. The kernel, the range, the rank and the set of fized points of
A are denoted, respectively, by ker A, ran A, rank A and Fix A4; i.e.,

kerA:={ze€C"| Az =0,}, ranA:={yeC" |z ecC": Az =y},
rank A := dim (ran A), and FixA :=ker(A —I);

where dim U denotes the dimension of a linear subspace U C H. Observe that some of
the previous concepts are inherited from the operator theory since we can identify any
matrix A € C™"™ with the linear mapping A : C™ — C", defined for any x € C™ by
A(z) := Ax. Thus, operator properties can also be defined among matrices. For instance,

we say that A is nonexpansive if

|Az — Ay|| < ||z —yl|, forall z,y € C™.

The trace of a matrix A € C"™ is denoted by tr A. The determinant and the
inverse of a square matrix A € C™*" are denoted by det A and A~!, respectively. Given
a € C", we denote by diag(a) and circ(a), respectively, the diagonal n x n matrix whose
diagonal entries are the elements of @ and the square circulant matrix whose rows are cyclic
permutations of a (offset by their row index). A square matrix A € C"*" (A € R"™*")
is said to be a Hermitian (symmetric) matrix if A* = A, and it is said to be unitary
(orthogonal) if A*A = I,. Further, a real symmetric matrix A € R"*" is said to be
positive semidefinite if

2T Az > 0, for all z € R".

We denote by 8" the subspace of symmetric matrices in R™*", while S stands for the

cone of positive semidefinite matrices.

Given vy, vy, ...,v, € R" the associated Gram matriz G € 8" is constructed compo-

nentwise as G = [(v;,v;)]. The Gram matrix G verifies (see, e.g. [119, Theorem 7.2.10]):

G eS8 and rankG = dimspan{vy,vs,..., v, }. (1.4)
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For any matrix A € C™*", the set of all its eigenvalues is called the spectrum of A,
and is denoted by o(A). An eigenvalue A € o(A) is said to be semisimple if its algebraic
multiplicity coincides with its geometric multiplicity (cf. [144, p. 510]), or, equivalently,
if ker(A—AI) = ker ((A — AI)?) (see [26, Fact 2.3]). The spectral radius of A is defined as

p(A) :=max{|A|: A € 0(4)}.
An eigenvalue \ € o(A) is said to be subdominant if |\| = v(A), where
+(A) 1= max {A] : X € {0} Ua(A), \] < plA)} .

The vector space of matrices C"*™ (or R™™) can be endowed with different norms.
For instance, we can always derive an induced norm, which is inherited from a norm in
C™ (R™) by the expression

|Al| := max || Az]|.

=<1

The norm induced by the euclidean vector norm becomes the matriz 2-norm given by

||A||2 =V /\maX7 (15)

where A, denotes the largest eigenvalue of A*A. Trivially, induced matrix norms verify
the useful inequality ||Az|| < ||A||||z||, for all z € C™ (R™). However, if we need the space
Cm*™ (R™™) to be a Hilbert space, then we have to turn to the Frobenius norm, defined
for any matrix A = [a;;] by

DY ayl, (1.6)

i=1 j=1

[l =

which is induced by the inner product (A, B) := tr(AT B) (see, e.g., [35, Example 2.4]).

1.2.1 The geometry of two subspaces

The notion of angle between two subspaces permits to analyze the geometry described
by them. For one-dimensonal subspaces (lines), it is defined as the angle formed by their
direction vectors. However, the generalization of the concept to higher dimensions is not
straightforward. In fact, different notions of angles have been defined for general pairs of

subspaces. We shall employ the one proposed by Friedrichs [104] in 1937.
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Definition 1.31 (Friedrichs angle). Let U and V be two closed subspaces in H. The
Friedrichs angle between U and V' is the angle in [0

™

, 5] whose cosine is

cr(U V) =sup{[{w,0)] : ue UNUNV),0oeVNUNV)"lul| <1,[v]| <1},

The fulfillment of the strong CHIP for two closed subspaces can be identified by the
Friedrichs angle between them. To proceed, we first provide a characterization of the

normal cone to a closed subspace.
Proposition 1.32. Let U,V C H be closed subspaces. Then the following hold.
(i) For all x € U, one has Ny(z) = U~.
(ii) (UNV)-=UL+ V<,
Proof. See, e.g., [81, Theorem 4.5 and Theorem 4.6]. n

Proposition 1.33. Let U,V be two closed subspaces in H. Then {U,V'} has the strong
CHIP if and only if any of the following equivalent statements hold:

(i) U+V is closed;

(ii) UL + V4 is closed;

(iii) cp(U, V) < 1.
In particular, the latter holds if U or V' has finite dimension or finite codimension.
Proof. See, e.g., [81, Therorem 9.35 and Corollary 9.37] and Proposition 1.32. ]

For the remainder of the section we shall assume that the underlying Hilbert space is

finite-dimensional.

Definition 1.34 (Principal angles). Let U and V be two subspaces of a Euclidean
space and consider p := min{dim U, dim V'}. The principal angles between U and V are

the angles 0 < 0 <0y <--- <0, < 5 whose cosines are recursively defined by

eUwelV, = =1,
cos), ;:<ui,m>:max{<u,v>: welweV, |lul=o| }

(u,uj) = (v,v;) =0 forj=1,...;1—1

with ug = vy := 0.
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The Friedrichs angle and the principal angles are related in the following sense.

Proposition 1.35. Let 6,,0,,...,0, be the principal angles between U and V', and let
s :=dim(U NV). Then we have

0, =0, foralli=1,...,s.

Furthermore, if s < p then
93+1 = 9F > 0,

where O denotes the Friedrichs angle between U and V.
Proof. See [26, Proposition 3.3]. O

The projection operator onto subspaces is known to be a linear mapping. The following
result provides a matrix representation of the projectors onto a pair of subspaces in terms

of their principal angles.

Proposition 1.36. Let U and V' be two subspaces of R™ with p := dimU and q := dim V.
If p < q and p+ q < n, we may find an orthogonal matrix D € R™™ such that

I, 0 0 0 c: CS 0 0
00, 0 0 cs S* 0 0
Py=D ? D* and Py =D D*, (1.7)
0 0 04 O 0o 0 I, 0
0 0 0 Oppyg 0 0 0 Onypyg

where C' and S are two p X p diagonal matrices defined by
C := diag(cosb,...,cos6,) and S :=diag(sinby,...,sinb,),

with 64, ...,0, being the principal angles between U and V.

Proof. See |26, Proposition 3.4]. O]

1.2.2 Convergence of powers of matrices

Throughout this section the vector space of square complex matrices C**" is equipped

with the induced matrix 2-norm (1.5).
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Definition 1.37 (Convergent matrix). A matric A € C*™™ is said to be convergent
to A>* € C™" if and only if

Jim A" — A%] = 0.
We say A is linearly convergent to A> with rate p € [0, 1] if there exist a positive integer
ko and some M > 0 such that

| A% — A%|| < MpF,  for all k > k.

In this case, 1 is called a linear convergence rate of A. When the infimum of all the
convergence rates is also a convergence rate, we say this minimum s the optimal linear

convergence rate.

The convergence of any matrix is fully determined by its spectrum as follows.

Proposition 1.38. A € C" " is convergent if and only if one of the following holds:
(1) p(A) <1;
(ii) p(A) =1 and A =1 is semisimple and is the only eigenvalue on the unit circle.

When this happens, A is linearly convergent with any rate p €]y(A), 1], and if A is
linearly convergent with rate p € [0,1], then p € [y(A),1[. Further, v(A) is the optimal
linear convergence rate of A if and only if all the subdominant eigenvalues are semisimple.

Moreover, if A is convergent and nonexpansive, then limy_,.o A¥ = Prix 4.

Proof. See [144, pp. 617-618 and 630] and [26, Theorem 2.12, Theorem 2.15 and Corol-
lary 2.7(ii)]. O

1.2.3 Complementary sequences and discrete Fourier transform

In this section we provide the definitions of the periodic correlation operator and comple-
mentary sequences, as well as one result concerning the properties of the discrete Fourier

transform. Before this, we start by recalling the Jacobi—Trudi identity.

Consider a vector of n variables denoted by = = (z1,x2,...,2,). A polynomial is
symmetric if it is invariant under every permutation of its variables. The k-th elementary

symmetric polynomial of x, denoted oy, is defined by

ox(x) = > (ﬁ%) :

1<ji<ge<--<jp<n \ I=1
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Every symmetric polynomial can be uniquely written as a polynomial in the elementary
symmetric polynomials (see [166, Theorem 1.1.1]). The k-th power polynomial of x,
denoted py, is defined by

pr(x) = fo (1.8)

The relationship between the latter two objects is provided by the Jacobi- Trudi identity

presented in the following result.

Theorem 1.39 (Jacobi—Trudi identity). For each k =1,2,...,n, it holds that

P2 P1 2 . 0
O = E (§]
Pk-1 Pr—2 .- pm1 k—1
P Phot e oo DI
Proof. See, e.g., [166, p. 7]. O

The most important case of this identity for our purposes arises when k = 2, in which

1
209 = det b = p] — pa.
P2 P1

In fact, the case k = 2 has an elementary proof, since

case it yields

n

1 L,
oo(x) = Z Tj T, = 5 (Z xj) — §Z$j

1<j1<g2<n Jj=1

Let x: R*” x R — R" denote the periodic correlation operator whose s-th entry is

defined according to

n—1
(a*D), ::ZaleS, s=0,1,...,n—1; (1.9)
1=0
where a = (ag, ay,...,a,_1) € R" and b = (by, by,...,b,_1) € R™ are n-dimensional real

vectors, and the indices in (1.9) are understood modulo n.
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Definition 1.40 ((Real) complementary sequences). Leta® a',... a™ ' € R". We
say that the collection of sequences {a’ };”:_01 is (real) complementary if there exist some

constants vy and v; such that

We note that the previous definition appears in [85, Definition 2] for sequences which

are potentially complex-valued.

Using the Jacobi—Trudi identity, we are able to deduce the following necessary condi-

tion for complementary sequences.

m—1

Proposition 1.41. Suppose that the collection of sequences {aj}jzo C R™ is comple-

mentary with constants vy and vy, i.e.,

m—1
a’ xal = (vy,v V1)
0, “1y---5¥1),

7=0

Then {p1(a’) ;”:_01 C R satisfy the equation
m—1
> pl) = mln—1) + v,
=0

where py is given by (1.8).

Proof. Applying the Jacobi-Trudi identity (Theorem 1.39), we deduce that

5 Clj‘kaj = 20 Clj = ae pl(aj) L
Z( )s =2 2( ) = det <p2<aj) p1<aj)

s=1

) = pi(a’) — pa(d!),

for all j € {0,1,...,m — 1}. Consequently,

n—1 m—1 m—1n—1
vl —1) =33 (@ xad). = Y Y (o xal),
s=1 7=0 7j=0 s=1
m—1 m—1 m—1
=Y pia)) =D pala) =) pi(dd) — vy
7=0 7=0 7=0

The claimed result follows by a routine rearrangement, thus completing the proof. O
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Let F denote the (unitary) discrete Fourier transform (DFT), that is, the linear map-
ping F : C* — C" defined for any a € C" by

1 1 1
1 ]_ wl'l e wl'(nfl)
Fla) = 7 |l f f a, (1.10)
1 w(nfl)-l w(nfl)-(nfl)
where w := €2™/™ is a primitive n-th root of unity. In the following result, both | - | and

(-)? are understood in the pointwise sense, and (-)* denotes the (complex) conjugate of a

complex number.

Proposition 1.42 (Properties of the DFT). Let a = (ag,ay,...,a,-1) € C".

(i) (Conjugate symmetry) a € R™ if and only if F(a) is conjugate symmetric, that is,

Fla)p e R and Fla)s = (F(a)p_s),Vs=1,2,...,n—1.

(ii) (Correlation theorem) F(axa) = |F(a)|*.
(i11) F is a linear isometry on C".

Proof. (i) See, e.g., [64, pp. 76-77]. (ii) See, e.g., [64, p. 83]. (iii) This follows from the
fact that F is unitary. O

1.3 Closed-form expressions for some selected projectors

This section contains a variety of results that characterize the projector onto certain sets.

We begin with two simple and well-known sets in any arbitrary Hilbert space.

Proposition 1.43 (Projector onto a hyperplane). Given u € H \ {0} and v € R,
consider the hyperplane
H:={xeH:(z,u) =r}

The projection of any x € H onto H can be computed as

Py(x) —x+%

Proof. See, e.g., [35, Example 3.23]. ]
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Proposition 1.44 (Projector onto a sphere). Let S be the unit sphere in H, i.e.,
S:={xeH:|z|| =1}

The projector onto S at any x € H s given by

P S, if £ = 0;
s(@) = {II%H} , otherwise.

Proof. See, e.g., [81, pp. 39 Exercise 6]. ]

The following two projectors become very useful in combinatorial problems in R".

Proposition 1.45 (Projector onto the standard basis). Let ey,...,e, denote the

unit vectors of the standard basis of R™, and consider
C:={ey,...,en}.
Then, for any v = (x1,...,x,) € R,
Po(x) ={e; : ¢ = max{zy,...,x,}}.

Proof. See, e.g., [10, Remark 5.1]. O

Proposition 1.46 (Projector onto the set of nonzero binary vectors). Consider

the set of vectors in R™

C:= {26{0,1}":i2i21}.

=1

Then, for any x = (z1,...,x,) € R", the projector onto C' is described by

Po(w) = 4 Tonr () \ {0}, if Proaye(x) # {00},
{e; 1 x; =max{xy,...,x,}}, otherwise;
where ey, ..., e, denote the unit vectors of the standard basis of R™.

Proof. First note that C' = {0,1}" \ {0,}. If Ppiyn(x) # {0,}, we trivially have that
Po(xz) = Poyn(x) \ {0,}. Otherwise, if Py1yn(z) = {0,} then it necessarily holds that
x; < 0.5 for all ¢ = 1,...,n. Then, any projection in Pc(z) will contain exactly one

nonzero value, and the result follows from Proposition 1.45. O]



24 Chapter 1. Preliminaries

In the following two last results the underlying Hilbert spaces are the vector space of
real matrices R™*™ and the one of the real square matrices R"*", respectively, endowed
with the Frobenius norm (1.6).

Proposition 1.47 (Projector onto the null space). Let A € R™>" be a full row rank
matriz and consider

C .= {ZER"X’”:AZ:(]}.
Then, for any X € R™™ one has
Po(X) = (I, - AT (447) ™ 4) X.

Proof. See, e.g., [35, Proposition 3.30(iii)] combined with [35, Example 3.29]. O

REMARK 1.48. Observe that Proposition 1.47 with [ = m = 1 covers the setting of Pro-

position 1.43 with H = R" as a particular case.

Proposition 1.49 (Projector onto the set of low-rank nonnegative matrices).
Let 0 < k < n be a non-negative integer and let C' be the set of positive semidefinite

matrices in R™™ whose rank is bounded by k, i.e.,
C:={X € 8} :rank(X) < k}.
Given any X € 8™, consider the set

(X)) = {(A Q) € (R™™)?2 X = QAQT is a spectral decomposition of X with }

A:dlag(Al,,)\n) and)\l Z )\2 Z Z )\n
and for a given A = diag(A1, ..., \,), define
A} = diag (max{0, \; },. .., max{0, \x},0,...,0).

Then, the projector onto C' at X is given by

Po(X)= J {eafQ"}.

(A,Q)ex(X)

Proof. See, e.g., [168, Proposition 3.11]. ]



Chapter 2
Classical projection methods

The family of the so-called projection methods is a wide class of algorithms which are
successfully used for finding common points of a collection of sets. Projection methods
iterate by finding best approximations to the sets at each step, under the philosophy
that these projections onto the individual sets can be efficiently computed, rather than
dealing with the intersection itself. They have received a great attention for the last few
decades due to their easy implementation and their broad applicability in many areas of

mathematics, engineering and physical sciences.

From a theoretical perspective, projection algorithms rely on Banach—Picard iterati-
ons defined by an operator whose fixed points solve the problem of interest. Thus, their
convergence is well understood when the involved sets are convex by making use of the
nonexpansiveness properties of the projection mapping. In the nonconvex setting, the
analysis is more delicate, and the results available are either local or only apply to spe-
cific types of nonconvex sets. Despite a lack of a general theoretical foundation, some
projection algorithms have been successfully employed in many applications involving

nonconvex sets.

In order to place the contributions of this thesis in context, this chapter is intended
to be a condensed survey of the several projection methods that have been developed
in the literature. Further general reviews on projection algorithms can be found in [35,
66, 68, 69, 81]. The structure of the chapter is the following. We start by introducing
in Section 2.1 the concepts of feasibility problem and best approrimation problem in a
Hilbert space. In Section 2.2 we focus on the probably two most well-known projection
methods for solving feasibility problems, namely, the method of alternating projections and
the Douglas—Rachford method. We finally discuss some other projection algorithms for
tackling best approximation problems in Section 2.3. Those include Dykstra’s algorithm,

Haugazeau’s algorithm, Halpern’s algorithm and Combettes” algorithm.

25
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2.1 Feasibility and best approximation problems

We begin by stating the concept of feasibility problem, which basically consists in finding

a common point of a collection of sets.

Definition 2.1 (Feasibility problem). Given a finite family of sets C1,Cs,...,C, CH,

the corresponding feasibility problem becomes

Find x € () C:. (2.1)

i=1

Many problems can be modeled as feasibility problems. However, devising an appro-
priate formulation may not be a trivial task, and some creativity is required. In many
practical situations, the projector onto each of these sets can be easily computed, while
directly finding a point in the intersection of the sets might be intricate. As commented
before, this is in fact the spirit of projection methods, so they are employed to solve (2.1)

in such cases.

A feasibility problem is said to be consistent when it has solution, that is, if N}_; C; # 0.
Otherwise we refer to it as an incosistent feasibility problem. In the inconsistent case, we
may look for an alternative or generalized solution. For instance, when dealing with two
disjoint sets C',Cy C H, it might be desirable to find a best approximation pair, which is
a pair of points (1, ce) € Cy x Cy such that

ler = eof| = d(Ch, C2) := inf {[|z — y[| : (z,y) € C1 x Ca}.

It may occur that we are interested in finding, not only a point in the intersection of
the sets, but the closest one to any given point in the space. This problem is known as

the best approximation problem, and is formally stated as follows.

Definition 2.2 (Best approximation problem). Given Cy,Cy,...,C, CH and given

z € H, the corresponding best approximation problem is defined as

Find w € ﬂC’i, such that ||w — z|| = inf {||]x — 2|| : . € N]_,C;} . (2.2)

=1

In other words, the task is to find the closest point to z in the intersection set N;_,C;.
A projection algorithm for solving (2.2) shall exploit the individual projectors onto the

constraints to generate a projection onto the intersection.
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2.1.1 Product-space reformulation

When tackling a feasibility problem or a best approximation problem as in (2.1)—(2.2)
via projection methods, we need an algorithm which is able to handle with an arbitrary
number of constraints. However, some projection algorithms are usually designed to deal
with only two sets. Thus, in order to address a general many sets problem, one needs to
find an appropriate extension of the algorithm, or alternatively, to reduce the problem to
the two-set case. The latter can always be achieved thanks to the following well-known
product-space reformulation originally stated by Pierra [152] in 1984. Consider the Hilbert

product space
H:=H =HX 0 xXH, (2.3)

endowed with the inner product

r

<$, y) = Z(ﬂfza yi>7 for all & = (%’)g:b Yy = (?Ji)f:l € H,;

i=1

and define the sets
C =0 xCyx---xC, and D:={(z,z,....,0) e H:x€H} (2.4)

While the set D, sometimes called the diagonal, is always a closed subspace, the properties
of C are largely inherited. For instance, C' is nonempty, closed and convex whenever the
sets C1, ..., C, are so. We denote by 7 : H — D the canonical embedding that maps any
r € H toj(z) = (x,z,...,x) € D. The reformulation of (2.1) as a two-set problem in

the product space relies on the equivalence
re()GiCH & jlx)eCnDCH; (2.5)
i=1

and the same applies to the best approximation problem (2.2), since
w e PﬂLlCi(Z> & j(w) € Perp(4(2)). (2.6)

In order to employ any projection method with the reformulated problems, it is necessary
that the projectors onto the sets C' and D are effectively computable. As we summarize
in the following proposition, this is indeed the case whenever the projectors onto the

underlying constraint sets in the original problem, C', ..., C,, can be efficiently computed.
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Proposition 2.3 (Product-space projectors). Let x = (x1,...,2,) € H. The pro-
jectors onto the sets C and D in (2.4) at © are given by

Po(x) = Po,(x1) X Po,(x9) X +-+- X Pg,(x,) and Pp(x) =73 <1 sz> :

Proof. See [152, Lemma 1.1]. O

2.2 Fundamental algorithms

The method of alternating projections and the Douglas—Rachford method are essential
schemes in the family of projection algorithms. Each of them can be seen, not only as a
plain method, but as an entire subfamily of methods due to the numerous generalizations,
variants and extensions that have been developed. In this section we give an overview of
both of them.

2.2.1 The method of Alternating Projections

The method of alternating projections (AP) is undoubtedly the most intuitive and well-
known projection method. It dates back to 1933, when John von Neumann [174] originally
introduced the algorithm for solving the best approximation problem for two closed linear
subspaces. For this reason, the method is sometimes called the von Neumann’s alternating
projections algorithm. He proved the following fundamental result, which sparked off the

development of the method.

Theorem 2.4 (von Neumann). Let U,V C H be closed subspaces. Then

lim (Py Py)*(x) = Pyav(x), for each x € H.

k—oo

Proof. See, e.g. [98, Theorem 3.3] O

The von Neumann’s theorem was generalized in 1962 by Halperin [113] for an arbi-
trary number of closed subspaces, and it was Bregman [62] who extended the method in
1965 for solving feasibility problems with arbitrary closed and convex sets. The alterna-
ting projections method has been widely studied and generalized by many authors; see,
e.g., [29, 55, 82, 113, 129, 138, 137]. Specific references will be provided throughtout the

section. For a basic monograph on the alternating projetions method, we recomend [98].
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2.2.1.1 Alternating projections for two closed and convex sets

Given two nonempty, closed and convex subsets A, B C H, the alternating projections
algorithm iterates by successively projecting onto each of the sets. That is, given any

initial point zy € H, the sequence is generated by the recurrence
Thy1 = PBPA(SCk) (27)

Note that (2.7) is nothing more than the Banach—Picard iteration defined by the ope-
rator T' = PgP,. Taking advantage of the firm nonexpansiveness of the projectors and
the suitable geometry of the set of fixed points, the scheme permits to successfully ad-
dress any convex feasibility problem. The following result reviews the main behavior of

the algorithm.

Theorem 2.5 (Alternating projections method). Let A, B C H be nonempty, closed
and convex sets and let v := Pg—%(0). Given any vo € H, consider the alternating

projections iteration generated by
Tpr1 = PpPa(xy), fork=0,1,2,....

Then x), — P4(x1) — v and exactly one of the following holds:
(i) ve B—A and (x1)52, converges weakly to some point * € (A+v) N B;
(ii)) v B— A and ||xg|| = +00.
Proof. See, e.g., [29, Theorem 4.8]. O

REMARK 2.6. The vector v := P5—5(0) defined in Theorem 2.5 is known as the displace-

ment vector. One can easily check that v measures the gap between the sets, since
[oll = d(A, B).

Furthermore, v € B — A if and only if the distance d(A, B) is attained, which means
that there exists a best approximation pair. If this happens, such a pair is given by
(Pa(x*),x*), being * the weak limit point in Theorem 2.5(i). In addition, if the pro-
blem is consistent, we trivially have that v = 0 € B — A, and thus z* € AN B is a
solution to the feasibility problem. Otherwise, when d(A, B) is not attained, the genera-
ted sequence will be unbounded according to Theorem 2.5(ii). These three scenarios are

illustrated in Figure 2.1.
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(b) ANB =0 and v € ran(B—A) (¢) ANB =0 and v ¢ ran(B — A)

r1 Ty - --

.'L'*"'ZL'Q xq

B

(a) ANB#0
FIGURE 2.1: Behavior of the alternating projections method in three possible scenarios.

The von Neumman’s theorem (Theorem 2.4) ensures strong convergence of AP to the
solution of the best approximation problem for the case of closed subspaces. It reamains
true for closed affine subspaces. Note, however, that weaker assertions are claimed in The-
orem 2.5 for more general sets. On the one hand, the convergence of the method is only
established to be weak. The question about whether strong convergence could still hold

for arbitrary closed and convex sets, remained open for a long time. It was Hundal who

discovered in 2004 the first known counter-example of an alternating projections iteration
which does not converge in norm [120] (see also [143]). On the other hand, the method
provides a point which is a solution to the feasibility problem, when consistent. Nonethe-

less, this point will not solve the best approximation problem in general (see Figure 2.2).

B

B Pynp(xo)

/PAmB(ﬂUo) = a*

(b) B is closed subspaces but A is a half-space.
The method converges to some point in AN B

(a) Both sets A and B are closed subspaces.
The method converges to * = Panp(xo)
FIGURE 2.2: Failure of the method of alternating projections for solving the best approximation

problem for arbitrary convex sets.
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2.2.1.2 Some extensions for finitely many sets

There are different possible generalizations of the method of alternating projection for
dealing with more than two sets. Suppose that C7,Cs, ..., C, C H are nonempty closed

and convex sets.

Cyclic alternating projections The most evident approach is the iteration defined by
Ty = Pe, Pe,_, -+ Pe, (x). (2.8)

The algorithm generated by (2.8) is known as the cyclic projections method and it is proved
to converge weakly to a common point of the sets (see, e.g. [35, Corollary 5.26]). In fact,
this cyclic scheme for finitely many sets is the one originally proposed by Bregman [62].
Halperin [113] had previously proved that, as it happens in the two-set case, when we
consider closed affine subspaces the method converges strongly to the closest point in the
intersection (see, e.g., [35, Corollary 5.30]). An exhaustive analysis of the method in the
inconsistent case can be found in [30]. It is worth mentioning that the cyclic projections
method was independently introduced by Kaczmarz [125] in 1937, for solving a consistent

system of linear equations in a Euclidean space.

Averaged alternating projections A different scheme, which is commonly known as

the averaged projections method, is given by
= ! ET Pc, (z) (2.9)
Tyl = — (zg). .
k41 r Cci\Tk

Note that (2.9) is just the result of implementing the classical alternating projections
in the product space, as explained in Section 2.1.1. Therefore, the convergence of the
algorithm can be straightforwardly derived from Theorem 2.5 (or Theorem 2.4 for closed
subspaces). Unlike in the cyclic version, the projections onto the sets in (2.9) can be si-
multaneously computed at each iteration, which makes the method highly parallelizable.
For this reason the algorithm is also known as the method of simultaneous projections
(SP), see e.g. [134, 153]. The algorithm is usually accredited to Cimmino [74] due to the
similarity with the so-called Cimmino’s method that he proposed in 1938.

In Figure 2.3 we depict the iterations generated by the two previous methods.
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'Pcl Zo

x1 = Pe, Po, Po, %o

(a) Cyclic alternating projections method (b) Averaged alternating projections method

FIGURE 2.3: Tlustration of two possible generalization of AP for finitely many sets.

2.2.1.3 Relaxed versions

The classical method of alternating projections often presents a very slow convergence.
For this reason, some extrapolated versions have been developed. Such variants are typi-
cally constructed by relaxing some of the involved operators, so that consequently, some
parameters are incorporated into the scheme. Depending on the geometry of the pro-
blem, these parameters can be optimally tuned, and thus an acceleration of the algorithm
is achieved. This shall be further discussed in Section 2.2.1.4. The first relaxation of AP
traces back to the method of Agmon [4] and Motzking and Schoenberg [146], proposed in
1954, where relaxed projections were considered in a cyclic alternating projections method
for a system of linear inequalities. The method was later extended for arbitrary closed
and convex sets by Gubin, Polyak and Raik [110] in 1967. We present here three different
relaxed versions of the method of alternating projections for two sets. We would like to
emphasize that the terminology among them is not deep-rooted in the literature, so each

name might refer to a different variant depending on the consulted reference.

Relaxed alternating projections The first natural approach is known as the relaxed
alternating projections method (RAP), and consist in a strict relaxation of the classical

alternating projections. The iterative scheme is then given by

Tpp1 = (1 — @)z, + aPgPa(xy), with a €]0,2]. (2.10)
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Partial relaxed alternating projections When only the first projection is relaxed
we obtain the partial relazed alternating projections method (PRAP), whose iteration

becomes
Tpr1 = Pp (1 — @)z, + aPa(zg)), with a €]0,2]. (2.11)

Generalized alternating projections The most complete relaxed version of AP is the
generalized alternating projections method (GAP). It relaxes both individual projectors,

as well as the whole operator. Thus the iterative scheme is defined by
LTl = (1 — Oé)Ik + ((1 - 052) Id +052PB) ((1 — Oél) 1d +041PA> (.Ik), (212)

for a €]0,1] and oy, ay € ]0,2].

The iterations of the RAP, PRAP and GAP methods are illustrated in Figure 2.4.

(a) RAP with a = 1.3 (b) PRAP with o = 1.5 (¢) GAP with ay = 1.4, ap = 0.8
and a = 0.6

FIGURE 2.4: One iteration of RAP, PRAP and GAP methods.

As it happens with the classical alternating projections algorithm, if the involved
sets in the feasibility problem are closed subspaces, RAP, PRAP and GAP also converge

strongly to the closest point in the intersection.

Note that the relaxation parameters in the methods described above have been assu-
med to be fixed. Notwithstanding, we may let them to vary along the iterations, building
up a sequence {ay}p2,. Under some conditions on these sequences, the algorithms can
be still proved to converge. Furthermore, some geometrical information of the problem
can be used when updating the relaxation parameter at each step, which leads to the

development of the so-called acceleration techniques (see, e.g., [36, 42, 67, 80, 99, 108]).
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2.2.1.4 Rate of convergence for subspaces

The rate of convergence of the method of alternating projections has been widely studied
in the context of closed subspaces. As shown in the following result, the rate for two

subspaces turns out to depend on the Friedrichs angle between them.

Theorem 2.7 (Rate of convergence of AP for two closed subspaces). Let U and
V' be two closed subspaces of H and let cp := cp(U,V) be the cosine of the Friedrichs

angle between them. Then, for any xo € H,
I(PyPy)*(x0) — Poav (zo)|| < o — Poav(zo)|l,  for allk=0,1,2,.... (2.13)

Proof. See, e.g., [66, Theorem 5.1.7]. m

According to Theorem 2.7, the alternating projections method is linear convergent with
rate the squared cosine of the Friedrichs angle between the two subspaces. The upper
bound in terms of ¢2 ! given in (2.13) was first estimated by Aronszajn [23] in 1950.
Different bounds were later obtained, independently, by Smith, Solmon and Wagner [163]
in 1977, by Deutsch [90] in 1983, and by Franchetti and Light [103] in 1986. However

these were not as tight as (2.13). In fact, Kayalar and Weinert [128] proved in 1988 that
|(PyPy)* — Poayvl|| = 7!, forallk=1,2,..;

that is, Aronszajn’s bound is the sharpest possible.

For the case of more than two subspaces, upper bounds for the rate of convergence
of the cyclic projections method have been provided in [83, 128, 163]. The rate of linear
convergence of the method of simultaneous projections has been recently obtained in [155].
For the case of two subspaces it becomes % + %cF, so in this framework, the classical

alternating projections would always be faster than its parallelized version.

Clearly, small angles between the subspaces will entail a slow convergence of the alter-
nating projections method. As pointed out in Section 2.2.1.3, the method can be sped up
if we rather consider relaxed variants. Thanks to the linearity of the projection operator
onto subspaces, when these lay in a finite-dimensional (Euclidean) space, projection met-
hods reduce to matrix iterations. Taking advantage of this fact, optimal convergence rates
for RAP (2.10) and PRAP (2.11) have been obtained in [26]. By following an analogous
matrix analysis, the rate of convergence with optimal parameters for GAP (2.12) has been

recently given in [100]. The results for the three methods are gathered next.
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Theorem 2.8 (Optimal parameters and rates for RAP, PRAP and GAP). Let
U and V' be two linear subspaces in the Euclidean space R" and let 0r and 0, be the
Friedrichs angle and the largest principal angle between U and V', respectively. Consider

the relazed, the partial relaxed, and the generalized alternating projections methods (2.10),
(2.11) and (2.12), respectively, applied to U and V. Then the following hold.

(i) The RAP method attains its smallest optimal rate of linear convergence

1 —sin?fp 2
*(RAP) = ———, P o= —m——.
7 ) 1 + sin0p - a 1 + sin0p

(ii) The PRAP method attains its smallest optimal rate of linear convergence

.2 .2
sin“ 6, — sin® 0 2
P at o =

sin? 0 +sin? 6, sin? 0 +sin® 6,

v (PRAP) =

(#ii) The infimum of the linear convergence rates of the GAP method attains its smallest

value

1 — sinfp L o — 1 and of — o 2
= at o =1 ana o =0, = ——.
1+sinfp’ ! 2 1+sinfp

7 (GAP)
Proof. (i) See [26, Theorem 3.6]. (ii) See [26, Theorem 3.7]. (iii) See [100, Theorem 2]. [

2.2.1.5 Alternating projections in the nonconvex setting

The method of alternating projections is also popular in nonconvex settings. Local linear
convergence of the method is usually analyzed by assuming some regularity property of
the individual sets (proz-regularity, super-reqularity or Clarke-regularity, among others)
and of their intersection (transversality or subtransversality). See [132] for a unifying

discussion on different notions of regularity of sets and collection of sets.

The first results achieving local linear convergence of alternating projections for non-
convex sets appeared in [137, 138]. This analysis has been later extended by requiring
weaker or different regularity properties (see, e.g., [45, 46, 51, 116, 147]). Specific applica-
tions include, for instance, inverse problems such as image recovery [136] and systems of
linear equations with sparsity constraints [44, 117]. For further applications of alternating
projections method for convex and nonconvex problems we refer the reader to [98] and

the references therein.
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2.2.2 The Douglas—Rachford algorithm

We now turn our attention to a different projection method. It is commonly known as the
Douglas—Rachford (DR) algorithm, since it was originally proposed in 1956 by J. Douglas
and H.H. Rachford [89] for solving a system of linear equations arising in heat conduction
problems. However, Lions and Mercier [140] were the ones who successfully extended the
algorithm for solving feasibility problems with arbitrary closed and convex sets in 1979.
Actually, such an extension provided an splitting algorithm for finding a zero of the sum of
two maximally monotone operators, a more general framework that covers the convergence
of the scheme in the convex feasibility setting. We recommend [47, Appendix] to the reader
interested in the connection between the original algorithm and the extension of Lions and
Mercier. The method was more generally studied in 1992 by Eckstein and Bertsekas [91].
Further significant contributions are due to Bauschke, Combettes and Luke [38] in 2004,
who deeply investigated the convex feasibility framework, to Svaiter [167] in 2011, who
stablished the convergence of the sequence of interest, and to Bauschke and Moursi [48],

who have recently provided in 2017 an exhaustive analysis of the inconsistent case.

2.2.2.1 The Douglas—Rachford algorithm for two closed and convex sets

Given two nonempty, closed and convex sets A, B C H, the DR algorithm is the fixed
point iteration generated by the Douglas—Rachford operator defined by

Id+RpR4

: (2.14)

TA,B =

The algorithm iterates by computing an average between the current point and two con-
secutive reflections (see Figure 2.5). For this reason, the DR algorithm is also known as

the averaged alternating reflections (AAR) method.

FIGURE 2.5: Geometric interpretation of the Douglas—Rachford iteration.
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Since reflectors with respect to convex sets are nonexpansive, the Douglas—Rachford
operator is j-averaged (in fact, firmly nonexpansive according to Proposition 1.8(ii)).
Therefore, the convergence of the algorithm only depends on the nonemptiness of the set
of fixed points of the operator. Furthermore, when they exist, these fixed points need
to be useful for solving the feasibility problem. Let us show that this is indeed the case.
Observe that

ANB CFix(RgRa) = FixTy .

Moreover, x € Fix(RpR,) if and only if
x = (2Pg —1d)(2Ps — 1d)(z) = 2Pp(2Pa(x) — z) — 2Pa(x) + x;

that is,
re€FixTyp < Pp(28Ps(z) —z) = Pa(x).

Consequently, we have P4(FixT4 ) = AN B and thus the algorithm will be convergent
provided that AN B # (). The set of fixed points was completely characterized in [38].
Thanks to the results in that work, together with the ones in [48, 167], the behavior of the
algorithm is fully determined in the convex feasibility setting. The next theorem collects

the main results regarding the behavior of the algorithm.

Theorem 2.9 (Douglas—Rachford method). Let A, B C H be nonempty, closed and
conver sets and let v := P;—p5(0). Given any xy € H, consider the Douglas—Rachford

iteration generated by

T + RBRA(ZL’k)
2 )

Ty = fork=0,1,2,.... (2.15)

Then the following hold.

(i) If AN B # 0, then (x1)22, is weakly convergent to a point z* € Fix(RpR4) and
(Pa(zr))peg — Pa(z™) € AN B.

(ii) If AN B =0, then ||lvg|| — +oo. Further, ifv € A— B then
(Pa(zp))peg — a* € AN (v+ B).

Proof. (i) See [38, Theorem 3.13 and Corollary 3.9] and [167, Theorem 1]. (ii) See [24,
Corollary 2.2] and [48, Theorem 4.5]. O
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REMARK 2.10. The fixed point given in Theorem 2.9(i) may already be laying in the in-
tersection, i.e., z* € AN B, which would solve the problem (see Figure 2.6(a)). However,
this will not be the case in general, and we shall need to compute P4(z*) to generate a so-
lution (see Figure 2.6(b)). Hence, the sequence of interest is not (zx)72, but (Pa(xk))5,,
which is known as the shadow sequence.

Although the DR sequence is unbounded when the sets do not intersect, according
to Theorem 2.9(ii) the shadow sequence remains convergent to a point a* if the distance
between the sets d(A, B) is attained. In this case, (a*, Pg(a*)) would be a best approxi-

mation pair (see Figure 2.6(c)).

Zo

A Pax™ - -Pawy Paxg A PAi*- --Pyx1 Ppxg A a*-Pyx1 Paxo

(a) ANB#0Panda*€ ANB (b)) ANB#Qbuta*¢g ANDB (c) ANB =10

FIGURE 2.6: Behavior of the Douglas—Rachford algorithm in three possible scenarios.

The DR algorithm also provides a solution to the best approximation problem when
it is applied to closed (affine) subspaces (see, e.g., [27, Corollaries 4.4 and 4.5]). However

this is not the case for arbitrary convex sets (see Figure 2.7).

Lo

A

B B

/@/Iﬁ /PA”B(“UO) xTg = a*

(a) Both sets A and B are closed subspaces. (b) B is closed subspaces but A is a half-space.
The method converges to * = Panp(xo) The method converges to some point in AN B

FIGURE 2.7: Failure of the Douglas—Rachford method for solving the best approximation pro-
blem for arbitrary convex sets.
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2.2.2.2 Extensions for finitely many sets

We discuss now the range of possibilities for the Douglas—Rachford scheme to be applied
to more than two sets. Let us consider first the case of three sets A, B,C C H. An

obvious approach would be considering the fixed point iteration generated by

Id+RcRpRA

5 (2.16)

TyBc =

This scheme will remain convergent since the operator in (2.16) is still firmly nonexpansive
and has nonempty set of fixed points provided that the three sets intersect. However, the

reached fixed point may fail to produce a point in the intersection (see Figure 2.8).

B

Raxo RpRaxg

C

A 29 = RcRgRaxg

F1GURE 2.8: Failure of the 3-sets Douglas—Rachford iteration.

Therefore, alternative approaches must be addressed, some of which are presented

next. Assume that C,Cy, ..., C,. C H are closed an convex sets.

Douglas—Rachford in the product space As pointed out in Section 2.1.1, we can

always turn to the product space reformulation. In this context, given r arbitrary starting

points 19, Z20, ..., Tr0 € H, the iterative scheme can be expressed as
for k=0,1,2,...:
1 r
= = . X s
Ph = 7 2 Tk (2.17)

fori=1,2,...,7:
L Tik+1 = %%k + %Rci@pk — Tik)-
Hence Theorem 2.9 guarantees the convergence of (2.17). We chose here to compute first

the reflection with respect to the diagonal D, so that the shadow sequence, (Pp(z))%s

can be identified with (px)72,. Thus, the latter sequence will converge weakly to a common
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point of the sets, whenever it exists (see Figure 2.9(a)). Observe that the projections onto
the sets can be parallelized and simultaneously computed. However, as many points as
number of sets need to be stored at each step to compute the next iteration. This makes

the algorithm intractable when the number of constraints is large.

Cyclic Douglas—Rachford Instead of the operator in (2.16), Borwein and Tam [57]
introduced the cyclic Douglas—Rachford operator defined as

Ticy 0s,..c) = Te,ai o, 0 Toy o (2.18)

The fixex point iteration generated by this operator, known as the cyclic Douglas—Rachford
method, does allow to address a convex feasibility problem defined by an arbitrary number
of sets, without having to turn to the product space reformulation (see [57, Theorem 3.2]).
The algorithm iterates by cyclically applying the classical Douglas—Rachford method to
pairs of sets (see Figure 2.9(b)). The analysis of the method in the inconsistent case was
developed in [59], and a further extension of the algorithm has recently been proposed

n [17]. Observe that
Tiap :=TpaTap # Ta,s,

that is, (2.18) does not coincide with the classical DR operator for r = 2. Alternatively,
Bauschke, Noll and Phan [50] proposed the cyclically anchored Douglas—Rachford method,

which does turn into the original DR when dealing with two sets.

T1,0

Lo

T5 3T 20

. T‘Z/vﬂ}e’?wo

| G | G
Cs Cs

(a) Douglas—Rachford in the product space (b) Cyclic Douglas—Rachford method

FIGURrE 2.9: Tlustration of two versions of DR for finitely many sets.
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2.2.2.3 Some modified and relaxed versions

Some relaxations or modifications can be considered in the classical Douglas—Rachford
algorithm, leading to different variants of the method. Three of them are presented next,

whose iterations are illustrated in Figure 2.10.

Generalized Douglas—Rachford The generalized Douglas—Rachford (GDR) method
is the most evident generalization, which is in fact the method studied by Eckstein and

Bertsekas in [91]. The algorithm relies on iteratively applying a general a-averaged version

1

of the DR operator, rather than a ;-averaged; i.e.,

Tir1 = Tapal(zr) = (1 —a)xp + aRgRa(vg), with a €]0,1]. (2.19)

Note that for a = % it becomes the classical Douglas—Rachford.

Relaxed Averaged Alternating Reflections Luke proposed in [142] the relazed
averaged alternating reflections (RAAR) method, whose iteration is defined as an average

between the classical DR and the projection onto the first set; i.e.,
Thy1 = (1 — ﬁ) PA(Z'k) + ﬂTAyB(xk), with ﬂ € ]0, 1[.

This scheme is proved to converge even for inconsistent feasibility problems, without
turning to the shadow squence, as long as the distance between the sets is attained. In
that case, the method provides a best approximation pair. It is worth to mention that a

more general relaxed version of DR has been recently proposed by Thao [171].

Circumcentered Douglas—Rachford Motivated by the “spiraling dynamics” shown
by DR when applied to subspaces (see Figure 2.7(a)), Behling, Bello Cruz and Santos
considered an accelerated version of the algorithm in [52]. It is called the circumcentered
Douglas—Rachford (CDR) method, since the new point at each step is computed as the

circumcenter of the triangle implicitly generated by the classical DR iteration; that is,
Tp1 = Crlzy, Ra(wy), RpRa(wy)], (2.20)

where Cla,b,c] denotes the circumcenter of the triangle of vertices a, b and c¢. The
method requires the sets to be closed subspaces, otherwise the circumcenter may not be

defined. For one-dimensional subspaces the algorithm always converges in one iteration.
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B Tkl

RBRAmk

(a) GDR with o = 0.8 (b) RAAR with 8 = 0.4 (c) CDR

FIGURE 2.10: One iteration of GDR, RAAR and CDR methods.

2.2.2.4 Rate of convergence for subspaces

The rate of convergence of the Douglas—Rachford method when applied to two closed
subspaces in a Hilbert space was analyzed in [27]. In that setting, the method converges
strongly to the projection of the starting point onto the intersection. Further, the rate of

convergence turns out to be the cosine of the Friedrichs angle between the subspaces.

Theorem 2.11 (Rate of convergence of DR for two closed subspaces). Let U
and V' be two closed subspaces of H and let cg := cp(U, V') be the cosine of the Friedrichs
angle between them. Then, for any xo € H,

| PuThy (20) — Puav (z0)|| < cillzoll,  for allk=0,1,2,.... (2.21)

Proof. See, e.g., [27, Theorem 4.3]. ]

The rate cp in (2.21) is in fact the tightest possible since, as shown in [27, Theo-
rem 4.3(1)], it holds that

|PuThy — Porv|| =cf, forallk=1,2,....

REMARK 2.12 (Comparison with AP). Taking into account Theorems 2.7 and 2.11, the
DR method proves to be twice slower than AP, when applied to a pair of closed subspaces.
In practice, however, the shadow sequence of DR presents an oscillatory behavior with
non-monotone progress (see [27, Figure 1]). This causes some unexpected situations

where, at a certain iteration kg, it might hold that

| PuT %20 — Puavao|| < ||(PuPy) o — Puavaol| -
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One may think that an appropriate tuning of the relaxation parameter involved in the
generalized Douglas—Rachford algorithm (2.19) could speed up the method. However, the
following result, wich summarizes the analysis of the rate of convergence of GDR in finite-
dimensonal spaces given in [26], proves that the classical Douglas—Rachford algorithm is

always faster.

Theorem 2.13 (Optimal parameters and rates for GDR). Let U and V be two
linear subspaces in the Fuclidean space R™ and let O be the Friedrichs angle between

them. Then the optimal rate of linear convergence of the generalized Douglas—Rachford
method (2.19) applied to U and V' is

Y(GDR) = \/a(2 — a) cos2 0 + (1 — a?).

Hence, the method attains its smallest optimal rate of convergence
* * 1
v (GDR) = cosfp, ata* = 5

Proof. See [26, Theorem 3.10]. O

The cosine of the Friedrichs angle is also a rate of linear convergence for the Cir-
cumcentered Douglas—Rachford method (2.20) (see [52, Theorem 1]). Then CDR will
converge at least as fast as the classical Douglas-Rachford algorithm does. However it is
not known how sharp this rate is. The numerical experiments in [52] suggest that CDR

has a better performance than DR.

2.2.2.5 Generalization for monotone operators

The Douglas—Rachford scheme can be more generally applied to monotone operators [140].

In this context, the DR algorithm can be used to solve problems of the form
Find z € zer(A+ B) = {x € H | 0 € Az + Bz}, (2.22)

where A, B : H = H are maximally monotone operators. The general structure of the
iteration is the same as in the feasibility context, but replacing the projectors onto the

sets with the resolvents J4 and Jg of the operators, i.e.,

1 1
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In fact, a convex feasibility problem of the form
Find x € C1 N Cy,
can be written in the form (2.22) by taking A = N¢, and B = N¢,. Indeed, we have that
reCiNCy < 0€Ng (zr)NNg,(xr) < 06 Ng,(x)+ Ne,(x). (2.24)

Moreover, as shown in Example 1.25(ii), the resolvent of a normal cone to a convex
set coincides with the projector onto the set, and thus (2.23) becomes the classical DR

iteration for solving feasibility problems (2.15).

Observe that in the case when the operator A + B is also maximally monotone, pro-
blem (2.22) could be addressed with the proximal-point algorithm given in Theorem 1.30.
However, this approach would only be viable when the resolvent of the sum J4,p was
readily computable, something rather unusual. By contrast, the Douglas—Rachford split-
ting algorithm exploits Proposition 1.28(i) and permits to find a zero of the sum of two
maximally monotone operators, with no further assumptions on the operators and only
involving individual evaluations of their resolvents. Some of the main convergence pro-
perties of the algorithm, stated in its most general form, are collected in the following

result.

Theorem 2.14 (Douglas—Rachford splitting algorithm). Let A, B : H == H be
mazimally monotone operators such that zer(A+ B) # 0, let v > 0 and let (\),ey be a
sequence in [0,1] such that Y ;-  A(1 — A\g) = +o00. Given any xy € H, set

Tht1 = (1 — >\k)$k + AkR’yBR’yA(:Bk')y fork=0,1,2,....

Then there exists x* € Fix (R,pR4) such that following assertions hold.

(i) (Tpy1 — Tk) ey converges strongly to 0.

(i) (zg)pe, converges weakly to x*, and Jya(xz*) € zer(A+ B).
(i11) (Jya(xr))pe converges weakly to Joya(z*).

(iv) Suppose that either A or B is u-strongly monotone for some constant 1 > 0. Then
(Jya(zk))pe, converges strongly to the unique point in zer(A + B).

Proof. See, e.g., [35, Theorem 26.11]. ]
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The assertion in Theorem 2.14(iv) can be still guaranteed even when A, = 1, for each
k=0,1,.... In fact, this limiting case corresponds to the well known Peaceman—Rachford
algorithm [150].

Theorem 2.15 (Peaceman—Rachford splitting algorithm). Let A, B : H = H be
mazimally monotone operators such that zer(A+B) # () with A being p-strongly monotone

for some constant p > 0, and let v > 0. Given any o € H, set
Tp1 = RypRya(xy), fork=0,1,2,....

Then (Jya(zr))pe, converges strongly to the unique point in zer(A + B).
Proof. See, e.g., [35, Proposition 26.13]. ]

The problem of finding a zero in a finite sum of maximally monotone operators can be
tackled again by an appropriate extension of the Pierra’s product space formulation exhi-
bited in Section 2.1.1. The following result collects the fundamentals of the reformulation

within this context.

Proposition 2.16 (Product space reformulation for operators). Given a finite
family of operators A; - H = H, i =1,2,...,7, consider the product Hilbert space H as
in (2.3) and the diagonal set D as in (2.4). Define the operator A : H = H by

A(x) = Ay(x1) X Ax(x9) X -+ - X Ap(z), Vo= (x1,29,...,2,) € H. (2.25)

The following hold.
(i) The resolvent of A can be computed as

‘]A(w) = ‘]Al(xl) X ‘]Az(xQ) X X JAT(‘rT)7 Va = (Ilax%' - 7~Tr) €.

Further, the operator A is (mazimally) monotone whenever Ay, A, ..., A, are so.

(ii) The normal cone to D is a maximally monotone operator described by

{u=(w,ue,....,u,) eH | _u; =0}, ifeeD,
0, otherwise.

(iii) zer (A + Np) =g (zer (3°i_ Ay)).

Proof. See, e.g., [35, Proposition 26.4]. ]
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2.2.2.6 The Douglas—Rachford algorithm in nonconvex settings

The Douglas—Rachford algorithm has recently gained much popularity, in part thanks
to its good behavior in nonconvex settings. In this framework, observe that the DR
operator may be multivalued due to the fact that the projection onto nonconvex sets is
not necessarily unique. Therefore, the equality in (2.15) must be replaced by an inclusion,

and the iteration takes the form
Tp41 € TA,B(fEk) = {.Ik +b,—ar €H:a € PA(xk),bk S PB(Qak — Jik)} (2.26)

Despite that the convergence of the algorithm is only guaranteed for convex sets, the
method has been successfully employed for solving many different nonconvex optimization
problems; specially those of combinatorial nature. Some of these applications include,
among others, matrix completion [8], protein conformation determination [58], phase
and bit retrieval [39, 93, 95], differential equations [133], and a wide variety of NP-hard
problems such as Sudoku, 3-Satisfiability and graph coloring [10, 94].

However, the theory is much more limited. There are very few results explaining why
the algorithm works in nonconvex settings, and even less justifying its good global per-
formance. The first nonconvex scenario was considered by Borwein and Sims [60]. They
proved local convergence of the Douglas—Rachford iteration near each of the intersection
points of a line and a sphere in a Euclidean space. Specific regions of convergence were
later provided by Aragén Artacho and Borwein [6]. It was finally Benoist [54] who, via
the construction of a Lyapunov function, established the convergence of the algorithm for
every starting point not lying on the hyperplane of symmetry. Lyapunov functions are
powerfool tools in difference inclusions whose existence guarantees the convergence of the
iteration. By using this approach, Dao and Tam [79] proved global convergence of the
Douglas—Rachford algorithm for finding a zero of a function, with applications to several

nonconvex feasibility problems.

From a different perspective, Aragén Artacho, Borwein and Tam [9] proved global con-
vergence for the case of a halfspace and a potentially nonconvex set (possibly finite). We
make use of this scenario to illustrate in Figure 2.11 the difference between the behavior of
Douglas—Rachford and alternating projections when addressing combinatorial problems.
While AP usually gets stuck in those points which are close to be solutions (as it finds a
local best approximation pair), DR is satisfactorily capable to escape from them (thanks
to Theorem 2.9(ii)). Even so, the Douglas—Rachford algorithm does not break free from
getting caught by cycles in other nonconvex settings. Althought this is something that
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does not seem to happen very often, it may be hard to detect. It is worth to mention
that the cycling of the algorithm for a simple inconsistent nonconvex feasibility problem,

specifically, a hyperplane and a doubleton, has been recently analyzed in [41].

(a) Alternating projections (b) Douglas-Rachford

FIGURE 2.11: AP and DR algorithms applied to a finite set and a halfspace.

Local convergence of the algorithm in nonconvex settings has been established, for
instance, for the case of a line and an ellipse or a p-sphere [56], and for union of convex
sets [49]. Other results regarding local convergence are usually obtained by requiring

regularity properties of the sets and/or of their intersection, see e.g. [40, 116, 117, 151].

2.3 Projection algorithms for best approximation problems

The two methods described in the previous section solve best approximation problems
when the involved sets are closed affine subspaces. However, they only solve feasibility
problems for more general sets. There are other approaches based on individual pro-
jections onto the sets to solve best approximation problems. These are sometimes called
best approximation methods. A good variety of them has been recently collected in [43,
Section 4.2], see also [35, Chapter 30]. In this section we shall focus on Dykstra’s algo-

rithm, Haugazeau’s algorithm, Halpern’s algorithm and Combettes’ algorithm.

2.3.1 Dykstra’s algorithm

Dykstra’s algorithm is probably the most well-known best approximation algorithm. It
arose as a suitable modification of the method of alternating projections that forces strong

convergence to the solution of the best approximation problem. The method was first
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proposed by Dykstra [90] in 1983 for closed and convex cones in Euclidean spaces, and
then extended by Boyle and Dykstra [61] in 1986 for arbitrary closed and convex sets in

a Hilbert space. An in-depth discussion on the algorithm can be found in [28].
Theorem 2.17 (Dykstra’s algorithm). Let A, B C H be nonempty, closed and convex
sets and let v := Pz—%(0). Given any xy € H, define py := qo := 0 and set
fork=0,1,2,...:
apt1 = Pa(@e +pr);  DPrr1 = T+ P — Qe (2.27)
Tt = Pplaksr + qr); Qo1 = Q1 + @ — Thtr-
Then x), — ar — v and exactly one of the following holds:
(1) ve B— A and (x1)52, converges strongly to Paivnp(%o);
(ii) v¢& B— A and ||zg|| — +o0.
Proof. See, e.g., [28, Theorem 3.8]. ]

REMARK 2.18. Dykstra’s iteration (2.27) can be seen as a modified version of AP (2.7)
perturbed by the sequences of increments (pi)32, and (gx)5>, (see Figure 2.12). Thank
to this, the convergence of the algorithm becomes strong and the limit point is not only
a point in the intersection but the closest to the starting point. It can be proved that the
sequences of increments have no effect when the method is applied to affine subspaces, so

in this context, Dykstra’s algorithm coincides with AP (see, e.g., [81, pp. 215-216]).
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FiGURE 2.12: Tlustration of Dykstra’s algorithm.
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REMARK 2.19. Theorem 2.17 states a complete characterization of Dykstra’s iteration
for non-necessarily consistent problems. Note that the algorithm behaves similarly to AP
in the three possible scenarios considered in Figure 2.1, but Dykstra’s algorithm always
provides the nearest best approximation pair to the initial point, if it exists (particularly,

the closest point in the intersection when the problem is consistent).

Although we have presented the algorithm to deal with two sets, Boyle and Dykstra [61]
directly provided a version for finitely many sets, which is usually known as the cyclic
Dykstra’s algorithm (see, e.g., [35, Theorem 30.7]). A parallelized version can be con-
structed by turning to the product space reformulation. It is worth to mention that such

a variant of the algorithm was originally introduced by Gaffke and Mathar [105] in 1989.

2.3.2 Haugazeau-like algorithms

The Haugazeau-like algorithms introduce a projector onto the intersection of two half-
spaces, which can be explicitly computed, combined in a suitable manner with another
projection algorithm. This combination ensures the strong convergence of the algorithm
to the closest point in the set of fixed points. In the following result we show Haugazeau’s

algorithm on its basic form, which was first proposed by Y. Haugazeau [115] in 1968.

Theorem 2.20 (Haugazeau’s algorithm). Let A, B C H be nonempty, closed and
convez sets such that AN B # (). Consider the operator Q : H X H x H — H defined by

2, if p=0and x > 0,
Qz,y,z) =4 4+ (1+ %) (z—y), if p>0 and xv > p,
y+2(x(@—y)+ulz—y), ifp>0andxv <p;

where

x=(&—yy—z, pn=lz—yll’, v=Iy—2" and p=pmw—x>

Given any xo € H, set
fork=0,1,2,...:

Uk = Q(x0, Tk, Pa(y)), (2.28)
Tp+1 = Q(%o, Yk, PB(yk))

Then (z1)52, converges strongly to Panp(x).

Proof. See, e.g., [35, Corollary 30.15]. O
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We illustrate the iteration of Haugazeau’s algorithm in Figure 2.13.

B Q

Pynpro =71  PrYo

FiGure 2.13: Illustration of Haugazeau’s algorithm.

Thanks to the weak-to-strong convergence principle given in [34], different modificati-
ons of the method have been obtained. For instance, a Haugazeau-like averaged alternating
reflections (HAAR) method was constructed in [37].

2.3.3 Halpern’s algorithm

Another scheme is the one originally proposed by Halpern [114] in 1967. This method
can be seen as a modified version of the Krasnosel’skii-Mann iteration given in Theo-
rem 1.13, whose strong convergence to the closest fixed point has been proved by different
authors, under different conditions for the parameters. The main contributions are due to
Lions [141] in 1977, Wittmann [175] in 1992, and Bauschke [25] in 1996. As a result, this
algorithm is sometimes called the Halpern—Lions—Wittmann—Bauschke (HLWB) method.

The scheme in the context of best approximation is presented in the following theorem.

Theorem 2.21 (Halpern’s algorithm). Let A, B C H be nonempty, closed and convex
sets such that AN B # 0, let z € H and let (\)72, be a sequence in |0, 1] verifying

M= 0, Y Me=-Fo0 and D [App — M| < 4o (2.29)

k=0 k=0

Given any xo € H, set

Tpy1 = )\kZ + (1 - /\k>PBPA<xk)7 fOT k= O, 1, 2, e (230)
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Then (xy)52, converges strongly to Panp(2).

Proof. See, e.g., [35, Theorem 30.1]. ]

REMARK 2.22. Observe that, unlike in previously mentioned fixed point iterations, the
sequence of parameters (\g)72, involved in Theorem 2.21 is not allowed to be constant.

The simplest choice for that sequence is then

1
A, =——, fork=0,1,2,.... 2.31
k 2—}—]{}’ or ) Ly 4y ( )

One can easily check that this sequence verifies the assumptions in (2.29).

The iteration generated by Halpern’s algorithm using the sequence in (2.31) is shown

in Figure 2.14.

FIGURE 2.14: Illustration of Halpern’s algorithm.

2.3.4 Combettes’ method

It is also worth to mention the work of Combettes [77], where a Douglas-Rachford-like
strongly convergent algorithm is proposed to compute the resolvent of the sum of max-
imally monotone operators. Particularly, under the strong CHIP property, the scheme
can be applied for solving best approximation problems. The algorithm was originally
introduced for dealing with finitely many operators by relying in the product space. The

corresponding version for solving best approximation problems is stated in the next result.
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Theorem 2.23 (Combettes’ algorithm). Let Cy,Cy,...,C, CH be nonempty closed
and convex sets such that N;_,C; # 0 and Nnr_c; = Noy, + Noy, +-+- Ne,.. Let z € H,
let v > 0 and let (A\;)52, be a sequence in |0,2] such that infi>o A, > 0. Given r arbitrary

initial points wy g, Wap, ..., Wy € H, set

fork=0,1,2,...:
P = 7 Diey Wik,
fori=1,2,... r:
w; gtz \ .
\‘ Yik = PCZ' ( ,yk_,_l,y >7 (232)

1 r
Tk = ;Zizl Yk
fori=1,2,... r:

{ Wigy1 = Wik + Me(2T8 — D — Yik)-

Then ()7, converges strongly to Pnr_ ¢,(2).
Proof. See [77, Theorem 2.8]. O

In Figure 2.15 we illustrate the iterative scheme of Combettes’ method with parameters

v = 0.5 and \; = 0.5, for projecting the point z = 0 onto the intersection of three sets.
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1103,0

FiGure 2.15: Illustration of Combettes’ algorithm.
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REMARK 2.24 (Splitting algorithms for computing the resolvent of the sum). Best ap-
proximation problems can be seen as particular instances of the problem consisting in
computing the resolvent of a sum of maximally monotone operators (under the strong
CHIP). Given a point z in the domain of Js~ 4, (i.e., in the range of Id + 37, A;), the

generalized version of the best approximation problem (2.2) can be stated as,
Find w = Jyr_ 4,(2), (2.33)

for some maximally monotone operators Ay, As,..., A, : H = H. This is indeed a
generalization of the best approximation problem (2.2). Note that, if the sets defining the
problem have the strong CHIP, by Example 1.25(ii), we have that

Pﬂ;;l C@(z) - JNﬂle cl(z) = JNcl-i-NcQ-i-...-ﬁ-Ncr (Z),
and thus (2.33) becomes (2.2).

(i) Combettes’ method was, in fact, originally proposed in [77] within this context, as
follows. Given Ay, Ay, ..., A, : H = H maximally monotone operators, and given
(wi)i_y C]0,1[ such that > ', w; = 1, consider the operator A : H = H defined by

Ai=w Ay + WAy + - F WA

If we consider the iteration in (2.32) but replacing, for each ¢ = 1,2,...,r, the

projector Fg, by the resolvent Jﬁ 4,;, then

x — Ja(2).
(ii) Another iterative approach can be found in [33], where Dykstra’s algorithm was
extended to monotone operators.

(iii) In [78], or the more recent work [3], the particular case of proximity mappings
(see Example 1.25(i)) is tackled.






Chapter 3

The averaged alternating modified

reflections method

In this chapter we present a new iterative projection method for finding the closest point
in the intersection of convex sets to any arbitrary point in a Hilbert space. This method
can be viewed as an adequate modification of the Douglas—Rachford algorithm. Precisely,
each reflector in the DR operator (2.14) is replaced by what we call a modified reflector,
which is defined for a given set C' C H as

28Pc —1d, with 8 €10, 1].

For this reason, the new algorithm is termed the averaged alternating modified reflections
(AAMR) method. Surprisingly, the slight modification in the reflector operators comple-
tely changes the dynamics of the sequence generated by the scheme. It permits to find,
not only a point in the intersection of convex sets, but the closest point in the intersection
to any arbitrary point in the space. Moreover, it forces the strong convergence of the
shadow sequence, which, like in the DR scheme, is the sequence of interest as it is the
one that converges to the solution of the problem. The convergence of the method is
conditioned to a constraint qualification to be held at the point of interest. In fact, it is
the strong CHIP property what fully characterizes the convergence of the AAMR method

for every point in the space.

We report some promising numerical experiments where we compare the performance
of AAMR against other projection methods for finding the closest point in the intersection
of pairs of finite-dimensional subspaces. Motivated by this, we obtain the rate of linear
convergence of the AAMR method in terms of the Friedrichs angle between the subspaces
and the parameters defining the scheme, by studying the linear convergence rates of

the powers of matrices. We further optimize the value of these parameters in order

95
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to get the minimal convergence rate, which turns out to be better than the one of other
projection methods. We also provide some others numerical experiments that demonstrate

the theoretical results.

The averaged alternating modified reflections algorithm belongs to the class of best
approximation methods introduced in Section 2.3. Recall that some of them have been
successfully extended to the monotone operator context (see Remark 2.24). This is also
the case for the AAMR: the scheme can be generalized so that it can be used to compute
the resolvent of the sum of two maximally monotone operators. This gives rise to a new
splitting method, and the standard product space reformulation permits to apply it for
computing the resolvent of a finite sum of maximally monotone operators. Based on this,

we propose two variants of such parallel splitting method.

The remainder of the chapter is structured as follows. In Section 3.1 we introduce the
AAMR operator and analize its main properties, as well as we establish some convergence
results for the new projection scheme. The rate of linear convergence of the method for the
case of two subspaces in a finite-dimensional space is addressed in Section 3.2. Finally,
in Section 3.3, we extend the algorithm so that it can deal with maximally monotone

operators to compute the resolvent of their sum.

3.1 A new best approximation algorithm

Given two nonempty closed and convex subsets A, B of a Hilbert space H and any point
z € ‘H, we are interested in solving the best approximation problem of finding the closest

point to z in AN B; i.e.,

Find w € AN B such that ||lw — z|| = ingHx—zH. (3.1)
TEAN

For any pair of parameters a € ]0,1] and 5 € |0, 1[, we introduce the averaged alternating
modified reflections operator (AAMR operator), which is the operator Ty gap : H — H
given by

Tapags:=(1—a)ld+a(20Pg —1d)(28P4 — 1d). (3.2)

Given any initial point o € H, we define a new projection method termed averaged
alternating modified reflections (AAMR) method, which is iteratively defined by

Lht1 = TA—z,B—z,a,B(xk)7 for k = 07 1, 2.... (33)
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If AN B # (), under the constraint qualification
2 — Panp(2) € (Nao + Np)(Panp(2)), (3.4)

we shall show (Theorem 3.17) that if a < 1, the sequence generated by (3.3) weakly

converges to a point x* such that
PA<Z + .T*) = PA(‘]B(Z),

and the shadow sequence (Pa(z + xi))p—, is strongly convergent to Psnp(z) (even when
a = 1), and thus solves problem (3.1). Although we show that the strong CHIP of {A, B}
at the point Panp(2) is sufficient but not necessary for the convergence of AAMR (see Ex-
ample 3.21), the strong CHIP turns out to be the precise condition to be required for the
convergence of the method for every point z € ‘H (see Theorem 3.17 and Proposition 3.22).

The Douglas—Rachford algorithm or, more precisely, its generalized version GDR (2.19),
can be seen as a limiting case of AAMR when =1 and z = 0 in (3.3). Nonetheless, the
behavior is remarkably different since, in general, GDR would only provide a point in the
intersection of the sets whereas AAMR would find the closest one to z.

Observe that some of the methods discussed in Section 2.3, and also AP and DR for
affine subspaces, produce an iterative sequence that converges to the projection of the
initial point onto the intersection of the sets. As it happens to Halpern’s algorithm and
Combettes” method, the initial point of AAMR can be arbitrarily chosen in the space.

Furthermore, it is important to point out that, in general, the set of fixed points of the
operator T4 p o is not equal to the intersection of the sets of fixed points of the operators
28Pg —1Id and 28P4 — Id. Therefore, the operator T4 p o s does not belong to the broad
family of operators studied in [154], see Remark 3.7(ii) for additional details.

3.1.1 The averaged alternating modified reflections operator

We begin this section with the following simple result that motivates the definition of

what we call a modified reflection.

Proposition 3.1. Let D be a nonempty subset of H and let T : D — H. If T s firmly

nonexpansive, then 26T — 1d is nonexpansive for any B € |0, 1].

Proof. Since T is firmly nonexpansive, the operator 57 is firmly nonexpansive for any
p €10,1]. The result follows from Proposition 1.8(i). O
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Definition 3.2 (Modified reflector). Let C' C H be a nonempty closed and convex set.
Given any 8 € )0, 1], the operator 25 Pc — 1d is called a modified reflector operator.

REMARK 3.3. Observe that for the case § = 1 it coincides with the classical reflector Re¢.
In general, for any 8 € |0,1] and any = € H, one has

(28Pc —1d)(x) = BRc(z) + fr —x = BRe(z) + (1 — B)(—x);

that is, (26 P — Id)(x) is a convex combination of Rc(x) and —z (see Figure 3.1).

FIGURE 3.1: Geometric interpretation of the modified reflector.

The next result shows that the modified reflector operators have a unique fixed point.

Proposition 3.4. Let C C H be nonempty, closed and convez, and let 5 € |0,1[. Then
Fix(28Pc —1d) = {8Pc(0)}.

Proof. First, notice that y € Fix(25Pc — Id) if and only if SPc(y) = y; that is,
Fix(28Pc — Id) = Fix(6P¢).

Since BPx(0) = Po(0)+(1—5)(0—Pc(0)), with 1—/ > 0, according to Proposition 1.2(iii)
we deduce that Po(5Pc(0)) = Po(0); and thus

BPC<O) c FIX(QBPC — Id)

The uniqueness directly follows from the fact that §P. is a contraction, since Py is firmly

nonexpansive (particularly nonexpansive) by Proposition 1.11. O
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Definition 3.5 (AAMR operator). Let A, B C H be nonempty, closed and convex sets.

Given « € 10,1] and 5 € ]0,1], we define the averaged alternating modified reflections
(AAMR) operator Ta pap: H— H as

Tapas = (1 —a)ld+a(28Ps — 1d)(28P4 — 1d). (3.5)

Where there is no ambiguity, we will abbreviate the notation Ta g by To .
Proposition 3.6. If A, B C H are nonempty, closed and convex sets, then the AAMR

operator T, 5 is nonexpansive for all a € |0,1] and 5 € ]0,1[. Moreover, if a € ]0,1[, then
T, 5 1s a-averaged, and thus strictly quasi-nonezpansive.

Proof. 1t is straightforward, in view of Proposition 3.1 and Proposition 1.8(ii).

A geometric interpretation of the AAMR operator T4 p o 5 is shown in Figure 3.2.

T
[0

~x -
e

(26Pp — 1d)(26P4 — 1d)()

FIGURE 3.2: Geometric interpretation of the AAMR operator.

It is important to emphasize that we require § < 1 in the definition of the AAMR
operator. The case f = 1 in (3.5) corresponds with the (generalized) Douglas—Rachford

operator DR g, given in (2.19), whose behavior is significantly different. In particular,

one has Po(Fix DRa po) = AN B, while P4(FixT,3) C AN B, as we show in the next
remark.
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REMARK 3.7 (On the set of fixed points of the AAMR operator).

(i) Observe that FixT, s = Fix((26Pg — 1d)(26P4 — Id)) for all a € ]0,1]. In fact,
x € FixT, 3 if and only if

r="Typs(x)=(1—a)r+a(20Pp —1d)(28Pa(x) — x)
(1 -

— (1- a)z + 20Ps(28Pa(x) — 1) — a(26PA(x) — 2)
=2+ 2a8Pp(2BPs(x) — x) — 20 Pa(x);

that is,
reFixT,p << Pp(28Pa(xr)—1x) = Pa(x). (3.6)

As a consequence, we have Py(FixT, g) C AN B. In general, though,
Py(FixT,3) # AN B.
For a simple example, choose any f € |0, 1] and consider the sets
A:=R* and B :={(r1,72) € R* |2, =1}.
Then, it can be easily checked using (3.6) that Fix T, s = {(1,0)} and

Pa(Fix T 5) = Pa({(1,0)}) = {(1,0)} £ AN B = B.

(ii) As a consequence of Proposition 3.4, Fix(28Ps —Id) NFix(28Pg —1Id) = () whenever
P4(0) # Pg(0). Hence, in general,

Fix Ty s = Fix ((28Pg — 1d)(28P4 — 1d)) # Fix(28P4 — Id) N Fix(28P5 — 1d).

For instance, consider the same example as in (i). By Proposition 3.4, we have
Fix(26P4 —1d) = {(0,0)} and Fix(26Pg —1Id) = {(8,0)}, while Fix T, 3 = {(1,0)}.
Therefore, the operator Ty g 3 does not belong to the broad family of operators
studied by Reich and Zalas in [154], which covers many projection algorithms, be-
cause they consider the general problem of finding x € (;_, FixU; # 0 for some

quasi-nonexpansive operators U; : H — H.

The following result shows that, in fact, the fixed points of the AAMR operator T, s

are very special.
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Proposition 3.8. Let A and B be two nonempty, closed and convexr subsets of H, and
let a €]0,1) and B €10,1[. If v € FixT, g, then AN B # () and

PA(J?) == PAQB(O).
Proof. 1f x € FixT, 3, we know by (3.6) that
Pa(x) = Py(26Pa() — 1),

which implies Ps(x) € AN B. Using twice the characterization of the projections given

in Proposition 1.2(ii), we obtain
<y—PA($),£IZ‘—PA(£E)> <0, VyeA, (37)

and

(y — Ps(x),28Ps(x) —x — Ps(x)) <0, Vye€B. (3.8)

Inequalities (3.7) and (3.8) hold simultaneously for any y € ANB. Then, by adding them,
we deduce
(y — Pa(z), —2(1 — B)Pa(z)) <0, Vye ANB.

As < 1, the factor 2(1 — f3) is strictly positive and can be removed. Therefore,
(y — Pa(x),—Pa(x)) <0, Yye ANB.

By Proposition 1.2(ii), we conclude that Ps(x) = Panp(0). O

In the next theorem we present a constraint qualification that characterizes the no-

nemptiness of the set of fixed points of the AAMR operator.

Theorem 3.9. Let A, B C H be nonempty closed and convez sets, and let o € |0, 1] and
B €10,1[. Then,

FiXTa”g?é(b =4 AﬂB#@ and _PAﬂB<O)€ (NA+NB) (PAQB(O)).

Proof. To prove the direct implication, pick any x € FixT, g. Then, by Proposition 3.8,
we have AN B # () and

Panp(0) = Ps(x) = Pp(28Pa(z) — ).
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Thus, by Proposition 1.4, we deduce that  — Panp(0) € Na(Panp(0)) and

(Zﬁ — 1)PAQB(0) —xr = QﬁPA(I‘) i PA(‘]B(O) S NB(PAQB(O)).

By taking d4 := m (x — Psnp(0)) and dp = 2(11—,3) (28 — 1) Panp(0) — ), we get

—Panp(0) = da + dp,
with da € Na(Panp(0)) and dp € Ng(Pangp(0)), as claimed.

To prove the converse implication, assume that AN B # (0, and let d4 € Na(Panp(0))
and dg € Np(Panp(0)) be such that

—PAQB(O) =dy+dp. (39)

Take
x = Panp(0) +2(1 — B)da. (3.10)

As < 1, we have 2(1 — 8)ds € Na(Panp(0)). Then, by Proposition 1.4, we get

PA(J?) =Py (PAQB(O)+2(1_/B)CZA) :PAQB(O). (3.11)
Hence,
QﬁPA(I‘) — T = Q/BPAOB(O) — PAQB<O) — 2(1 — ﬁ)dA (3 12)
= Parp(0) +2(1 — B)(—Panp(0) — da). '
Now, by combining (3.9) and (3.12), we have
28P4(z) — x = Parp(0) + 2(1 — B)dp. (3.13)
Then, we use again Proposition 1.4 in (3.13) to obtain
PB(QﬂpA(ZL‘) — CL’) == PAQB(O). (314)
Finally, from (3.11) and (3.14), we deduce
Py(z) = Pg(2fPa(x) — x), (3.15)

which implies x € Fix T, g, by (3.6). O
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The following corollary is a direct consequence of Theorem 3.9 and characterizes the

nonemptiness of the set of fixed points of the AAMR operator defining our iterative
method (3.2).

Corollary 3.10. Let A, B C H be nonempty closed and convex sets, and let o € ]0, 1]
and B €10,1[. Then for any z € H,

FiXTA—z,sz,a,ﬁ#@ <~ AQB#@ andz—PAmB(z) € (NA+NB) (PAHB<Z))-
Proof. According to Theorem 3.9, FixTa_. g p # 0 if and only if
(A — Z) N (B — Z) 7§ @ and — P(A,Z)Q(B,Z)(O) € (NA,Z -+ Nsz) (P(A,Z)Q(B,Z)(O)) .

Observe that (A —z)N (B —z) = (ANB)—z. Then (A —z)N (B — z) # () if and only if
AN B # (). Now, by Proposition 1.2(iv), we have

—PanB)-2(0) = —Panp(2) + z,

and then

(Na—: 4+ Np_.) (Pianp)—=(0)) = (Na + Ng) (Pang)-=(0) + 2)
= (Na + Ng) (Panp(2)),

which completes the proof. O

The next result shows that, when P4(0) = Pg(0), any point in the segment with
end points P4(0) and (28 — 1)P4(0) is a fixed point of the mapping T, 5. Thus, if
P4(0) = Pg(0) # 0, the mapping T, s has multiple fixed points.

Proposition 3.11. Let A, B C H be nonempty, closed and convex, and let o € |0, 1] and
B €10,1[. The following hold.

(i) If Pa(0) € B, then (28 — 1)P4(0) € Fix T 5.
(i1) If Pg(0) € A, then Pp(0) € FixT, s.
(111) If P4(0) = Pg(0), then

(1—2X(1 = B))Pa(0) € Fix Ty for all X € [0,1].
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Proof. The assertion in (i) can be deduced from the second part of the proof of Theo-
rem 3.9. Indeed, if P4(0) € B, then Pang(0) = P4(0). Since —P4(0) € Na(P4(0)), we
may take dy := —P4(0) and dp := 0 and (3.9) holds. Thus, taking x as in (3.10), we have

7 = P4(0) = 2(1 = 5)Pa(0) = (28 — 1) Pa(0),
which is a fixed point of T,, s by (3.15). Item (ii) is analogous to the previous one. Finally,
to prove (iii), use (i) and (ii) together with Proposition 1.12. O

Next, we show some results regarding the range of the operator Id =74 p 3, Which

will be useful later having in mind Theorem 1.15.

Lemma 3.12. Let A, B C H be nonempty, closed and convez sets, and let o € 10,1] and
B €10,1[. The following hold:

(i) © —Tapapg(x)=2ab(Ps(x) — Pg(20Pa(z) —x)), VreH;
(ii) ran(ld =Ta pap) = ran(Id —Tat. Br2s-1)20,) +4aB(8 — 1)z, Vze H.

Proof. Assertion (i) is straightforward from the definition of T4 g, 5. Indeed, for any

x € H we have

t—Typapx)=20—(1—a)r—a26Ps —1d)(26P4 — 1d)(z)
= a(z — (28Pp(28Pa(z) — x) + 2BPa(z) — x)
= 2af (Pa(z) — Pp(28Pa(z) — ).

To prove (ii), pick any z, z € H. By using the translation formula for projections given

in Proposition 1.2(iv), we obtain

Pa(x)—Pp(28Pa(z) — x)
= Pa.(v+2) — 2 — Pg(28Pas.(x+ 2) — 202 — x)
= Pay:(v+2) — 2 — Ppy2s-1:(20Par.(x+2) —x — 2) + (26 — 1)z
= Pa.(x +2) = Ppys—1): (2BPat.(z +2) — (v +2)) +2(8 — 1)z

Therefore, by assertion (i), we get

(Id =Ta pagp) (x) = (Id —TA+Z7B+(25,1)Z7Q,5) (x+2)+4aB(f—1)z, VzeH,

and we are done. O
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Theorem 3.13. Let A, B C H be nonempty, closed and convez sets, and let o € 10, 1]
and 5 € 10,1[. Suppose that one of the following holds:

(i) H is finite-dimensional;
(ii) int A # 0 or int B # ().
Then the unique element of minimum norm intan (Id =T, g) is 2av, where v := Py—75(0).

Proof. Let w be the unique element of minimum norm in ran(Id -7, 3). By Lemma 3.12(i),

we have
ran(ld =7, 3) C 2a5(A — B),

which implies that w € (2a5)A — B.
Suppose that (i) holds. Pick any a € 114, b € i B and set z,; := 5%2. Then,

by Lemma 3.12(ii), we have

ran (Id =T p.a,s) = ran (Id =Tz, 4, B+(26-1)200.08) + 208(a = b), (3.16)
with
28 — 1 1
b+ (28 —-1)zgp =b+ ——5—=(a—0)=b+ (1+—) a—>b
=a+ a-b =a+ ;
- 2(/8 . 1) - Z(l,b?

i.e., we have obtained that
a+ zap =0+ (28 — 1)zgp € 1i(A + 24p) N1I(B 4 (28 — 1)24p).

Hence, the mapping Ta+..,, , B+(28-1)z,.,a,8 has a fixed point according to Proposition 1.6(ii)
and Theorem 3.9, and therefore we deduce that 0 is the unique element of minimum norm

in ran (Id _TA+za,b,B+(2671)za,b,a,5)- Then, by (3.16), we get

Jwl]| = inf {||u]| : v € Tan (Id =T'a4 2, ,,B+28-1)20 p.0,8) + 20B(a —b)}
< 2afla —bl| + inf {|jul| : u € Tan (Id —Tas-, , B+25-1)20p.0.8) } (3.17)
= 2af|la — |,

and this holds for every a € ri A and every b € ri B.
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Now, choose any a € A,b € B. Then, there exist a pair of sequences {ay} C ri A,
{br} C riB such that ay — a and by — b, and by (3.17), we get

208la — b]| = 208 |

lim (@ — bk)H — 20 lim [Jay — byl > [w].
k—o0 k—o0
Thus, since (2a8) 'w € A — B and

1(2a8) " w|| < |la —b||, forallae A b€ B;

it must be that (2a8)"'w = P;—5(0), which proves the result assuming (i).

To prove the result when (ii) holds, if int A # @) (int B # (), then take any a € int A
and b € B (a € A and b € int B) and repeat the idea of the proof of the previous case but
using Proposition 1.6(i) instead of Proposition 1.6(ii). O

Next we present some translation formulas for the AAMR operator in the special case

when both sets are closed affine subspaces.

Proposition 3.14. Let U,V C H be closed affine subspaces with nonempty intersection.
Lety e UNV and let a € 10,1 and B € ]0,1[. Then, for any x € H,

TU>V7a76(I) = TU_y7V_y1a76(x> + TU,V,O(,B(())) (318)
and
TU,V,a7ﬁ(:E) = TU—y,V—y,a,ﬁ(m — ZL‘*) + 2?*, Vz* € Fix TU,V,a,ﬁ- (319)
Furthermore, one has
Fix TU,V,cx,B =z + Fix TU—y,V—y,a,ﬁv Vz* € Fix TU,V,O:,B' (320)

Proof. Because U — y and V' — y are closed linear subspaces of H, then F_, and Py _,
are linear mappings by Proposition 1.11. Denote the modified reflector operator onto any
set C' C H by Qp,c = 28FPc —1d. Then, the mappings (g ,—, and Qg _, are also linear.
Further, for any « € H, by Proposition 1.2(iv), we have

Qpu(r) =2BPy(x) —x =2BPy_y(x —y) + 20y —x
= 28Py_y(z) — 2z + 2B(Pu—y(—y) +y)
= Qpu—y() + 2Py (0) = Qsu—y(x) + Qpu(0).
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Similarly, we get Qg v (z) = Qav—y(x)+Qpsy(0). Combining these equalities together and

using the linearity of () _,, we obtain

Qs vQsu(r) = Qpv (Qpu—y(z) + Qsu(0))
) + Qpv—yQpu(0) + Qp v (0)
z) + QpvQsu(0),

= Qpv—yQpu—y

—_—~

= Qpv—yQpu—y

which implies (3.18).
Now take any z* € FixTyv,q,5. Then, by (3.18), we have

= Tyvas(@) = Toyv—yas(®) + Tuy.as(0).

By replacing Tyv.a,5(0) = —Ty—yv—y.aps(z*) + 2% in (3.18) and using the linearity of the
operator Ty_y v_y.a3, We obtain (3.19).

The last assertion easily follows from (3.19). Indeed, for any z* € Fix Ty, .45, one has

* *

w' € FixTyvas & Tuvesw)=w" & Ty yy yasw” —a")+2"=w

& w -z e FixTy_yv_yas,
which implies (3.20). O

We conclude this section by providing the following characterization of the set of fixed

points of the AAMR operator for closed linear subspaces.

Proposition 3.15. Let U,V C H be closed subspaces and let o €]0,1] and 5 €]0,1].
Then
Fix TU,V,&,B = UJ' N VJ'.

Proof. Observe that by (3.6) and Proposition 3.8, it holds that
T e FiXTU’Vﬂ’B =4 Pv(2ﬂpU<I> — .I) = PU(x) = PU[']V(O) =0.

Therefore, Py(z) = Py(x) = 0, which implies x € Ut N VL.
To prove the converse implication, pick any x € Ut N V+. Then Py(z) = Py(x) =0,

so we trivially have that
Pv<25PU(fL‘) — ZL‘) = PU(ZL‘),

and thus x € Fix Ty v, 5 by (3.6). O
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3.1.2 lterative scheme for finding the closest point in the intersection

In the main result of this section we show that the iterative method defined by the
AAMR operator in (3.3) is weakly convergent to a fixed point of the operators, and the
shadow sequence (Pa(z + x1));—, is strongly convergent to the solution of problem (3.1).
To proceed, we first provide the following lemma which contains a finer version of the

Krasnosel’skii-Mann algorithm in Theorem 1.13, for a Douglas-Rachford-like iteration.

Lemma 3.16. Let Ty, T5 : H — H be firmly nonexpansive operators and let (\g),—, be a
sequence in [0,1]. Consider T := (215 — 1d)(27} — Id) and suppose FixT # 0. Given any
xo € H, set

T = (1= M)z + M T (),  fork=0,1,2....

Then the following hold.
(a) If ZZOZO Ak(1 = Ag) = 400, then

(i) (Trs1 — Tp)pey converges strongly to 0;

(ii) (z)re, converges weakly to a point r* € FixT.

(b) Assume that Ty is p-cocoercive for some > 1, and suppose that either
Z/\k(l_/\k) =400 or MN=1, forallk=0,1,2....
k=0

Then (T1(zy))e, converges strongly to the unique point in Ty (Fix T).

Proof. Since T7 and T; are firmly nonexpansive, by Proposition 1.23, there exist two

maximally monotone operators A;, Ay : H = H such that
T, = Jyu, fori=12.
By assumption and Proposition 1.28(ii), we have that
zer(A; + Ag) = Ja, (Fix((2J4, — 1d)(2J4, — 1d))) = T1(Fix T) # 0.

Then, (a) follows from applying Theorem 2.14(i)—(ii) to A; and As.

Assume now that 7T} is p-cocoercive for some o > 1. Then, by Proposition 1.24, we
know that A; is (u — 1)-strongly monotone. Hence, assertion (b) is a direct consequence
of Theorem 2.14(iv), when Y 72 j Ax(1 — Ax) = +o00; or Theorem 2.15, when A\, = 1. O
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Theorem 3.17 (AAMR iterative scheme). Let A, B C H be nonempty closed and
conver sets. Fiz any a € 10,1] and any B € 10,1[. Given z € H, choose any xo € H and

consider the sequence defined by
g1 =Ta—2p-zaplar), fork=0,1,2,.... (3.21)

If ANB # 0 and z — Panp(z) € (Na+ Ng) (Panp(2)), then the following assertions hold.
(a) If « < 1, then

(i) (Tps1 — Tp)pey 1S Strongly convergent to 0;

(ii) (zr)pey is weakly convergent to a point a* € FixTa_, p_. ap such that
Pa(z + 1%) = Panp(2). (3.22)
(b) The shadow sequence (Pa(z + x1))5eq S strongly convergent to Panp(z).

Otherwise, if a < 1 then ||xy|| — oc.

Proof. First note that the projector operators P4, and Pg_, are firmly nonexpansive
by Proposition 1.11. Then, as § € ]0, 1], the operators

T, :=pPPy_., and 15 :=[Pp_.
are also firmly nonexpansive, and moreover %—cocoercive (with % > 1). Observe that
TaooBrap=(1—a)ld+a(21; —1d)(277 — 1d),
and then by Corollary 3.10, we get that
Fix((272 — Id)(2Th — 1d)) = FixTa_, 2.0 # 0.

Hence, we can use Lemma 3.16(a) with Az := « to show that the operator T4, p— a3

has a fixed point z* such that the sequence defined by (3.21) satisfies
xp — 2 and xp; —xp — 0, provided that o < 1;

and
BPA—z(wk) — ﬁPA_Z(l'*). (323)
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Moreover, by Proposition 3.8, we have
Pay(z%) = Pa—gnB-9)(0) = Panp—=(0), (3.24)
and, according to Proposition 1.2(iv), it holds that
Pirp—2(0) = Psnp(2) — 2z and Ps_,(z) = Pa(x + z) — 2, Vo € H. (3.25)

Thus, in view of (3.25), we get from (3.24) that Pa(z + 2*) = Panp(z), and then (3.23)
implies that Pa(z + x;) — Panp(z). This concludes the proof of statements (a) and (b).

The remaining case easily follows from Theorem 1.15(ii) together with the facts that
FixTa—.p—2ap =0, by Corollary 3.10, and that T4, g, g is a-averaged for a € ]0, 1],

according to Proposition 3.6. O

In Figure 3.3 we illustrate how the AAMR iterative scheme permits to solve a best

approximation problem according to the assertion in Theorem 3.17(a)(ii).

F1GURE 3.3: Illustration of the AAMR iterative scheme for two sets.

Observe that, once the limit point z* is reached, one needs to compute Pa(z + z*)
in order to solve the problem. Hence, as it happens with Douglas—Rachford (see Re-
mark 2.10), the sequence of interest is the one of the shadows (Pa(z + zx))72,. In fact,
the shadow sequence for the AAMR is strongly convergent to the solution point, by Theo-
rem 3.17(b). The dynamics of the AAMR iteration in the three possible scenarios covered
by Theorem 3.17 is illustrated in Figure 3.4, where for the sake of clarity we chose z = 0.
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= A A/A

Pan
(a) AN B # () and the constraint (b) AN B # @ but the constraint (c) ANB=10
qualification (3.4) holds qualification (3.4) does not hold

FI1GURE 3.4: Behavior of the AAMR algorithm in three possible scenarios.

REMARK 3.18 (Finer versions of the algorithm).

(i) It is straightforward to construct a version of the AAMR algorithm where the value
of the parameter o may vary across the iterations (see Corollary 3.41). Specifi-
cally, Theorem 3.17(a)—(b) still holds if one replaces (3.21) by the iterative method

Thy1 = (1 — ak)xk + Oék<26Psz — Id)(QﬁpA,z — Id)($k>, k= 0, 1, 2, RN

where {a;}22, C [0, 1] satisfies the appropriate conditions in Lemma 3.16.

(ii) Similarly, it is easy to include errors in the AAMR scheme, by using in the proof
of Theorem 3.17, a version of Lemma 3.16 derived from a refined Douglas-Rachford

splitting algorithm given in [77, Theorem 2.1].

Observe that, unlike for the shadow sequence, only weak convergence is asserted for

()32, in Theorem 3.17. As we show next, it becomes strong for closed affine subspaces.

Theorem 3.19 (Strong convergence of AAMR for affine subspaces). Let U and
V' be closed affine subspaces of H with nonempty intersection. Let o, 8 € |0,1] and let
z € H such that z — Pyav(2) € (U = U)* + (V = V). Then, for any xo € H,

k
Ty v—ap(@0) = Prixty .y ..0s(@0)-
Proof. Since U is a closed affine subspace, by Proposition 1.32(i), we have

Ny(x) = Ny_,(0) = (U —2)t = (U - U)*, forallzecU.



72 Chapter 3. The averaged alternating modified reflections method

Likewise, Ny (z) = (V — V)* for all z € V. Therefore, we have

2 — Pyryv(2) € (Ny 4+ Ny)(Pyav (2)),

and this implies, according to Corollary 3.10, that FixTy_,v_.aps # 0. Thus, taking
any y € UNV and any 2* € FixTy_,y_sap, sincey —z € (U —2) N (V — z), we can
apply Proposition 3.14 recursively to get

T[lfcfz,sz,oz,,B(x(J) = TC’?fy,ny,a,,B('xO - .Z'*) + iL'*,

and, moreover, FixTy_y v_y.ap # 0. Thus, using Theorem 3.17(a)(i), we obtain that

TgizllaV—y,aﬁ(xO —a") — Tll;fy,ny,a,B@jO —z*) = 0.

Since T—y v —y.a,p is linear, by Proposition 1.14, we deduce

T5 v —yaps(@o — &%) = Prixry_, v, 0s(To — 7).

Consequently,

T v —ap(®@0) = Prixty_yyyus(@o — ) + 3 = Prixry ... ,(%0),

where the last equality holds by Proposition 1.2(iv) and Proposition 3.14. O]

REMARK 3.20 (On the constraint qualification). If any of the conditions given in Proposi-

tion 1.6 (or in Proposition 1.33 for affine subspaces) holds, then the constraint qualification

2z — Panp(2) € (Na+ Np) (Panp(2))

holds at every point z € H, according to Proposition 1.4, and thus the convergence of the

sequence defined by (3.21) is guaranteed.

In [84, Theorem 3.2] and [81, Theorem 10.13], the existence of a point x* satisfying
(3.22) for every z € H is proved to be equivalent to the strong CHIP, for the particular case
where B = L~!(b), for some bounded linear operator L from H into a finite-dimensional
Hilbert space Y and b € Y. In addition, Deutsch an Ward proposed in [84] a steepest
descent method with line search for finding the point z*, whose linear convergence is

proved under the additional assumption that C' is polyhedral.
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If the sets A and B, with nonempty intersection, have the strong CHIP at the point
Pinp(2), then trivially z — Panp(z) € (Na + Np) (Panp(2)) and the scheme converges.
However, in the following example we show that the strong CHIP is not a necessary

condition for the AAMR method to converge for a particular point z € H.
Example 3.21. Consider the Hilbert space H = R? and define the sets

A:=(1,1)+B(0,1) and B:=(-1,1)+DB(0,1).
The pair {A, B} does not have strong CHIP at any point, since AN B = {(0,1)} and
(Na+ Np)((0,1)) =R x {0} #R* = Naqp((0, 1)).
If we take any z € R x {1}, then
2 — Panp(2) =2—1(0,1) e R x {0} = (N4 + Np)(Panp(2)),

and by Theorem 3.17, the AAMR method defined by (3.21) will generate a sequence that
converges to a point * such that Py(z*+2z) = {(0,1)}. On the other hand, if z ¢ Rx {1},
then

5 — PAQB(Z) g (NA +NB)(PAHB(Z>)a

and the sequence (xy)—, generated by (3.21) will be unbounded, i.e., ||zg|| — co. The two

possibilities are illustrated in Figure 3.5.

Panpz

Ze A

(a) ze Rx {1} (b) z¢ R x {1}
FiGUuRrE 3.5: Illustration of Example 3.21.
We have seen that even when the strong CHIP does not hold, the method can converge

for a particular point z € H. However, the following result establishes that if we want

the method to converge for every point in H, the strong CHIP will have to be required.
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Proposition 3.22. Let A, B C H be nonempty, closed and convexr sets with nonempty

intersection. Then the following assertions are equivalent:

(i) {A, B} has the strong CHIP;

(i) for all z € H,
2z — Panp(2) € (Na + NB)(Panp(2)).

Proof. Assume (ii). Take z € AN B and let y € Nanp(x). By Proposition 1.4,
Pinp(z+y) =z
Hence, by (ii), we have
y=x+4y— Panp(z+y) € (Na+ Np)(Panp(z +y)) = (Na+ Np)(z).

Therefore Nanp(x) € (Na + Np)(z). Since z is arbitrary in A N B and the reverse
inclusion always holds, then {A, B} has the strong CHIP, which proves that (ii) = (i).
The opposite implication clearly holds by Proposition 1.4. O]

We finish this section with the following result which, under some conditions, provides
the asymptotic behavior of the AAMR iteration for those situations where it does not

converge.

Corollary 3.23 (Asymptotic behavior of the AAMR iteration). Let A, B C H be
nonempty closed and convez, and define v :== Pr—5(0). Let a, € |0,1[ and let z € H.

For any xy € H, consider the iterated sequence defined by

Tir1 = Tazprap(er), fork=0,1,2,....
Suppose that one of the following holds:
(i) H is finite-dimensonal;
(ii) int A # 0 or int B # ().
Then, the sequence (x) — Tpy1)5, converges in norm to 2afv.

Proof. Since T'a_, p—. o is a-averaged according to Proposition 3.6, the result follows

from applying Theorem 1.15(i) together with Theorem 3.13. O
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REMARK 3.24. Observe that if the problem is consistent but the required constraint

qualification does not hold, i.e.,
ANB#( but z— Panp(2) € (Na+ N)(Panp(2)),

then Theorem 3.17(a)—(b) cannot be applied. Nonetheless, Corollary 3.23 asserts that if
any of conditions (i)—(ii) therein is satisfied, then Theorem 3.17(a)(i) remains valid. This
can be observed in Figures 3.4(b) and 3.5(b). Furthermore, if the sets are disjoint, then

the difference sequence allows us to measure the gap between them, since
ok — 2xs1| = 208d(A, B).

The latter scenario is illustrated in Figure 3.6, where the AAMR algorithm is applied to

two disjoint balls.

Lo

2a8v

FI1GURE 3.6: Asymptotic behavior of the AAMR iteration.

3.1.3 Finitely many sets

In this section we show how to apply the AAMR method to best approximation problems
defined by an arbitrary finite number of sets, as in (2.2). Therefore, given r nonempty,
closed and convex sets C1,...,C, C H, and given any z € H, we are interested in solving
the problem

Find w = Py_ ¢,(2).

In order to derive a version of the AAMR algorithm for finitely many sets, we turn to
the product space trick described in Section 2.1.1. To proceed, we need first to present
the following characterization, which permits to rewrite the constraint qualification (3.4)

in the product space.
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Lemma 3.25. Let C1,Cs,...,C. C H be nonempty closed and convex sets. Let H be
the product Hilbert space as in (2.3) and consider the sets C and D defined in (2.4). For
every x = j(z) € CN D, it holds that

(Ne(z) + Np(z))ND =3 (Z Ng, @:)) :

i=1
where j(z) = (z,z,...,x) € D for allx € H.
Proof. Let = j(x) € C N D. First note that, since C' is the product of r sets, then

Ne(x) = Ne, (x) X Ney(x) x - -+ x Ne, (@)

and moreover, by Proposition 2.16(ii), we know that

ND(a:):DL:{u:(ul,...,ur)e’}t:zr:ui:O}.

To prove the direct inclusion, pick any y € (Ne(x) + Np(x)) N D. Then y = j(y)
for some y € H verifying

y € Ng,(z) +u;, fori=1,...,r

with Y7, u; = 0. Thus, as N, (x) are all cones, we have y € Y | N¢, (), which yields

yej (Z Nci(x)) :

To prove the reverse inclusion, pick y = j(y) for any y € > ., N¢,(z). Then, there
exists d; € N, (x), for each i =1,...,r, such that y = >_7_, d;. Define

d:= (dy,dy,...,d.) € Nc(x) and wu:= (uj,us,...,u,.) € H,

where u; := y — rd;, for each ¢ = 1,...,r. Since

iui = i(y—rdi) = ry—ridi =0,
i=1 i=1

=1

we have u € D*. Hence, y = rd + u € Ng(x) + Np(z), and the result is proved. O
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We are now ready to prove the convergence of the AAMR method for finitely many sets.

Theorem 3.26 (AAMR scheme for finitely many sets). Let C,Cs,...,C. CH be
nonempty closed and convex sets. Let z € H and fix any «, 5 € |0,1[. Given r arbitrary

starting points x19,T20,...,%ro € H, set

fork=0,1,2,...:

1 r
foro=1,2,....r:

| ik = (1— 0)aig + a(28Pe,_. — 1) (26px — 5.

(3.26)

If (o1 Ci # 0 and 2 — Py_ ¢,(2) € i Ne, (Pr_, ¢, (2)), then the following hold:

(i) (Tig),y is weakly convergent to a point x;*, for eachi=1,2,...,7, and
z , - Xr; = Ni—, Ci Z);

(ii) the sequence (2 + i), s strongly convergent to Prr  ¢,(2).
Otherwise, at least one of the sequences (T1k)p s (T2.k)pegs - - -+ (Trk) g 15 unbounded.
Proof. Let # be the product Hilbert space as in (2.3) and consider the sets C and D

defined in (2.4). Define z := j(z) and for each £k =0,1,2, ..., set

L = ('Il,kv SR 7xT,/€) and Dy = ](pk)

In view of the expressions of Pc and Pp in Proposition 2.3, the iterative scheme in (3.26)
reduces to
L1 = TD,C—z,a,,@(mk)y k= O, 1, 27 e (327)

Observe that D — z = D, since D is a subspace containing z. Therefore, the operator
defining the iteration (3.27) is simply Tp—» c—z,,8. Observe also that (,_, C; # 0 if and
only if C N D # 0 by (2.5). Moreover, j (Prr_¢,(2)) = Penp(z) by (2.6), and then

by Lemma 3.25, we have
z — PCﬂD(z) € Nc + Np (PCQD(Z)) = - Pﬂ§:10¢(2> € ZNCz (Pmlrzlci(z)) .
=1

The result thus follows from Theorem 3.17. O
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The iteration generated by (3.26) in Theorem 3.26 is illustrated in Figure 3.7.

T2,0 L20

C
P

Re, (28po = @1,0)

(28Pc, —1d)(28po — 71,0)
Tl |
/

x1,0 — 28po T

3,
/ —1,0

K
3,0

Ficure 3.7: Illustration of the AAMR iterative scheme for many sets in Theorem 3.26.

REMARK 3.27. Some comments concerning Theorem 3.26 are given next.

(i)

(i)

(iii)

For simplicity, we have assumed that « € ]0, 1[. Nonetheless, Theorem 3.26(ii) still
holds if we set o = 1 in (3.26), according to Theorem 3.17(b).

If the sets C1,Cs, ..., C, are closed affine subspaces of H, then we can use The-
orem 3.19 instead of Theorem 3.17 in the proof, and therefore the convergence

in Theorem 3.26(i) becomes strong.

The order of action of the projections onto D and C' in (3.27) makes the shadow
sequence Pp(z + @) to lay in the diagonal. In this way, it can be identified with

the sequence in the original space (z + px)72, C H, which can be monitored.

Thanks to Lemma 3.25, it is straightforward to prove an analogous result to Pro-
position 3.22, showing that the strong CHIP of {C},...,C,} characterizes the con-
vergence of the iterative method (3.26) for every point z € H.

Comparison with Combettes’ method Let us now show some similarities (and dif-
ferences) between AAMR and the method by Combettes presented in Section 2.3.4. Com-

bettes’ algorithm relies on the product space H" and we can then express the recurrence
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in (2.32) as
A A wy + 72
Wp1 = (1 - ?k> w, + ?kRD (ZPC (#) — 'wk,) s (328)
i1 = PpPo(wiy1), (3.29)

for v > 0, and (A\g)52, € ]0,2] such that infz>o Az > 0. Observe that, by the dilatation

formula in Proposition 1.2(v) and the linearity of Rp given by Proposition 1.11, we have

wg + 72 1
Rp | 2P| ———— | — =Rp|(2—— (P, vz —
D( C( y+1 ) wk) D< 1 Plrnes (wi) +92) wk)

1 g
=Rp|(2——P, oz — Rp |2
D( 1 (v+1)C—~ (wy,) 'wk) + D( 7+1Z>

1 gl
=Rp|(2——P, _ — 2 )
D ( 1 (+1)C—yz (W) 'wk) + P 1Z

Thus, setting 8 := ﬁ and qy, 1= ’\—2’“, the recurrence in (3.28) can be expressed as

wisn = (L= a)w, + aRp (26Py o s, (0) —wy) +200(1= Bz (3.30)

or equivalently, in terms of the AAMR operator (3.5),

Wgy = T%c_#zp,ak,g(wk) +2(1 = B)axPp <25P%C_%z (wy) —wy, + Z> :
with 5 € ]0,1[ and oy, € ]0,1]. The latter scheme clearly differs from the AAMR iteration
in (3.27), even when z = 0 (compare also Figure 3.7 with Figure 2.15).

3.1.4 Numerical experiments

In this section we show the results of five different numerical experiments with the common

setting of
Find Pyay (7o), where U,V C R are closed subspaces such that U N’V # {0}.

We compare the new AAMR method with Combettes’ method (CM) given by (3.29)-
(3.30), the method of alternating projections (AP) (2.7), the Douglas-Rachford (DR)
method (2.15) (or GDR (2.19)) and Haugazeau’s method in its basic form (2.28); as well
as we test the influence of the parameters o and 8 in the behavior of the AAMR method
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to see which values give better results. We have also tested the HLWB method (2.30)
with the sequence in (2.31), but the obtained results are only shown in Figure 3.13, as

the method was clearly outperformed by all the other algorithms in our experiments.

Recall that within this context, the rates of linear convergence of AP and DR depend
on the Friedrichs angle between the subspaces (see Theorems 2.7 and 2.11). It was then
compulsory to take this angle into consideration in our numerical experiments. In our

tests we computed Friedrichs angles from principal angles, via Proposition 1.35.

Observe that, for DR and AAMR, the sequences of interest to be monitored are,

respectively,

[e.9] o0

(PU(DR’;J,V(QUO)))k:O and (PU<T5—:::0,V—xo,a,ﬁ(x0) + xO))k:O ’

as these are the sequences that converge to the desired point Pyny(zo); while for AP,
CM and Haugazeau’s method, the sequence ()72, given by the respective algorithm is
directly the sequence of interest. We used a stopping criterion based on the true error;
that is, we terminated the algorithms when the current iterate of the monitored sequence
(w72, satisfies

|we — Puav(wo)|| < e

for the first time (in real situations this information is not usually available). As in the

numerical experiments in [27], the tolerance was set to ¢ := 1073.

3.1.4.1 Influence of the parameter «

The purpose of our first experiment was to find out which value of « is optimal for
AAMR when it is applied to subspaces. To this aim, we randomly generated 1000 pairs
of subspaces and run the AAMR algorithm with a random starting point for each value of
a € {0.01,0.02,...,0.99,1} and 5 € {0.6,0.7,0.8,0.9}. In Figure 3.8 we have plotted the
best value of « (the one for which AAMR was faster) against the Friedrichs angle. For a

fair comparison in the subsequent tests, we performed the same experiment with CM.

In Figure 3.9 we show prototypical examples of the number of iterations required by
AAMR (and GDR as the limit case § = 1) to find a solution for four different angles.
It can be clearly seen that the optimal value of o for GDR is 0.5, as it was expected
by Theorem 2.13. For this reason, we use the classical DR (o = 0.5) in our subsequent
experiments, and set the value of a to 0.9 for AAMR, based on the results shown in Figu-

res 3.8 and 3.9. Although it is not so clear, the same choice appears to be sensible for CM.
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FiGURE 3.8: Best value of a with respect to the Friedrichs angle for 1000 pairs of random
subspaces for AAMR (left) and CM (right). For each 3, the average value of the best « is
represented by a dashed line.
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FI1GURE 3.9: Number of required iterations with respect to the value of o of GDR and AAMR
for three different values of the parameter f3.
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3.1.4.2 Comparison with other projection methods

Our second experiment consisted in replicating some of the tests performed in [27] to
compare DR and AP, adding this time the results of CM, Haugazeau’s method and the
new AAMR. We randomly generated 100 pairs of subspaces U and V in R*’. For each pair
of subspaces, 10 random starting points (with Euclidean norm 10) were chosen and each
of the five methods were applied. We realized that the parameter  has a big influence in
the behavior of the AAMR scheme, as can be observed in Figure 3.9. Thus, we computed
the sequences generated by the AAMR method for six different values of § (these values
were 0.5, 0.6, 0.7, 0.8, 0.9 and 0.99), and we did the same with CM. Although there is a
freedom of choice for the initial point in AAMR and CM, we took it as the point to be
projected, as this is the starting point that needs to be used by DR, AP and Haugazeau’s
method. The results are shown in Figures 3.11 and 3.12. For each pair of subspaces, the
horizontal axis represents the Friedrichs angle, and the vertical axis represents the median
(Fig. 3.11) or the standard deviation (Fig. 3.12) of the number of iterations required to

converge for the 10 random initializations.

On one hand, we can deduce from Figure 3.11 that the rate of convergence of the
AAMR method depends on both the angle and the parameter 5. For values of 5 above
0.7, there exists an interval of small angles for which AAMR is the fastest method. For
large angles, AP and Haugazeau’s method clearly outperforms DR and AAMR. A simple

example showing this behavior is depicted in Figure 3.10.

(a) Small angle (b) Large angle

FIGURE 3.10: Behavior of the AAMR (in blue) and alternating projections (in red) algorithms
when applied to two lines in R? for two different Friedrichs angles. We see that AAMR outper-
forms AP for small angles, while AP is faster for large angles.
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We observe that AP, DR and Haugazeau’s method satisfy a decrease in the number
of iterations when the angle increases. Unfortunately, while the number of iterations in
these three methods keep on decreasing for large values of the angle, the AAMR method
and CM seem to have an asymptotic behavior around a horizontal line. That is, they
need a minimum number of iterations to converge whatever the angle is (although this
number is not very big). On the other hand, Figure 3.12 shows that the AAMR method
is more robust in terms of the standard deviation of the number of iterations. In fact, it
seems that the larger the value of 3 is, the more robust it becomes.

For additionally comparing the rate of convergence of the methods, we computed the
distance of the first 100 iterates of the sequences to be monitored to the real solution. We

show the results of four instances with well-differentiated Friedrichs angles in Figure 3.13.

DR == Haugazeau =—— AAMR $=0.5 =—— AAMR $=0.7 AAMR (=0.9
—: AP -+ HLWB —— AAMR =06 —— AAMR 5=0.8

Distance to the solution
Distance to the solution

0 20 40 60 80 100 0 20 40 60 80 100
Iteration Iteration
(a) Friedrichs angle: 0.074 radians. (b) Friedrichs angle: 0.314 radians.

Distance to the solution
Distance to the solution

0 20 40 60 80 100 40 60 80 100
Iteration Iteration
(¢c) Friedrichs angle: 0.751 radians. (d) Friedrichs angle: 1.393 radians.

FiGURE 3.13: Distance to the solution of the 100 first iterations of the monitored sequences of
AP, DR, HLWB, Haugazeau’s method and AAMR for five different values of the parameter .
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Note that we have not included the results of CM in Figure 3.13 to improve the clarity
and comprehensibility of the plots, as it was outperformed by AAMR. One might expect
the AAMR method to inherit the “rippling” behavior of the DR, specially when [ is large,
which is when the definition of the iterations of both methods are more similar. This is not
entirely truth: although the AAMR method indeed shows these “waves” in Figure 3.13,
this behavior depends on both the Friedrichs angle and the parameter 5. Additionally, we
see in this figure that the AAMR method with a large parameter § clearly outperforms
the other schemes when the Friedrichs angle is small. The larger the angle becomes,
the better AP and Haugazeau’s method behave. As pointed out in Remark 2.12, it is
expected that AP performs better than DR, specially when the Friedrichs angle is large.
Finally, we clearly observe in Figure 3.13 that HLWB is the slowest algorithm for solving
this problem.

3.1.4.3 Influence of the parameter 3

In our third numerical experiment, we continued investigating how the parameter § af-
fects the number of iterations depending on the angle. In this experiment, 1000 pairs
of subspaces were generated. Then, for 10 random starting points, we ran the AAMR
method for every value of 5 in {0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9,0.99}. The results are
shown in Figure 3.14. One can see that values of § < 0.4 are an inefficient choice, since
B = 0.5 appears to dominate them for every angle. Larger values of 8 work better for

small angles, but then the performance of the method becomes worse for large angles.

B =0.6
. 10° 8 =0.7
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=B e 3=09
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=
B 107
—
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_g come o
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2 wele s, soge
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0.0 0.2 0.4 0.6 0.8 1.0 1.2

Friedrichs angle (in radians)

F1GURE 3.14: Median number of iterations for 10 random starting points required by the AAMR
method for different values of the parameter 5 with respect to the Friedrichs angle.
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3.2 Optimal rates of linear convergence for two subspaces

The goal of this section is to provide the theoretical results that substantiate the beha-
vior of the algorithm that has been numerically observed in Section 3.1.4. Therefore,
throughout this section, we shall assume without lost of generality that U and V' are two

subspaces of the Euclidean space R™ such that
1<p:=dimU<dimV =1¢q<n—-1, withU#UNVandUNV #{0}; (3.31)

otherwise, the best approximation problem defined by U and V would be trivial.

By following the same approach as in [26], we analyze the linear rate of conver-
gence of the AAMR method by studying the convergence rates of powers of matrices
(see Section 1.2.2). The rate obtained depends on both the Friedrichs angle and the pa-
rameters defining the algorithm. In addition, we also analyze the optimal selection of the
parameters according to the Friedrichs angle, so that the rate of convergence is minimized.
This rate coincides with the one for GAP, which is the best among all the known rates
with optimal parameters of the classical projection algorithms discussed in Section 2.2.
This is not just by chance: the shadow sequences of GAP and AAMR coincide for linear
subspaces under some conditions (see Theorem 3.34 and Figure 3.18). The theoretical

results are also demonstrated through various numerical experiments.

3.2.1 Convergence rate analysis

We begin this section with the following theorem that establishes the rate of convergence
of the AAMR algorithm in terms of «, 5 and the Friedrichs angle between the subspaces.
We denote the positive part of x € R by % := max{0, x}.

Theorem 3.28 (Rate of linear convergence of AAMR for two subspaces). Let
U, V. C R™ be two subspaces verifying (3.31), and fix o € 10,1] and 8 € 10,1[. Then, the
AAMR operator

Top:=(1—-a)l,+a28Py —1,)(20FPy — 1,,)

is linearly convergent to Pyiqyy with any rate p € |y(Tap), 1], where

1—40éﬁ(1—5>, ifOSCF<C<a,6);
WThp) =& VA1 —a)af?ct + (1 —2ap)?, if c(a, B) < ep <Cs; (3.32)
1+ 208 (ﬂc%—l—l—cF\/BQC%—Qﬁ—f—l), if e < ep < 1;
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with cp := cosOp and Op being the Friedrichs angle between U and V,

28— 1)+ ((1-40p(1-p))°~(1-208)" _
Cp = AC and c(a, f) == \/ A(1-a)ap? , Ha<l; (3.33)
b 0, if = 1.

Furthermore, v(T,, ) is the optimal linear convergence rate if and only if

1

T
b7 1+ sinfp or 9F7§'

Proof. To prove the result, we consider two main cases.

Case 1: p+ q < n. By Proposition 1.36, we can find an orthogonal matrix D € R™*"

such that (1.7) holds. After some calculations, we obtain

Ma,IB 0 0
Top=D 0 (1-2ap)1,-, 0 D, (3.34)
0 0 Y
where
Moo 20828 —1)C* + (1 — 2aB)1, —2apCS
wi 208(28 — 1)C'S 208C2 + (1 —2aB)I, |

Let s :=dim(UNV)andlet 1 = ¢ =+ =¢s > Cop1 = Cp > Co42 > -+ > ¢, > 0 be
the cosine of the principal angles 0 = 0, = -+ =0, < 0,11 =0p < 0Os10 < --- <0, < 5

between U and V' (see Proposition 1.35). By using the block determinant formula (see,
e.g., [119, (0.8.5.13)]), we deduce after some algebraic manipulation that the spectrum of

the matrix 7, 5 is

p

U{1+2a@(fkf—1icm/ﬁ2c§—25+1)}u{1}, if g =p;

O(Taﬁ) = s

U{l—l—?aﬂ (Bc?—1icm/520§—2ﬁ+1)}U{1,1—2aﬁ}, if ¢ > p.

=1

Then A\, := 1+ 2o (ﬂcf — 14+ (=1 B2 — 28 + 1) are eigenvalues of T, 3, with
t=1,...,pand r = 1,2 . Observe that the real-valuedness of these eigenvalues depends

on the sign of 5%¢? — 28 + 1. Hence we have that \;,, € Rif ¢; > f71/(28 — 1)* =: 3,

while )\;, € C otherwise. In order to study the modulus of the eigenvalues ), ,, consider
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the function f, 5, : [0,1] — R given by

(14 20B(8c* — 1))" — 40252 (B2 — 28+ 1)

fapr(c) = (1—1‘2046 (ﬂc2—1+(—1)r6\/m>>’2? if ¢ > ¢5.

if ¢ < ¢p;

Hence, one has |\;.|* = fag.(c;).
Let us analyze some properties of the function f, g,. When ¢z > 0, observe that f, 5,

is continuous at ¢, since

lim fo5,0(c) = lim fos,(c) = (1-2a(1 = B))".

C‘)CB C*)CB

To simplify the presentation, define the auxiliary function

gar(c) == B =1+ (=1)er/B22 =28+ 1, for ¢ > Cp.

Then,
o0 AL — a)af? + (1 —2ap)?, if ¢ < Cg;
a,B8,r\C) =
" (1+ 20895, (c))*, ife> 7

The derivative of f, g, is given for ¢ # ¢35 by

8(1 — a)af?e, if ¢ < ¢;

daf (1 + QCYﬁgﬁ,r(c)) (=1) (\/Mﬂ—l)rﬁc)

VB2c2—2p+1

féz,ﬂ,r(c) =

, ife>tcp.

Further, we claim that 1 4 2a8gg2(c) > 1+ 2a8gp1(c) > 0 for all ¢ > ¢5. Indeed, since
(26%¢* =28 +1)* = 46°(F%¢* = 28 + 1) + (28 — 1)* = (28c)*(B°* — 268 + 1),

we deduce, after taking square roots and reordering, that

~1<28 (B —1— /B =26 +1) = 20g51(c) < 2895.2(0)

from where the assertion easily follows.

All the above properties of the function f, g, can be summarized as follows:

(i) forall 0 <c < d < ¢z,

Fg=(1=208)* < fapr(€) < fapr(d) < (1= 2a(1 = §))*;
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(ii) forall g <c<d <1,

Flgi=(1—4aB(1—B))* < fapi(d) < fapa(c)
<

< (1=2a(1 = 8))" < fapa(c) < fapa(d) < 1.

In view of Proposition 1.38, we have to show that the eigenvalue \ = 1 is semisimple
and the only eigenvalue in the unit circle. According to the monotonicity properties of
fapr in (1)-(ii), we have that

Air| <1, foralli=1,2,...,pandr=1,2;

and further,
Nir]=1 < ie{l,2,...,s}and r =2,

in which case A\;» = 1. Thus, we have shown that p(T,5) = 1 and A = 1 is the only

eigenvalue in the unit circle.

Let us show now that A = 1 is semisimple. First observe that, for any A € C, given

the block diagonal structure of 7, g, one has
ker (T3 — M) = ker ((Th 5 — )\1)2) & ker (Myp — M) =ker (Mo — )\[)2) .
Then, we can compute

28-1)C*—1, —CS >

Moy = I =208 ( 28-1)05 -8

Observe that the matrices C' and S can be decomposed as

I
cC=| " 0 and S = 0. 0 , (3.35)
0 C 0 S

where both C and S are diagonal matrices and S has strictly positive entries. Hence,

12 — AT
Myg—1I =208 8 (28 1)00 I, s 8 BZ’S |

0 (28-1)CS 0 -S2
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and one has that ker (M, 5 — I) = ker (M5 — I)?) if and only if ker (M) = ker (M2),

where _ .
( 28-1)C*—1,., —CS >
MO = ~~ ~ .
(26 —-1)CS —5?

Since det (My) = det <§2> # 0 (again, by the block determinant formula), we conclude
that A = 1 is a semisimple eigenvalue. Then, since Ty, g is nonexpansive by Proposition 3.6,
we have by Proposition 1.38 that T, g is linearly convergent to Prixt, 4 with any rate
w € 1v(Tup), 1], and Fix T, s = U+ N V+ by Proposition 3.15.

Furthermore, we can also deduce from the properties (i)—(ii) that the subdominant

eigenvalues of T, g are determined by

’Y(Ta,ﬁ) = max {|>\s+1,2\7 |>\1,1\}

:max{’1+2a6 (ﬁCQF—1+cF\/ﬁ2c§;—25+1)

1- 0519}

To prove (3.32), let us compute the value of (T, ). If cp > ¢35, then |A1 1| < [Ast12]-

Otherwise,
Msriol <l & fapalcr) < fapa(l) & 41 —a)af’cp <Fu5—Fop

Consequently, if we define

Fap—Fas T FO .
c(a, B) = i-ajesr> W laps = Lap

0, otherwise;

which is equivalent to the expression in (3.33), we obtain (3.32). Three possible scenarios
for f. s, and the constants c(a, ) and ¢ depending on the values of a and /5 are shown
in Figure 3.15.

To conclude the proof, let us show that the subdominant eigenvalues are semisimple
if and only if 8%c% — 2B+ 1 # 0 or ¢y = 0. The candidate eigenvalues to be subdominant

are A1; and As1; 9, possibly simultaneously.

Consider first the case where A\;; =1 — 4af(1 — ) is subdominant, and compute

Moz,,B — )\171[ = 20&6 ( _(26 B 1>S2 _CS ) .

(26 -1)CS C*—(28-1)1,
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FIGURE 3.15: The three possible scenarios for the function f, g, (c).
Using the decomposition of C' and S given in (3.35), we get
0 0 0 0
0 —(28-1)85? 0 ~CS
Ma,ﬁ — )\1,1[ = QOéﬁ ( ﬁ ) )
0 2(1— B)I, 0
0 (28-1)CS 0 C?— (28 —1)I,_,
and one has that ker (M, 3 — A\ 11) = ker ((Maﬁ — )\1,1])2) if and only if
—(286-1)5? -CS
ker (M) = ker (M7), where M; := (26 ZM, ~ :
(26—-1)CS C*—(28—-1)I,_
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Since we are assuming that \;; is subdominant, it necessarily holds that % < B <1

Hence,
det (M;) = det ((25 - 1)2§2) £0,
and one trivially has that ker (M;) = ker (M?), which proves that A;; is semisimple.
Consider now the case where A\g112 = 1+ 2a03 <ﬁc§; -1+ CF\/BQCfm - 28+ 1) is a

subdominant eigenvalue. Denote Ap := \/ f2c¢% — 28+ 1 and compute

28 —1)C? — Ap)L -CS
Ma,ﬁ B /\s+1721 — 200 ( B ) CF(ﬁcF + F) p ) .
Let t € {1,...,p— s} be such that cp = 511 = Cs10 =+ = €54y > Csy411. Then
Iy 0 0 0, 0 0
C = 0 cply O and S = 0 sgply 0 |,
0o 0 C 0o 0 S

where both C' and S are diagonal matrices and C' has entries strictly smaller than cp.

Hence, one has

my O 0 0 0 0

Mo 0 0 mos O
0 mg 0 0 msg
0 0 my O 0

msy 0 0 ms O

Mp = Mypg — Asi12] = 208

o O O o O

0 mes 0 0 me

where

my = (28 — 1 —cp(Ber + Ap)) L5, mo = —cp(Ap + (1 = B)er) 1,
ms = (28 — 1)C* — cp(Ber + Ap)pmi—s,  ma = (1 = cp(Ber + Ap)) L,
ms i= —cp(Ap — (1= B)er)l;,  mg = C* — cp(fBer + Ap)lpi-s,
Moy = —cpsply, mgg = —CS, msy = (26 = L)cpsply and  mes == (25 — 1)5§

Thus, if we denote

™Tmo  Masy ms3  Mszg
Mgy 1= <m52 TrL5> and - Msoy = (m63 me) ’
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we get that
ker (Mp) = ker (M%) & ker (M{275}) = ker (M{2275}) and ker (M{3,6}) = ker (M?&G}) .
On the one hand, by the block determinant formula we have that
det (M{g 6}) m3m6 — m63m36)
—1)C* + A (Ber + Ap)2 L,y — 2Ber(Ber + Ap)C? + (28 — 1)6252)
1= 28er(Ber + Ap))C? + ch(Bop + Ap) L)
— 25 + 1) 520% - 2ﬁCFAF)52 + C%(ﬂCF + AF)2Ip—t—s>
= det (— (Ber + AF)2 (6’2 - C%Ip_t_s>> .

=det ( (27
26

= det

(
:det(
(-6

Observe that Scp + Ap = 0 if and only if g =
M6, = Oopsi—2s. If Bep + Ap # 0, then det (
get ker (M{gﬁ}) = ker(M{zgvﬁ}).

On the other hand, we can rewrite

M - ¢ (Ap+ (1 = B)er)1y spl;
R ~28—1)spl;  (Ap—(1—=B)ep); |’

% and cp = 0, what implies that
3

M; ’6}) # 0. Thus, in either case, we

and one has

A2 (Ap+ (1= P)c )2 — (28— 1)3%) I; 2Apspl;
o =< —2Ap(28 — V)srl, (Ap = (1= B)er)? — (26— 1)s2) )

Observing that

(Ap — (L= B)ep)* — (26— 1)s
(Ap+ (1= Ber)* — (28— 1)s

Ap (A — (1= B)er),
QAF (AF -+ (1 — B)CF) s

2
F
2
F

we deduce that M?2

(25 = —2ApcpMyasy. If cp = 0, then My, 5y = Oz Therefore, it holds
that ker(Myo5)) = ker(M

{275}) if and only if Ap # 0 or ¢y = 0.

Summarizing the discussion above, we have shown that

ker (Mp) =ker (M7) < Ap#0orcp=0.
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Finally, observe that Ap = 0 if and only if ¢p = €5, in which case Ag;11 is a subdominant
eigenvalue, and this proves the last assertion in the statement.

Case 2: p+ ¢ > n. We can take some t > 1 such that n’ :== n+t > p+ ¢, and
consider the subspaces U’ := U x {041} C R", V' := V x {0;,1} € R, and denote
by To 5 =Tovias = (1 —a)l +a(28Py — I)(2BPy — I). Since

Py 0 Py 0
PU/ = v and PVI = v s
0 Ot 0 Ot
;[ Tes 0}
0 0 I

Therefore, (T, 3) U {1} = o(T}, 5) and v(Tao,) = (T}, 5). Note that the principal angles

between U’ and V' are the same that the ones between U and V. Hence, the result follows

it holds that

from applying Case 1 to T}, . O

REMARK 3.29. For simplicity, we have assumed that dimU = p < ¢ = dim V. If this
is not the case and ¢ < p, observe that one has to exchange the matrix decomposition
of Py and Py given in (1.7). In this case, one can check that the matrix T, 3 obtained
corresponds to the transpose of the one given in (3.34). Hence, the spectrum of 7, 4

remains the same and thus all the results in Theorem 3.28 also hold.

REMARK 3.30. The expression in (3.32) corroborates what it was numerically observed
in Figure 3.11: there are values of a and /3 for which the rate of convergence of AAMR does

not depend on the value of the Friedrichs angle for all angles larger than arccos c¢(«, ).

Corollary 3.31. Let « € ]0,1] and 8 € ]0,1[. Given z € R", choose any xo € R™ and

consider the sequence generated, for k =0,1,2,..., by
Trp1r = Tv—2v—zap(r) = (1 — @), + a(28Py . — I)(28Py—. — I)(xy).

Let v(T,.5) be given by (3.32). Then, for every p € 1y(Top), 1], the sequence (xx);—, and
the shadow sequence (Py(z 4 xx)),, are R-linearly convergent to Prixty_.v_. 0 s(T0) and
to Pynv(2), respectively, both with rate . That is, there ezists a positive integer ko such
that

1P (z + 2i) — Poav (2)|| < ||ok — Prixty .y ons(@o)|| < 1, for all k > ko (3.36)
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Proof. Sice U and V are finite-dimensional subspaces they have the strong CHIP by
Proposition 1.33. Then, Corollary 3.10 yields Fix Ty, v—, o s # () and by Proposition 3.14

we have that

i1 = Tu—2v—sap8(@k) = Tuvap(zy — %) + 27,
for 2% := Prixr,_. . . 5(%0). Hence, one has
o — 2*|| = | Tovap(@i—1 — )| = - = | Thyas(@o — 27
Again by Proposition 3.14, together with Proposition 3.15, one has

FiXTUfz,sz,a,ﬁ =" -+ UJ' N VJ'.

By using the translation formula for projections in Proposition 1.2(iv), we get that

Tt = PFixTU,Z,V,z,a,,g(ﬂio) = Ppjurinve (o) = Pyrave(zo — 2%) + 2,

which implies Pyiqyo(xg — 2*) = 0, and therefore,
o= 1) = [T ynalo = 2)] = (T = Poiews) (50— 2°)].

Let v € |y(Twp), p]. Since v > v(T, 3), by Theorem 3.28, there exists a positive integer
ki1 and some M > 0 such that

||T(]},V,oc,,3 — PUanl}l < MV, for all k > k.
Let kg > ki be a positive integer such that
Lk
(—) > Mlzo —2*||, for all k > k.
v
Then, we deduce that
o — ™| < || Ty — Porave]| lzo — 2 < My*|lzo — 2% < uiF,

for all k& > kg, which proves the second inequality in (3.36).

By Proposition 3.8 and the translation formula for projections in Proposition 1.2(iv),

we can deduce that
Py (Z + PFiXTU—z,V—z,a,ﬁ (1}0>> = Punv(2).
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Thus, the first inequality in (3.36) is a consequence of this, and the linearity and nonex-

pansiveness of Py. Indeed

| Pu(z + 21) — Poav (2)|] = [[Pu(z + o) — Pu(z + Prixty_, y—..0 5(20)) ]

= |Po(zr — Prixty_. vrns (@)l < 2k — Prixy_. . s (o),

which completes the proof. O]

REMARK 3.32. The convergence of AAMR for arbitrary closed and convex sets was only
guaranteed for the shadow sequence when o = 1 (see Theorem 3.17). Observe that Corol-
lary 3.31 extends this result for the case of finte-dimensional spaces since it proves the

convergence of both the original and the shadow sequence even when a = 1.

We now look for the values of the parameters a and 3, in order to minimize the rate
of convergence of the AAMR method obtained in Theorem 3.28.

Theorem 3.33. The infimum of the linear convergence rates of the AAMR operator T, g
attains its smallest value at o = 1 and f* =
between U and V'; i.e., it holds

1 . . .
Tremon where O is the Friedrichs angle

1 —sin QF

=~ (Tis) <~ (T, I (a, 1 1.

T smo, — ' Tie) <7 (Tap)  forall (a, ) €0,1]x]0, 1]
Furthermore, v (T1,3+) is an optimal linear convergence rate if and only if 0p = 7.

Proof. Let us look for the values of parameters o and § that minimize the rate v(7,,3)
given by (3.32). Define the sets D :=]0,1]x |0, 1],

Dlz—{(a,ﬁ)ED:ﬁ<1+18F},
o ' 1 1—B(1+s%) 1
D2_{<&7B>GD1+SF§/BS—1—|—S% Ora26(4(1_5)2_}78%)75>1—}-8%—‘}’
_ . 1—-B(1+sp)
po= o € Dso < g g )

and the functions

[, B) :== 1+ 2ap (Bc?J -1+ CF\/B%% — 20+ 1) , for (a, B) € Dy,

Iy(a, B) := \/4(1 —a)af?E + (1 —2aB)?, for (o, ) € D,
Ly, ) = 1 — daf(1 - §), for (0, 6) € D,
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having D = Dy U Dy U D3. Hence, we can define the convergence rate in terms of the

parameters o and ( through the function

Fl(avﬁ)a if (CK,B) €D17
P, ) = (Tap) = § To(a,B), if (a,8) € D,
Fg(()&,ﬁ), if (aaﬁ) € D37

see Figure 3.16.

1 1
e =
1+ sk 1+ s%

WD D WDy ==p= —-af (41— B)* —sp) =1—B(1 + s7)

1.0 1.0
0.8 0.8
0.6 0.6
S S S
0.4 0.4
0.2 0.2
0.0 0.0
0.0 02 04 06 08 1.0 00 02 04 06 08 1.0 00 02 04 06 08 1.0
B B B

(a) Friedrichs angle: & radians  (b) Friedrichs angle: % radians  (c) Friedrichs angle: § radians

FIGURE 3.16: Piecewise domain of the function I'(a, 8) for three different values of the angle.

The function I' is piecewise defined, continuous and differentiable on the interior of
each of the three regions Dy, Dy and D3, but is not differentiable on the boundaries. Let
us analyze the three problems of minimizing the function I' over the closure of each of the

three pieces. The gradient of the functions I'y, I'; and I's are given by

28 (ﬁc% — 1+ e /P — 2B + 1)
VI - — ,
By =1\ (ﬂc%— HCF\/BQC%_%H) <ﬂcF+\/m>

VB2 E—2p+1

VFZ(a7 B) =

1 28 (Bt — 1+ 2aB(1 — c%))
VAL = a)afc 4+ (1 —2a6)% \2a(2B¢% — 1+ 2aB(1 —c2))

—45(1—@)'

VTa(a, B) = (—4a(1 —28)
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1
14+sp

To minimize I' over Dy, first observe that for any (o, 3) € D; we have that 8 <
and thus 3%c% — 23 + 1 > 0. Then Ty is smooth in Dy, and we further assert that

ol ol
%(O@ﬁ) <0, -

a5 (a, ) <0, forall (o, ) € Dy. (3.37)

Indeed, on the one hand, since c¢% < 1, then 8c% — 1 + cpy/B2% — 2B+ 1 < 0. On the
other hand, one has fcp + \/,820% — 26+ 1 > 0, with equality if and only if ¢cp = 0 and

b= % In this case, the point has the form (oz, %) ¢ Dy for a € ]0,1]. We have then
shown that (3.37) holds, and thus (1, ﬁ) becomes the unique minimum of I" over D;.

Let us consider now the problem of minimizing I' over Dy. To address this problem,

we consider two cases. Suppose first that ¢y = 0 and observe that

Do, B) = /(1 —2aB)2 >0, forall (o, 3) € Dy,

having I's(ct, 8) = 0 if and only if 2a8 = 1. Since (1, 1) is the only point in D, satisfying
this equation, we deduce that it is the unique minimum.

Suppose now that cy > 0. In this case, we claim that [’y attains its minimimum over
the region Dy U D3 = [0,1] x [ﬁ, 1] at the point (1, ﬁ) € Dy, and so does I' over
D,. Indeed, observe that 'y is smooth on the interior of the set Dy U Dy. Moreover, VI
only vanishes in D at the point (0,0). Therefore, the minimum has to be attained at

some point in the boundary. Note that, for all 5 € [ﬁ, 1}, the following hold.

(i) T'2(0,5) = 1.

(ii) T'2(1,5) = 26 — 1, which attains its minimum at § = 1+lsF‘

(iii) The function o +— I's(a, ) is the square root of a positive non-degenerated convex

parabola,
a— Ty(a,p) = \/4623%042 —46(1 — B )a + 1;
— C2 .
which attains its minimum at o*(8) = 1%’6;{. Since a* <1+15F> = 1;;—8; > 1, we
have

1 1
(1 r for all 1].
2(71+3F>< 2(a’1+sF>’ or all € [0, 1]

On the other hand, a*(1) = %, which implies

1
[y (5, 1) < Ty(a, 1), forall a €[0,1].
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Then, noting that

1 1—sp 1
Iy (1 = <cp=1I%(=1
2<71+SF) 1—|—3F Cr 2(27)7

we have shown by (i)—(iii) that I'y attains its minimum over Dy U D3 at <1, ﬁ) € D,,

as claimed.

Finally, observe that if (a, 8) € Ds, it holds that % < f < 1. Then

ory

ol's
aa (a75> < 07_

9p

Thus, there exists some point (a%, 85) € Ds with o385 (4(1 — 85)? — s%) =1 — B5(1 4+ s2)
such that

(a, ) >0, forall («,3) € Ds.

P3(Oé§,6§) < Fg(a,ﬁ), for all (OZ,B) € Ds.

Note that (a3, 85) lies on the boundary curve between D, and Ds. Since I' is continuous
on D, it holds that I's(a, 55) = I's(a3, 55) and hence,

r <1, : _:SF) < I'(a3, 53) < T'(a, p), for all (a, B) € Ds.

Hence, all the reasoning above proves that

1
argmin I'(a, B) = (1, ) ,
(a,8)€D (@) 1+ sp

with T (1, ﬁ) = 1=5¢  Pinally, by the last assertion in Theorem 3.28, ~ (Tl, 1 ) is

1+sFp T+sp
an optimal linear convergence rate if and only if cp = 0, as claimed. O]

3.2.2 Comparison with other projection methods

We compare now the rate of AAMR with optimal parameters obtained in Theorem 3.33
with the rates of AP, SP and DR, as well as the ones of their relaxed variants in Theo-
rems 2.8 and 2.13. We summarize the key features of these schemes in Table 3.1, where
we recall the operator defining the iteration of each method, as well as the optimal para-
meters and rates of convergence when these schemes are applied to linear subspaces. Note
that all these rates only depend on the Friedrichs angle 6z between the subspaces (this is

not the case for PRAP, see Theorem 2.8(ii), so it has not been taken into consideration).
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L Method L Optimal parameter(s) L Rate
Alternating Projections 9
cos” O
AP =Py Py
Simultaneous Projections -
5+ 5cosfF
SP = %(PV + Py)
Relaxed Alternating Projections . 5 | —sin? 0
o= -
RAP = (1—a)l +aPy Py L0 IFsin?0r
Generalized Alternating Projections a* =1 1 —sin fp
GAP = (1—a)l +a(azPy + (1 —ax)l) (a1 Py + (1 —an)l) | of = a3 = ;12 tsinOr
Generalized Douglas-Rachford 1
a* =5 (DR) cosOp
GDR = (]. — OZ)I + Oé(QPV — I)(2PU — I)
Averaged Alternating Modified Reflections “_1, g 1 1 sinfp
o =4 = sin sin
AAMR = (1 — a)I + a(28Py — I)(28Py — I) tsinbe ) Lbsinfr

TABLE 3.1: Rates of convergence with optimal parameters of AP, SP, RAP, GAP, GDR and
AAMR when they are applied to two subspaces.

On the one hand, we observe that the rates with optimal parameters for AAMR
and GAP coincide. The reason for this is discussed in Section 3.2.2.1, where under
some conditions, we show that the shadow sequences of these methods coincide for linear
subspaces (Theorem 3.34). On the other hand, we note that the rate for AAMR/GAP is

considerably smaller than the one of other methods, see Figure 3.17.

L0 s .
\\ ..'~.~ ~ -
~ L% ~ o
~~.. ~ - -
0.8 1 ST ~ o
g SN T~
2 N RS
& S RS
— 0 6 . \ 0. ~
g : \\ . ~ o
g N R
[} \ .’»
B 0.4 AN *e
o ! === AP \\ ‘o“
§ - == SP N
-
09 4 RAP N
------ DR \\\ .\
—— AAMR = GAP S~ e
0.0 . . . —
0 ™ T 3 1
8 4 3 2

Friedrichs angle (in radians)

FiGURE 3.17: Comparison of the rates of linear convergence with optimal parameters of AP,
SP, RAP, DR, AAMR and GAP.
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3.2.2.1 Relationship between AAMR and GAP for subspaces

Observe in Table 3.1 that, apart from the fact that the rates of GAP and AAMR coincide,

their optimal parameters are closely related, in the sense that

* % * % _ *
Qaamr = Qgap and Q1 gap = Q.gAP = 208 AR (3.38)

In general, if the parameters defining the AAMR and GAP schemes are chosen so that
they satisfy (3.38), then both methods turn out to be strongly connected when applied

to two subspaces. This is formally stated in the following result.

Theorem 3.34. Let U,V C R" be two closed subspaces and let z € R™. Set zyp = 0
and let {x}32, be the sequence generated by AAMR (3.3) with parameters o € |0, 1] and
B € 10,1[. Set zp = z and let {z,}32, be the sequence generated by GAP (2.12) with

parameters a and oy = ap = 2. Then, for all nonnegative integer k, one has
Py(xp+2) = Py(zr) and Py(xg) = (28 — 1)Py(zx — 2). (3.39)

Proof. Using the linearity of the projection operator onto subspaces (Proposition 1.11),
we deduce that the AAMR iteration (3.3) takes the form

Ty = (1 —a)ap +a(28Py_, — I1)(28Py—, — I)(xy)
= (I —a)zx +a@2BPy—. — 1) (26 (Py(zp + 2) — 2) — xx)
=(1—a)zy+a(26Py_, (28 (Py(xr + 2) — 2) —xx) — 26 (Py(z + 2) — 2) + %)
=z + 208 (Pv (28 (Pu(zn + 2) — 2) =z + 2) — Pu(zp + 2))
= x + 208 (28Py Py(xp + 2) + (1 — 268) Py (2) — Py(xy) — Py(ze + 2)) . (3.40)

To simplify the notation, let n := 25. We shall prove (3.39) by induction. Since both
equalities clearly hold for £ = 0, we can assume that they are valid for some & > 0.
By (3.40), the sequence generated by the AAMR scheme satisfies

Py(xps1) = Py(2i) + an(nPy Py Py(xi + 2)
+ (1 =n)PyPy(z) — PuPy(zx) — Py, + 2))
= (an’PyPy Py — anPy Py + (1 — an)Py) (zy)
+a ("PuPv Py +n(1 —n)PyPy —nPy) (2), (3.41)
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and,

Py (wps1) = Py (i) + om ((n — 1) Py Py (z + 2) + Pr((1 —n)z — )
=an(n —1)PyPy(zg + 2) + Py (an(l —n)z + (1 — an)zy) . (3.42)

Thanks to the linearity of the projectors onto subspaces and using a; = ay = 7, the GAP
iteration (2.12) takes the form

Zzke1 = (1—an(2—n)) zi + « (7721[’\/1[’(]2;c +n(1 —n)Pyz. +n(l — n)PUzk) :
and thus this scheme verifies
Py(zi41) = (an*PyPyPy + an(1 — )Py Py + (1 — an) Py) (21), (3.43)
and

Py(zi41) = (1 — an)Py(zx) + anPy Py(z)- (3.44)

Then, by (3.42), the induction hypothesis (3.39) and (3.44), we obtain

Py (k1) = an(n — 1) Py Pu(2i) + (1 — an) Py (z) + P (an(l — n)z)
= an(n—1)PvyPy(z) + (1 — an)(n — 1) Py (z, — 2) + Pv(an(l — n)2)
= (n—1) (anPv Py(z) + (1 — an)Py(zg)) + (1 — n) Py (2)
=(n—1)Py(zr11 — 2),

which proves the second equation in (3.39) for £+ 1. Finally, by (3.43), (3.39) and (3.41),

we have that

Py (2ps1) = an® Py Py Py (zy + 2) + anPy Py (—xp + (1 — n)2) + (1 — an) Py(z + 2)
= (an2PUPVPU —anPy Py + (1 — om)PU) (k)
(0% (772PUP‘/PU + 77(1 — U)PUPV — 77PU) (Z) + PU(Z) = PU($k+1 + Z),

which proves the first equation in (3.39) for k + 1 and completes the proof. O

Theorem 3.34 shows that, for subspaces, the shadow sequences of GAP and AAMR
coincide when a; = as = 23 and the starting point of AAMR is chosen as xq = 0; see
Figure 3.18(a) for a simple example in R?. This is not the case for general convex sets,

as shown in Figure 3.18(b).
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v

zZ =20

T SD o Panpz
U i
(a) U and V are two lines in R2. Then Py (zy + (b) B is aline but A is a halfspace. The sequence
z) = Py(z1) and these converge to Pyny(z). We {xp + 2}, converges to Panp(z), while {z;}72,
also represent wy, := (28 — 1)(z — 2) only converges to some point in AN B

FIGURE 3.18: Graphical representation of Theorem 3.34 for two subspaces (a) and failure of
the result for two arbitrary closed and convex sets (b). The sequence {x}, + 2}72, is generated
by AAMR with x¢ = 0, while the sequence {z}72, is generated by GAP with zp = 2.

3.2.3 Computational experiments

In this section we demonstrate the theoretical results obtained in the previous sections
with two different numerical experiments. In both of them we considered randomly gene-
rated subspaces U and V in R% with U NV # {0}.

3.2.3.1 Rate of convergence with fixed parameters

The purpose of our first computational experiment is to exhibit the piecewise expression
of the convergence rate y(7, ) given in Theorem 3.28. To this aim, we generated 500
pairs of random subspaces. For each pair of subspaces, we chose 10 random starting points
with ||zo|| = 1. Then, for each of these instances, we ran the AAMR method with o = 0.8
and 8 € {0.5,0.6,0.7,0.8,0.9}. The algorithm was stopped when the shadow sequence
satisfies

| Py (25 + 20) — Porv (20)]| < € := 1078, (3.45)

where (z;)25 is the sequence iteratively defined by (3.3) with z = x. According to Corol-
lary 3.31, for any p € |v(T.z), 1], the left-hand side of (3.45) is bounded by pu* for n big

enough. Therefore, an estimate of the maximum number of iterations is given by

log e

log7(Tog) NG (3.46)
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The results are shown in Figure 3.19, where the points represent the number of iterations
required by AAMR to satisfy (3.45), and the lines correspond to the estimated upper
bounds given by (3.46). We clearly observe that the algorithm behaves in accordance
with the theoretical rates. We emphasize the fact that (3.46) is expected to be a good
upper bound on the number of iterations only when this number is sufficiently large. We
can indeed find a few instances in the plot, especially those which require a small number

of iterations, exceeding its estimated upper bound.

10" 5

Number of iterations

T T
0.2 0.4 0.6 0.8 1.0 1.2
Friedrichs angle (in radians)

FI1GURE 3.19: Number of iterations required to converge for the AAMR algorithm with o = 0.8
and five different values of the parameter 5, with respect to the Friedrichs angle. The lines
correspond to the approximate upper bounds given by (3.46) and the theoretical rates (3.32).

3.2.3.2 Behavior of the algorithms with optimal parameters

In our second experiment we compare the performance of AP, SP, RAP, DR and AAMR,
when their parameters are selected to be optimal (see Table 3.1). For 100 pairs of sub-
spaces, we generated 50 random starting points with ||zo|| = 1. For a fair comparison,
we monitored the shadow sequence for all the algorithms. We also used the stopping
criterion (3.45), with € = 1078, The results of this experiment are summarized in Fi-
gure 3.20, where we show in three different graphics the median, the difference between
the maximum and the median, and the coefficient of variation of the number of iterations

needed to converge for each pair of subspaces.



106 Chapter 3. The averaged alternating modified reflections method

Median of iterations

Max-median of iterations

0.175

0.150

0.125

0.100

0.075

0.050

0.025

Coeff. of variation of iterations

0.000

Friedrichs angle (in radians)

FIGURE 3.20: Median, difference between the maximum and the median, and coefficient of
variation of the required number of iterations with respect to the Friedrichs angle of AP, SP,
RAP, DR and AAMR for their respective optimal parameters.
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As expected, since the rate of convergence of AAMR is the smallest amongst all the
compared methods, this algorithm is clearly the fastest, particularly for small angles.
Moreover, we can observe that AAMR is one of the most robust methods (together with

RAP), which makes the median to be a good representative of the rate of convergence.

REMARK 3.35. In a more practical context, the AAMR algorithm has been recently
employed in [32] to solve a continuous-time optimal control problem, under the name
Aragon Artacho—Campoy (AAC) algorithm. Their numerical results show a very good
performance of the algorithm, compared to the other methods considered. Moreover, the
optimal parameters in their tests are in accordance with that stated in Theorem 3.33,

since the best choice was a = 1 and some [ € [0.5, 1] depending on the problem.

3.3 Extension to monotone operator theory

The AAMR algorithm has been shown to be a modification of the Douglas—Rachford
algorithm, allowing to solve best approximation problems rather than just feasibility ones.
As explained in Section 2.2.2.5, the DR algorithm can be generally applied to maximally
monotone operators, where it solves the sum problem (2.22). The objective of this section
is to extend the AAMR scheme to this more general context. As explained in Remark 2.24,

the generalized version of a best approximation problem (3.1), can be stated as
Find w = Jayp(2), (3.47)

for some maximally monotone operators A, B: H = H and any z € ran(Id +A + B).
The AAMR method can be naturally extended from the convex feasibility framework
to the context of maximally monotone operators by considering resolvents instead of

projectors in the AAMR operator (2.19). The iterative scheme is thus given by
T = (1 — a)ap + a(28Jp — 1d)(26J4 — 1d)(z), k=0,1,2,..., (3.48)

with o € ]0,1] and 5 € ]0,1[. The Douglas—Rachford splitting algorithm (2.23) can be
viewed now as a limiting case of (3.48) when = 1.

The analysis of AAMR for monotone operators presented in this section is inspired
by the work of Combettes [77], where he proposed the algorithm in (2.32) for computing
the resolvent of the sum (see Remark 2.24(i)). Our approach consists in reformulating
the AAMR iteration so that it can be viewed as the one generated by the DR splitting

algorithm for finding a zero of the sum of an appropriate modification of the operators.
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3.3.1 AAMR splitting algorithm for maximally monotone operators

We begin this section with the definition of a modified reflected resolvent, which is the

natural extension of the modified reflector introduced in Definition 3.2.

Definition 3.36 (Modified reflected resolvent). Let A : H =% H be an operator.
Given any B €10, 1], the operator 28J4 —1d is called a modified reflected resolvent of A.

Our analysis is mainly based on the connection of the modified reflected resolvent with

the classical reflected resolvent of a different operator, which we define next.

Definition 3.37 (Strengthening of an operator). Given an operator A : H = H and
given any B € 10,1[, we define the -strengthening of A as the operator A¥) : H = H
defined by

T

AP (z) = (A+ (1 - p)1d) (ﬁ

Proposition 3.38. Let A:H = H be an operator and let 5 € |0,1[. Then,

), for all x € H.

Ja) = BJa.

Further, A is monotone if and only if AP is %—strongly monotone, and A is mazimally

monotone if and only if AP is so.

Proof. The p-strengthening of A can be expressed as

1 1-p
AP = Ao (— Id) +—=1d. 3.49
3 3 (3.49)
Now observe that,
ran (Id +A4?) = ran ((Id +A)o (% Id)) =ran (Id+A). (3.50)

For any x € dom J 45 = dom J4 and w € H, we have

w e Jyp(z) &z e (Id +A(ﬂ)) (w) &z e (Id+A) (%) = % € Ja(x) & w e BJa(z),

which proves that J, ) = J4, as claimed.
By Lemma 1.19, A is monotone if and only if Ao <% Id) is monotone, so the assertion

about the %—strong monotonicity of A® directly follows from (3.49). Finally, A is

maximally monotone if and only if A% is so, according to Theorem 1.20 and (3.50). [
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Proposition 3.38 establishes strong monotonicity of A% when A is monotone. The set
of zeros of a strongly monotone operator is known to be at most a singleton (see Proposi-
tion 1.29). Hence, the sum of the -strengthenings of two monotone operators will have at

most one zero. In the next result, we characterize this set for any pair of general operators.

Proposition 3.39. Let A, B : H = H be two operators and let 8 € |0,1[. Then, the set
of zeros of the sum of their B-strengthenings A®) and BYP) is given by

zer (A¥) + B = B 1 avm)(0)-

Consequently, zer (A®) + BP) = (0 if and only if 0 € ran <Id +sa5 (A + B))

Proof. For any = € H, one can easily check that z € zer (A(B) + B(ﬁ)) if and only if

0€ AP (2) + BP(2) < 06A(%>+B(%)+2(1—ﬁ)%

1
& Oe%er(AJrB)(%) & %eJm (O}

which is equivalent to x € 5.J - 5)(0) and proves the result. O

We are ready to prove our main result, which shows that the AAMR method can be

applied to compute the resolvent of the sum of two maximally monotone operators.

Theorem 3.40 (AAMR splitting algorithm). Let A, B : H = H be two mazimally
monotone operators, let v > 0 and let (A\g),—, be a sequence in [0,1]. Fiz any B € ]0,1]
and suppose that z € ran (Id +5q0 5 (A + B)) Given any xo € H, set

Tt = (1 — )\k)l‘k + )\k(QBJFnyz - Id)(QﬁnyAfz - Id)($k), k=0,1,2,.... (351)
Then there exists * € Fix ((28Jyp_, —1d)(28J,4_, — 1d)) such that the following hold.

(a) If Z;iio Ai(1 — M) = 400, then
(i) (Tps1 — T)pey converges strongly to 0;

(ii) (z)pe, converges weakly to x*, and Jya(z +2*) =J_2 - B)(A+B)( ).

(b) If > re g ML — Xg) = +o00 or Ay =1, for all k =0,1,..., then

(Jya(z +xp)) e

)(2).
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Proof. Since A and B are maximally monotone, by Lemma 1.19, the operators vA_,
and vB_, are also maximally monotone. Thus, in view of Proposition 3.38, the iterative

scheme in (3.51) becomes
Tyl = (1 — )\k)iL‘k + )‘kR('yB_z)<@>R(7A_z)(5> (a:k), k=0,1,2,...,

with (yA_,)® and (yB_ )(ﬁ) maximally monotone and %—strongly monotone. Now

observe that z € ran (Id +5155 (A +B )) if and only if there exists w € H such that

ol 1
z=w+ ——(A+B)(w) < Ozw—z+2(1—_ﬁ)7(A_Z+B_z)(w—z)

& 0 €ran (Id + (vA_, + ’sz)> :

1
2(1-5)
Hence, Proposition 3.39 implies

zer (7A_) P + (7B D) = {8 o4 an (0) ) 0. (3.52)
We are then in position to apply Theorem 2.14(i)—(ii), which yields the existence of
v* € Fix (R, Riya o) = Fix ((26J,5_. —1d)(28J,4_, —1d))
such that (zp11 — 21)iey — 0, (Tk)pey — 2~ and
Jya o (@) € zer (YA_)® + (B_.)®). (3.53)
According to Proposition 3.38, together with Lemma 1.27, we have that
Jya_yo (@) = Bya_(v) = B(Jyalx +2) —z), forallz € H; (3.54)
and also by Lemma 1.27,

A_+B_ )(0) = J( A+B)) (0) = J2(1 2 (A+B)( z) — z. (3.55)

2(1— B)( 2(1— [3)(

Therefore, by combining (3.52), (3.53), (3.54) and (3.55), we obtain that

Jyalz+2%)=J

ey (a+8)(2),

and thus statement (a) has been proved.
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Finally, thanks to the strong monotonicity of (yA_,)® we can use Theorem 2.14(iv)
if Y02 o Ak(l — Ax) = 400, or Theorem 2.15 if A\, = 1, to get that (J(WLZ)(@ (a:k))zozo
converges strongly to the unique zero of (yA_,)® +(yB_,)"). Again, taking into account
(3.52), (3.54) and (3.55), this is equivalent to

(B(haz+a) =22y = B (T carm(z) = 2).,
which implies (b) and completes the proof. ]

Let us show in the next result how the convergence of the AAMR method in the
convex feasibility setting, stated in Theorem 3.17, can be derived as a direct consequence

of Theorem 3.40 when we turn from resolvents to projectors.

Corollary 3.41 (AAMR for best approximation problems). Let A/ B C H be
nonempty, closed and convex sets. Let (\;),—, be a sequence in [0,1] and fix any S € 0, 1].

Given z € H, choose any xo € H and consider the sequence defined by
Thir = (1 = Ae)ae + Ae(28Pp—. — 1d)(20Pa—. — Id)(x), k=0,1,2,....
If ANB # 0 and z — Panp(z) € (Na+ Ng) (Panp(2)), then the following assertions hold.

(a) If ZZO:() Ae(1 = Ag) = oo, then

(i) (Tps1 — Tp)pey 1S Strongly convergent to 0;

(ii) (z)pey is weakly convergent to a point z* € Fix ((26Pp—, —1d)(28Pa—. — 1d))
such that
Pa(z + 2*) = Pang(2).

(0) If > oo (L = Ag) = +00 or Ay =1, for all k =0,1,..., then
(Pa(z + xy))e converges strongly to Panp(z).

Proof. We know from Examples 1.18(ii) and 1.25(ii) that the normal cones Ny and Np
are maximally monotone operators with Jy, = P4 and Jy, = Pp. Moreover, it can be
easily checked that the normal cones to the displaced sets A — z and B — z coincide with

the inner (—z)-perturbations of N4 and N, i.e.,

N(A—z) = (NA)_Z and N(sz) = (NB)—z'
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Then, according to Example 1.25(ii), it holds that Jin,) = = Pa_. and Jg) = Pp_..

Now observe that

z — PAQB(Z) S (NA + NB) (PA(‘]B(Z)) = (NA + NB) (PAQB(Z)) )

b
2(1-p)

which implies that z € ran (Id +ﬁ(NA + NB)> and

Panp(2) = J 1 (vainm (2):

Hence, the result follows from applying Theorem 3.40 to N4 and Np, with v = 1. O
Example 3.42 (Proximity operator of the sum of two functions). Given two
proper lower semicontinuous convex functions f,qg: H — | — 00, 4+00], Theorem 3.40 can
be applied to their subdifferentials Of and Og. Hence, given a point z € H, this gives rise
to a sequence (xy)52,, such that

(proxf(z—l—xk))ko — prOXﬁ(Hg)(z),

provided that

1
zeran | Id+——
< 2(1-5)
Note that the latter holds for all z € H when Of +0g = d(f +g), so a sufficient condition
for (3.56) is

Of + ag)) . (3.56)

0 € sri(dom f — dom g);
see, e.g., [35, Corollary 16.48].
REMARK 3.43. According to Theorem 3.40, the AAMR splitting algorithm solves (3.47),

which can be seen as a generalization of the best approximation problem described by two
closed and convex sets (Corollary 3.41). However this is not the only possible generaliza-
tion. Given two convex sets C, Cy C H, we know by (2.24) that C;NCy = zer(Ng, +Ne, ).

Hence, an alternative generalization of (3.1) is
Find w = Peratn)(2), (3.57)

with A and B maximally monotone operators and z € H. In the recent work by Alwadani,
Bauschke, Moursi and Wang [5], the authors have complemented our analysis by establis-
hing that the underlying curve defined by the AAMR splitting algorithm converges to the
closest zero of the sum (see [5, Theorem 3.4]), solving thus problem (3.57).
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3.3.2 Parallel AAMR splitting for the resolvent of a finite sum

In this section we discuss how to implement the AAMR scheme to compute the resolvent
of a finite sum of maximally monotone operators. Given a collection of r operators
A H=H,i=1,2,...,r,and z € ran (Id+ >_,_, A;), the problem of interest is now

Find w € JZLlAi(z)' (3.58)

According to Proposition 2.16, the product space reformulation is a powerful trick
for reducing the problem of finding zeros of the sum of finitely many operators to an
equivalent problem involving only two, while keeping their monotonicity properties. As
we show next, it turns out to be very useful in our context, where we are interested in
computing the resolvent of the sum. The following proposition can be seen as an extension

of Lemma 3.25 for maximally monotone operators.

Proposition 3.44. Let A; : H = H be maximally monotone operators fori=1,2,...,r.
Let H be the product Hilbert space as in (2.3), and consider the diagonal set D C H
defined in (2.4) and the product operator A = Ay X --- X A, as in (2.25). For any
x=j(z)=(z,z,...,z) € D, we have

r =1

Taoo(@) =3 (Jrsr 4 (@)

Consequently,

. 1 ¢
ran (Id+A+ Np)ND =j (ran <Id+;lzlAi>> :

Proof. Fix ® = (x,x,...,x) € D. To prove the direct inclusion, pick any y € Janp, ().
Then, we have that
x €y+ A(y) + Np(y).

This ensures the nonemptyness of Np(y), and then it necessarily holds that y = j(y) € D,
for some y € H. Moreover, there must exist w = (uy,ug,...,u,) € H with >, u; =0
such that

rey+ Ai(y) +u;, foralli=1,2,... 7

By adding up all these equations and dividing by r, we deduce that z € y+1 7, A;(y),

or equivalently, that

yeJisgr g ().
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To prove the reverse inclusion, take any y = j(y) with y € Jiyw . (). Then, for
each i =1,2,...,r, there exists a; € A;(y) such that

x:y+%;ai & r(x—y)—z;ai:() & z;(:n—y—ai):O.

Set a := (ai,as,...,a,) and w = (uy,us,...,u,), where u; := xr — y — a;, for each
i = 1,2,...,r. By construction, we get that * = y + a + u, with a € A(y) and
u € Np(y). This implies y € Jainp,(x) and completes the proof. O

Thanks to Proposition 3.44, problem (3.58) can be fitted within the framework of The-

orem 3.40, allowing us to derive the following parallel splitting algorithm.

Theorem 3.45 (Parallel AAMR splitting algorithm). Let A; : H = H be mazimally

monotone operators for i = 1,2,...,r, let v > 0 and let (\;);—, be a sequence in [0, 1].
Fixz any § € 10,1] and suppose that z € ran <1d+ ZZ 1A>. Given r arbitrary
points 1, a0, - .-, Tro € H, set
fork=0,1,2,...:
Pk = 7 D iey Tiks (3.59)

fori=1,2,...,r
{ Tigr1 = (1= Xe)@ip + A (28054,)_. — 1d) (28p — i) -

Then the following hold.

(a) If Y0 o Ae(1 — A\g) = 400, then
(i) (241 — Zvi,k)zc;o converges strongly to 0, for all i =1,2,...,r;

(i1) (xi7k)zc>:0 converges weakly to v;* € H, for all1=1,2,...,r, and

z+ - Zx 2(1 HA(Z).

(b) If > ve o Me(1 — Xg) = 400 or Ay =1, for all k =0,1,..., then

(2 + pr)rey converges strongly to J2r<f—@> s, 4,(2).

Proof. Let H be the product Hilbert space as in (2.3) and let D be the diagonal set
defined in (2.4). Consider the product operator A defined as in (2.25), and the normal
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cone to the diagonal set Np. By Proposition 2.16(i)—(ii), both operators are maximally

monotone. For each £k =0,1,2,..., set
= (T1 g, T2y -, o) € H and  pg = j(px) € D.

Observe that p, = Pp(xy) = Jy,(xx). Further, set z := j(2) and note that, since D is

a linear subspace and z € D, we have
Np=Np_.=(Np)_,=(vNp)_,.
Therefore, the iterative scheme in (3.59) can be expressed as
T = (1= )z + A (28,4, — 1d) (280 vp)_, —1d) (z), for k=0,1,2,....

According to Proposition 3.44, we have that

TN g
Z € ran (Id —|—m ZzlAz> & zEcran <Id +m(A + ND)) )

and
T s (2) = 3 (‘] i i As <Z>> ‘

Finally, note that the shadows can be expressed, for any © = (21, 29,...,2,) € H, as

. 1¢
Jnp(z+x)=Pp(z+x)=7J (z%—;;xl)

In particular, J,n,(z + xr) = j(2z + pi). Hence, the result follows by applying Theo-
rem 3.40 to A and Np. O

REMARK 3.46. As done in Corollary 3.41, if the operators involved in Theorem 3.45 are
chosen to be the normal cones to r closed and convex sets C7,Cy,...,C. CH, and z is a

point in H satisfying

2= Py a(z) € Y Ne, (P a.(2)
i=1
we can deduce the convergence of the parallel AAMR algorithm established in Theo-
rem 3.26 for finding the projection of the point z onto the intersection of finitely many

sets.
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3.3.2.1 An alternative parallel splitting

Recall that the AAMR method for two operators (Theorem 3.40) has been shown to be, in
essence, a Douglas—Rachford iteration for finding a zero of the sum of the g-strengthenings.
The following result is a generalization of Proposition 3.39, and characterizes the set of
zeros of the sum of the [S-strengthenings of a finite collection of operators. The proof is

completely analogous so it is omitted.

Proposition 3.47. Let A; : H = H be some operators for i = 1,2,...,r and fix any
B €10,1[. Then, the set of zeros of the sum of their $-strengthenings is given by

- B\ _
zer (;Al )_BJMZI—lAi(())'

Consequently, zer <Z::1 A§5)> # () if and only if 0 € ran (Id —I—T(l—l_ﬁ) Yoy Ai>.

In view of the previous proposition, we derive the following alternative splitting algo-

rithm for computing the resolvent of a finite sum of maximally monotone operators.

Theorem 3.48 (Alternative parallelized AAMR-like splitting algorithm). Let
A; - H = H be maximally monotone operators for © = 1,2,...,r, let v > 0 and let
(Ak)rey be a sequence in [0,1] such that "> A\(1 — Xg) = +oo. Let f € 10,1 and
suppose that z € ran (Id +r(17—75) S Ai). Given xy 9,290, ..., 2,0 € H, set

fork=0,1,2,...:

— 1 r
fori=1,2,....r:

{ Tk = (1= XNe)wip + A (28540, — Id) (2pe — ik -

(3.60)

Then the following hold:

(1) (@ig1 — Tik)pey converges strongly to 0, for all i =1,2,...,r;
(i) (x5%),e, converges weakly to x;* € H, for alli=1,2,...,r, and

1 T
T Dot =J v, alo);
=1

e 1 o0
(iii) (z + Bp"“> Lo Comverges strongly to Jr(l’y*/ﬁ) s, a,(2).
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Proof. After rewriting the iterative scheme in (3.60) as
L1 = (1 - )\k)mk + )‘kR('yA,z)(ﬁ)RND (a:k), for k = 0, 1, 2, ceey (361)

repeat the proof of Theorem 3.40, using Proposition 3.47 together with Proposition 2.16(iii)

instead of Proposition 3.39. The convergence is thus derived from Theorem 2.14. O]

REMARK 3.49. Two comments concerning Theorem 3.48 are provided next.

(i) Observe that the parallel AAMR-like splitting algorithm in (3.60) differs from the
one in (3.59). Particularly, we can derive an algorithm for projecting onto the inter-
section of finitely many sets which is different from the one stated in Theorem 3.26.

The new algorithm is illustrated in Figure 3.21 (compare it with Figure 3.7).

(ii) Unlike in Theorem 3.45(b), the sequence (A;)52, is not allowed to be constantly
equal to 1 in Theorem 3.48(iii). The reason is that the first resolvent of the DR-like
iteration in (3.61) is computed with respect to Np, rather than (Np)®. Then, since
Np is not strongly monotone we cannot apply Theorem 2.15, which is the result that
covers the case A\, = 1. This could be fixed by reverting the order of the reflected
resolvents. However, in that case the shadow sequence (Jiya_,)(2k))72, ¢ D, and

thus, it cannot be identified with a sequence in the original space H as in (3.60).

Ci

2,0
7Y a5
— 21

Re, (2p0 — 21,0) /* \
1

1,0 — 2po Cg

31
.
3,0

FicUure 3.21: Illustration of the AAMR iterative scheme for many sets in Theorem 3.48.






Chapter 4

Solving combinatorial problems with

the Douglas—Rachford algorithm

In this chapter we present some well-known combinatorial problems which, after appro-
priately reformulating them as feasibility problems of the form (2.1), can be successfully
tackled with the Douglas-Rachford algorithm introduced in Section 2.2.2. Namely, those
applications consist of the so-called graph coloring problem and the construction of com-

binatorial designs of circulant type.

The combinatorial nature of the underlying problems yields the nonconvexity of some
of the sets defining the feasibility models. We have then no convergence guarantees
since the general convex theory cannot be applied. Moreover, none of the feasibility
problems presented in this chapter can be cast into any of the particular nonconvex
settings described in Section 2.2.2.6, for which global convergence of the DR iteration
is proved; while local convergence of the algorithm is rather useless when addressing a
combinatorial problem, as the algorithm is never run locally in practice. Nonetheless, as
pointed out in that section, the method has already been successfully applied to nonconvex
(specially combinatorial) problems. This is also the case for the problems in this chapter,

as we shall show by an extensive numerical experimentation.

The goal of this chapter is twofold. Firstly, we present the DR algorithm as a successful
heuristic for solving the considered problems, something that one might find interesting
by itself. Secondly, a better understanding of the behavior of the method onto certain
nonconvex scenarios is acquired. This can provide some insights and play a fundamental

role in the development of new convergence results of the algorithm in nonconvex settings.

The chapter is structured in two sections. In Section 4.1 we focus on a wide variety
of graph coloring problems, where we introduce two different feasibility models of the

problem, and collect various numerical experiments that show the good performance of

119
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the DR algorithm when applied to them. Then, in Section 4.2, we model a general combi-
natorial desing of circulant type as a feasibility problem, with application to constructing
circulant weighing matrices, D-optimal designs and double core Hadamard matrices. New

constructions and computational experiments are also provided.

4.1 Graph coloring problems

4.1.1 Introduction

A graph G = (V, E) is a collection of points V' that are connected by links £ C V' x V.
The points are usually known as nodes or vertices while the links are called edges, arcs
or lines. An undirected graph is a graph in which the edges have no orientation; that is,

the edges are not ordered pairs of vertices but sets of two vertices.

A proper m-coloring of an undirected graph G is an assignment of one of m possible
colors to each vertex of G such that no two adjacent vertices share the same color. More
specifically, given the set of colors K = {1,...,m}, an m-coloring of G is a mapping

c:V — K, assigning a color to each vertex. We say that c is proper if

c(i) # ¢(j) for all {i,j} € E.

An example of proper 3-coloring of the so-called Petersen graph is depicted in Figure 4.1.
The graph coloring problem consists in determining whether it is possible to find a proper

m-coloring of the graph G. For a basic reference on graph coloring, see e.g. [123].

FIGURE 4.1: A 3-coloring of Petersen graph.

Graph coloring has been used in many practical applications such as timetabling and
scheduling [135], computer register allocation [70, 71], radio frequency assignment [112],

and printed circuit board testing [106]. The graph coloring problem was proved to be
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NP-complete [127], so it is reasonable to believe that no polynomial-time exact algorithm
solving these problems can be found. For this reason, a wide variety of heuristics and
approximation algorithms have been developed. For basic references on graph coloring al-

gorithms and applications, see the surveys [102, 148], or the more recent monograph [139].

In this section we show that the Douglas-Rachford algorithm can be successfully
used as a heuristic for solving a wide variety of graph coloring problems when they are
conveniently modeled as feasibility problems. This is not the first time that the DR
scheme has been used to solve graph coloring problems. It was first employed by Elser
et al. in [94], where the authors showed the good performance of the algorithm for edge-
colorings, in particular, colorings that avoid monochromatic triangles. As far as we know,
this is the only instance of a graph coloring problem whose solution with the Douglas—
Rachford algorithm has been studied in the literature. Further, the graph coloring problem
considered in [94] is a very specific problem dealing with the coloring of the edges of
a complete graph, while we consider any possible graph, and we study node-coloring

problems instead of edge-coloring ones.

Before presenting how to reformulate various problems as graph coloring problems,
let us shortly summarize some basic concepts of graph theory. A complete graph is an
undirected graph in which every pair of nodes is connected by an edge. A clique is a
subset of vertices of an undirected graph such that its induced graph is complete. A
mazimal clique is a clique that cannot be extended by adding one more vertex. A path is
a sequence of edges that connects a sequence of distinct vertices. A path is said to be a

cycle if there is an edge from the last vertex in the path to the first one.

Example 4.1 (Formulating 3-SAT as 3-coloring). A Boolean variable takes logical
values: True (T) or False (F). A literal is either a variable or its negation (—). A clause
is a disjunction (V) of literals. A formula in conjunctive normal form is a conjunction
(N\) of clauses. Given a formula in conjunctive normal form with 3 literals per clause, the
3-SAT (3-satisfiability ) problem consists in determining if there exists an assignment of
variables that makes the formula true. Specifically, let x1,...,x, be n Boolean variables

and consider m clauses 01, ... ,0,,, where each clause is the disjunction of 3 literals,
0; :t{vgvﬁ;, forallj=1,2,...,m;

with t{,t‘g,tg € Ui {zi, ~x;}. Let ¢ be the formula comprising the conjunction of all the
clauses:

<b:(91/\02/\/\9m
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Then, the 3-SAT problem consists in determining if there exists an assignment of the va-
riables that makes the formula ¢ true. Consider for instance the following 3-SAT problem

with 3 variables and 2 clauses:
¢ = (.]71 V X9 V 1'3) A (_\ZL'l V To V _\.1'3) . (41)

There are several solutions to ¢ such as (F,T,F), (T,T,F) or (F,F,T), among others.
A 3-SAT problem can be reduced to a 3-coloring problem by using gadgets. A gadget

15 a small graph whose coloring solves some part of the problem. Using a set of gadgets
and connecting them in an appropriate manner, the 3-coloring problem of the full graph
can be made equivalent to solving the 3-SAT problem. We start by creating n+ 1 gadgets,

one for each variable and an additional one for setting the interpretation of the colors.

(a) Create a gadget formed by a complete graph with 8 “color-meaning” nodes named
T, F and G, see Figure 4.2(a). As this gadget is a complete graph, a different color
must be assigned to each node. The color assigned to node T will be interpreted
as True, the color assigned to F as False, and the remaining color assigned to G

(ground node) will not have any special interpretation.

(b) For each variable z;, construct a gadget with 2 connected nodes, one associated to x;
and the other to —x;. Link both of them to the node G to create a gadget of the form
in Figure 4.2(b). This gadget forces a logical choice in the value of the variables.
Thus, every variable will be assigned to either T or F, and the assignment of every

variable and its complement will be consistent.

(a) Colors (b) Variables

FiGURE 4.2: Gadgets of the variables and colors.

We present next two different formulations of the gadgets corresponding to the clauses.
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(c) For the 4-nodes formulation®, take each clause =tV tyV t3 and create the gadget
in Figure 4.3(a) with the nodes associated to t1, to, t3, F, G, and 4 new nodes. The
new unlabeled nodes do not have any special meaning, but, by the construction of
the gadgets, every 3-coloring of a clause gadget will assign the same color as T to at
least one of the literals t1, ty or tz. Thus, a valid 3-coloring of the gadget will make

the corresponding clause to be True.

For the 5-nodes formulation?, the process is similar but introduces five new nodes

instead of four: the gadget is shown in Figure 4.53(b).

(b) 5-nodes

FIGURE 4.3: Gadgets of the clauses.

(d) Finish building the graph by connecting the clause gadgets together using the edges
from the common gadgets from Figure 4.2. Full graphs for the four and five node
formulations of the 3-SAT problem in (4.1) are shown in Figure 4.4.

The graph resulting from putting all these gadgets together in the 4-nodes formulation
has a total of 3+ 2n+4m nodes and 3+ 3n+9m edges. Observe that the graph has n+ 1
mazximal cliques with 3 nodes, one for each gadget of type (a) and (b). In the 5-nodes
formulation, the resulting graph has a total of 3+ 2n+ 5m nodes and 3+ 3n+ 10m edges.
The number of mazimal cliques with 3 nodes has increased up to n+ 14 2m, one for each
gadget of type (a) and (c) and two for each gadget of type (c). A 3-coloring of the graph
built under one of these two formulations corresponds to a solution of the associated 3-
SAT problem. A solution to the 3-SAT problem in (4.1) using both formulations is shown
n Figure 4.4.

'We inquired of various experts in the field about the origin of the 4-nodes gadget, but none of them
knew about it. We found it in the class notes prepared by Keith Schwarz [160, p. 27]. As he independently
came up with it and we have not been able to find it elsewhere, we believe K. Schwarz is its originator.

2The gadget corresponding to the 5-nodes formulation is well-known and first appeared in [107, Fig. 1].
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(a) 4-nodes formulation. (b) 5-nodes formulation.

FIGURE 4.4: Two different formulations of the 3-SAT problem in (4.1) as a 3-coloring problem.
The same solution of the 3-SAT problem is shown for both formulations.

REMARK 4.2 (Douglas—Rachford for 3-SAT problems). We shall use the DR algorithm
to solve 3-SAT instances by reformulating them as a 3-coloring problems, as explained
in Example 4.1. With a totally different direct formulation, the Douglas—Rachford method

was first shown to be successful for solving 3-SAT problems in [94].

We present next some generalizations or modifications of the graph coloring problem.

4.1.1.1 Precoloring and list coloring problems

In many practical graph coloring problems, the set of eligible colors for each of the nodes
can be different. This is the case in the precoloring problem, a slight modification of the
graph coloring problem in which a subset of the vertices has been preassigned to some
colors. The task is to color the remaining vertices to obtain a valid coloring of the entire
graph. More generally, in the list coloring problem, each vertex can only be colored from

a list of admissible colors.

The notion of list coloring was independently introduced by Vizing [173], and Erdés,
Rubin and Taylor [97]. Given a graph G' = (V, E) and a set of m colors K = {1,...,m},
let L : V = K be a mapping assigning to each vertex v € V a list of admissible colors
L(v) C K. Thus, the list coloring problem consists in finding a proper coloring of the
vertices of the graph G verifying that the color assigned to each vertex belongs to its list

of admissible colors; that is,

c(i) # c(j) for all {i,j} € B and ¢(i) € L(3) for all i € V.
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Note that an ordinary graph coloring problem is a special case of list coloring where
L(i) = K for every vertex i € V', and so are the precoloring problems, where the precolored

vertices have a list of admissible colors with size one.

List coloring problems can be reduced to standard graph coloring problems. To this
aim, one shall add a complete subgraph with m new nodes, each one representing a color
in K, and connect each vertex ¢ € V with the new nodes that represent the colors not
belonging to L(i). If we denote by |A| the cardinality of a finite set A, the new graph
will have n 4+ m nodes, I* = |F| + m(mT_l) +nm — > |L(i)| edges, and an additional
maximal clique of size m. In this way, any valid m-coloring of the extended graph will
lead to a solution for the original list coloring problem. An example of such construction

is shown in Figure 4.5.

FIGURE 4.5: List coloring reduced to graph coloring of a wheel graph of 5 nodes with admissible
colors lists L(1) = L(4) = {1,2,3}, L(2) = {1}, L(3) = {3}, and L(5) = {2,3}. Nodes ¢i, ¢z and
c3 represent colors 1, 2 and 3, respectively.

Example 4.3 (Formulating Sudokus as 9-precoloring problems). [t is easy to
formulate Sudoku puzzles as graph coloring problems. This kind of puzzles consist in a
9% 9 grid, divided in nine 3 x 3 subgrids, with some entries already prefilled. The objective
1s to fill the remaining cells in such a way that each row, each column and each subgrid

contains the digits from 1 to 9 exactly once.

We shall model Sudokus as 9-precoloring problems, with the aim of applying DR. The
construction of the graph is very simple and intuitive. Fach cell in the grid shall be
represented by a node. Then, we link two nodes if their respective associated cells lay
in the same row, same column or same subgrid (see Figure 4.6). The graph obtained
contains 81 nodes and 810 edges. Furthermore, a rich maximal clique information is
known. Namely, there are 27 mazimal cliques of size 9, one per row, one per column and

one per subgrid.
We associate a color to each of the 9 digits of the puzzle. Since some cells of the

Sudoku are prefilled, this is actually a graph precoloring problem. A wvalid coloring of the

graph will lead to a solution of the Sudoku, as shown in the example in Figure 4.7.
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FIGURE 4.6: Graph formulation of a Sudoku, with maximal cliques highlighted.

1 7 9
4 7

8
7 1 6

3 )
6 4 2

8
3
7 2 6

FIGURE 4.7: Unsolved Sudoku puzzle (left) and its graph representation (right): each complete
subgraph represents a subgrid and the squared nodes correspond to prefilled cells. The valid
9-coloring of the graph leads to a solution of the Sudoku.

REMARK 4.4 (A direct feasibility formulation for Sudoku). Sudoku puzzles can be directly
modeled as integer feasibility programs as a matrix A € {1,2,...,9}%%? verifying some

constraints. Despite that the Douglas—Rachford algorithm use to fail when tackling these
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integer problems, it can be successfully used for solving the puzzles after reformulating

them as zero-one programs. Specifically, the matrix A it is reformulated as B € {0, 1}9%9%9

1, if Ali,g] =k
B[i,j,k’]::{ AR

0 otherwise;

where

see [10, Section 6.2] for a more detailed explanation. We must acknowledge here the
fundamental contribution of Elser, Rankenburg and Thibault in [94], who first realized
the usefulness of this binary reformulation for the success of the DR algorithm. This

formulation will be referred to as the cubic formulation.

4.1.1.2 Partial graph coloring

In a partial graph coloring problem not all the nodes are necessarily colored. Instead, we
require each color in K to be assigned to exactly ¢ nodes. We considered this variant of

the problem motivated by the well-known puzzle in the following example.

Example 4.5 (The 8-queens puzzle as a partial graph coloring problem). The
8-queens puzzle consists in placing eight chess queens on an 8 x 8 chessboard, so that
none of them attack any other. Since a chess queen can be moved any number of squares
vertically, horizontally or diagonally, the puzzle’s constraints can be formulated as: there
1s at most one queen at each row, each column and each diagonal. The reformulation of
an 8-queens puzzle as a graph coloring problem is similar to the one shown for Sudokus.
FEach square in the chessboard is represented by a node, and two nodes are linked if their
corresponding squares lay on the same column, row or diagonal. The graph has 64 nodes,
728 links and 42 maximal cliques. A partial coloring of this graph, with only one color

used g = 8 times, leads to a solution of the puzzle (see Figure 4.8).

»'»»x«vx{

FIGURE 4.8: A solution to the 8-queens puzzle (left) and its graph representation (right).
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REMARK 4.6 (Douglas—Rachford for 8-queens puzzles). The use of the Douglas—Rachford
algorithm for solving the 8-queens puzzle was already proposed and studied through a
direct formulation in [159]. One of the main advantages of formulating these puzzles
as graph coloring problems is that it is straightforward to model many variations of
the problem. For instance, to model the knights puzzle, a similar puzzle played with
knights instead of queens, one only needs to change the links of the chessboard graph,
see Figure 4.9(a). Different shapes can also be considered: we show in Figure 4.9(b) a

chessboard with a hole, and in Figure 4.9(c) a puzzle dedicated to Jonathan Borwein.
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slsslssienerississisneniseissisnieniseissiasions

o0 0@3‘3‘;‘ GRORO2O O&Qg‘%‘;‘ OO0

CANY
LX)
ST
GO0

O5O5Y
@@@*@%0@

(¢) ‘m-zzle’ graph.

FIGURE 4.9: (a) A 16-knights puzzle with 4 colors: a solution will fill the chessboard. (b) A
10-queens puzzle with 3 colors played in a 9 x 9 chessboard with a hole. (¢) Empty ‘m-zzle’. The
goal of this puzzle is to place on the board 8 times each of the 18 letters A, B, C, D, E, F, G,
H, I,J, K, L, M, N, O, P, Rand W. Ten cells have been prefilled.
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REMARK 4.7 (Generalizations of the 8-queens problem). Note that the 8-queens puzzle
can be easily posed for any size of the chessboard. The problem has been generalized in
many different directions, see [53] for a recent survey. One of these generalizations is the
Queens_n? puzzle, where one must cover an entire chessboard n x n with n? queens, so
that two queens of the same color do not attach each other. This problem is actually a

classical graph coloring problem of the queens’ chessboard graph.

4.1.1.3 The Hamiltonian path problem

A Hamiltonian path is a path in a graph that visits every vertex exactly once. The
Hamiltonian path problem consists in determining whether or not such a path exists.
A Hamiltonian path can be constructed from a proper coloring of the graph satisfying

certain constraints, as we explain next.

Given a graph G with n nodes, our objective will be to find an n-coloring of the graph,
where each color 1,2,...,n will represent a position in the path. In order to ensure that
the coloring represents a valid path, we will impose that two nodes assigned with two

consecutive colors must be linked; i.e., for all 2,57 € V, and for all k£ € K, it holds that
ci)=kandc(j)=k+1 = {i,j}eE.
The construction of a Hamiltonian path from such coloring is illustrated in Figure 4.10.
/ O color 1
QO color 2
@ @© color 3
/ @ color 4

FI1GURE 4.10: A Hamiltonian path constructed from a coloring of the graph.

A Hamiltonian cycle is a Hamiltonian path that is also a cycle, that is, there is a link
connecting the last node in the path and the first one. The problem of finding such a

cycle can be cast as a Hamiltonian path problem as we show next.
Given a graph G = (V, E), select any node v € V' and make a copy of it, i.e., create a
new node v" that is connected with all nodes linked to v. Then, create another two new

nodes ¢ and s, and link ¢ with v and s with ©" (see Figure 4.11).
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FI1GURE 4.11: Hamiltonian cycle reduced to Hamiltonian path.

Since ¢t and s have degree one (i.e., they are only linked with another node), every
admissible Hamiltonian path in the new graph needs to start in one of these nodes and
finish in the other. Thus, after removing ¢ and s, we end up with a path going from v to

v'. As these nodes were originally the same, we have actually found a Hamiltonian cycle.

Example 4.8 (The knight’s tour problem). An example of Hamiltonian path/cycle
arises in the knight’s tour problem. The knight’s path problem consists in finding a
sequence of moves of a knight on a chessboard such that it visits exactly once every square.
If the final position of such a path is one knight’s move away from the starting position
of the knight, the path is called a knight’s cycle. Thus, to find a knight’s cycle, one only
needs to build the graph corresponding to the knight’s movements on a chessboard shown
in Figure 4.9(a), and find a Hamiltonian cycle in the graph. A solution for a 12 x 12

chessboard is shown in Figure 4.12.
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FIGURE 4.12: A knight’s cycle on a 12 x 12 chessboard found with DR.
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4.1.2 A feasibility model based on a binary linear program

We present now our first formulation of the graph coloring problem as a feasibility one.
This is expressed in terms of binary indicator variables, the same variables that would
be used in an integer programming formulation. The model can be easily adapted to
cover all the variants and generalizations of the graph coloring problem discussed in the
previous section. The good performance of the Douglas-Rachford when applied to the

proposed formulations is shown in various computational experiments.

4.1.2.1 Modelling the classical graph coloring problem with binary variables

The m-coloring of a graph G = (V, E) with n nodes shall be modeled as a binary matrix
X = (z4) € {0,1}™™, where z;;, = 1 indicates that vertex i receives color k. Then, we

have the following constraints:

inkzl, foralli=1,...,n; (4.2)
k=1
Ty +xjp <1, forall {i,j} e B, k=1,...,m; (4.3)
i €{0,1}, foralli=1,...,n, k=1,...,m. (4.4)

Constraint (4.2) together with (4.4) determine that each node is assigned with exactly
one color. Constraint (4.3) combined with (4.4) impose the requirement that any two

adjacent nodes cannot be assigned with the same color.

The formulation of the constraints has a big effect on the behavior of the Douglas—
Rachford scheme when applied to nonconvex problems. On the one hand, ones needs a
formulation where the projectors onto the sets are easy to compute. On the other hand,
the formulation chosen often determines whether or not the Douglas—Rachford scheme
can successfully solve the problem at hand always, frequently or never [10]. For these two

reasons, we have realized that it is convenient to reformulate constraint (4.3) as
Tig + i — Y =0, foralle={i,j}t e E, k=1,...,m; (4.5)

where y, € {0,1}, for all 4,5 € {1,...,n} and k € {1,...,m}. Although we have
considerably increased the number of variables of the feasibility problem by adding Im
new variables, where [ is the number of edges in the graph, we have empirically observed

that the Douglas—Rachford scheme becomes much more successful with this formulation.
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Note that every permutation of a proper coloring is also a proper coloring. In our
numerical tests we observed that this abundance of equivalent solutions significantly de-
creases the rate of success of the Douglas-Rachford algorithm. To avoid this problem,
we may restrict the set of possible colorings to those that assign the first color to the
first vertex. Without loss of generality, we can assume that the first vertex is connected
to at least another node, which thus cannot be colored with the first color. Hence, we
can reduce the number of solutions by forcing one of these nodes to be assigned with the

second color. For this reason, we add to the formulation the constraint
r11 =1 and x; o =1, for some fixed iy € {2,...,n} such that {1,i} € E.  (4.6)

In our experiments, vertex iy was chosen as iy := min{i € V : {1,i} € E}. It would be
possible to further reduce the number of solutions by following the same strategy with the
largest complete subgraph contained in the graph G. As finding such a subgraph is not a
trivial task and we did not observe in our numerical tests a clear improvement in the rate

of success of the algorithm, we decided to only add constraint (4.6) into our formulation.

We shall also add the additional constraint that all m colors have to be used, i.e.,

d wg>1, forallk=1,...,m. (4.7)
i=1

Let E = {e1,...,e;} be the set of edges, where e, € {1,...,n}? for every p=1,...,1.
Let [ :={1,...,n} and P:={n+1,...,n+ 1}, and let K := {1,...,m} be the set of
colors. Then, the m-coloring problem determined by constraints (4.2), (4.4), (4.5), (4.6)

and (4.7) can be formulated as a feasibility problem with four constraints:
Find 7 e Cl N 02 N 03 N 04, (48)

where Z = (z;,) € R+Dxm and

C) = {Z e RO 2y € {0,1},V(i, k) € I x K and Y 2y =1,Vi € 1} :

k=1
Cy = {Z e RVHDxm . o 4 Zjk — 2pk = 0, with e,_,, = {1, 5} € E,V(p,k) € P x K},

Cs = {Z € {0, 1} Him Zzzk > 1,Vk € K} ;

=1

Cyi={Z eRID™ . 2 =1 and 2, = 1}.
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Observe that constraint C5 can be expressed in matrix form as
Cy = {Z € R(n—l—l)xm CAZ = lem} , (49)
where A = (a,,) € R*"*) is defined by

1, ife, = {i,j} and q € {i,j},
apg = —1, if¢g=n+p,

0, elsewhere;

foreachp=1,...;land g€ I UP.
The projectors onto C; and C3 can be derived from Propositions 1.45 and 1.46, re-
spectively; while the projector onto Cy is trivially obtained. For any Z € R(™*t)*™ these

projectors are given, pointwise, by

P (2)li,] {el : zjp = max{z;1, 22, ..., zim} }, if i €I
i,:] =
. (zi1, zi2, - - - » Zim), if i € P,
P2y k] = § Dot ZERDN A0}, i Proya (21K # {Ona},
: N {€; : zir = max{z1g,..., 2nk}}, otherwise;

1, if (i, k) € {(1,1), (i0,2)},

Zik, Otherwise;

(P, (2)) i k] = {

for each i € TU P and k € K. Since A is full row rank, according to Proposition 1.47,

the projector onto Cs is given by
Pe,(Z) = (IdnH — AT (447)7 A) Z.

Finally, observe that the projectors onto C'; and C'5 may be multivalued. A projection
onto these sets 7, (Z) € Po,(Z) and e, (Z) € Pe,(Z) is given, pointwise, by

1, ifi el k=argmax{zy, 2o, -, Zim}
(e, (2)) i k] = § z, ifi€ P,

0, otherwise;

1, if ¢ = argmax{zix, 2ok, - - -, Znk }»

(mo5(2)) i, k] = {

min {1, max {0, round(z;;)}}, otherwise;

where the lowest index is chosen in argmax and round(0.5) = 0.
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Adding maximal clique information

Let us illustrate with an example the need of adding maximal clique information into our

formulation, whenever this information is available.

Example 4.9. Let us consider now the so-called windmill graph Wd(a,b), which is the
graph constructed for a > 2 and b > 2 by joining b copies of a complete graph with a
vertices at a shared vertex. A plot of Wd(6,5) is shown in Figure 4.13.

FIGURE 4.13: Plot of the windmill graph Wd(6, 5).

Every windmill graph Wd(a,b) can be easily a-colored (there are a((a — 1)!)° different
ways). Despite this abundance of valid colorings, the Douglas—Rachford scheme fails to
find a solution rather often, see the results in Figure 4.17. This graph has an additional
available information that can be used: it has b mazximal cliques of size a, and each color

can be used at most once within each maximal clique.

Let Q C 2 be a nonempty subset of maximal cliques of the graph G = (V, E) and let
E = EUQ. Let Q ={ey1,...,e-}, with r > [+ 1. Thus, E = {e1, ... e, €41, 60}
The maximal clique information can be easily added into constraint Cy in (4.9). Indeed,
let
Cy = {2 € RO : A7 — O }

where A = (@pg) € R™(+7) s defined, for each p=1,...,7 and ¢ € {1,...,n +r}, by
1, if g € ey;

Upg = —1, ifg=n+p;

0, elsewhere.
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This is clearly an equivalent formulation of the m-coloring problem, where we have ad-
ded (r — I)m new variables (now Z € R™*)*™) shich correspond to the (redundant)
information that each color can only be used once within each maximal clique. Despite
that, this formulation can be advantageous, as shown in Figure 4.17. For some particu-
lar graphs, adding this information can be crucial, see Table 4.5, where we compare two

reformulations of 3-SAT problems with and without maximal clique information.

4.1.2.2 Modelling other variants of the graph coloring problem

The feasibility problem in (4.8) can be adequately adapted so that it permits to solve any
of the previously presented variants of the graph coloring problem. To do so, some of the
constraint sets defining the model must be removed or replaced. Such modifications of

the formulation are explained in detail hereafter.

Precoloring and list coloring

Consider first the case where a list coloring problem has been reduced to a classical one
through the reformulation shown in Figure 4.5. Note that the new feasibility problem is
defined in R ™ +)xm  Constraint C, has to be changed, as it no longer makes sense.
We have m new nodes, labeled n+1,...,n 4+ m, and each of them represents a color. To

include this information, we shall replace C4 by
L= {Z e Rvtmt)xm . gk = 1, Vk € K} :

Thereby, the solution set is C; N Cy N C5 N C}. The projector onto C at any point

7 € Rmtm+l)xm ig given componentwise by

1, ifi=k+n;

Zik, otherwise.

(Pe; (2)) i B = {

However, note that the increase in the number of nodes and edges may cause the DR

algorithm to become slower.

Another option here would be to directly modify the constraint C; to only allow

admissible colors, that is, to replace it by the set

Cr:= Z e RMD™: 2y € {0,1},V(i, k) e I x K and Y zpp=1, » zp=0,Vi€ ]
keL(i) kZL()
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A projection onto C; is given, pointwise, by

1, ifie k= argmax{z;,j € L(i)};
(15, (2)) [is K] = {2z, ifi€ P;

0, otherwise.

In this formulation, constraint C; cannot be adapted and it has to be removed from the

feasibility problem. Then, the solution set becomes C; N Cy N Cs.

Partial coloring

Recall that in a partial coloring, not all the nodes need to be colored, but only ¢ nodes

per color. We must then remove the set Cy in (4.8) and replace the sets C; and C3 by

Ch = {Z e R 2y € {0,1},V(6, k) € T x K and Y 2z < 1,Vi € I} :

k=1

Cv'g = {Z e {0, 1}(”+l)xm : Z'Zi’f =q,Vk € K} .
i=1

For instance, for the 8-queens puzzle (Example 4.5) we need ¢ = 8 and m = 1. Hence, the

solution set of these problems is él NCyN ég. A projection onto 5’1 and 5'3 is given by

min {1, max{0, round(z;)}}, ifi € I,k = argmax{z;1, zi2, - - -, Zim }»
(75, (2)) [i, k] = < 2z, if i € P,
0, otherwise;
L, if1 € Qk,q,
(7T53(Z)) [i,k] = ¢ min {1, max{0,round(z;,)}}, ifi € P,
0, otherwise;

where, for a given color k € K, we denote by Q, C I the set of indices corresponding to

the ¢ largest values in {zyx, 2ok, . . ., 2ni } (lowest index is chosen in case of tie).

Hamiltonian paths

In a Hamiltonian path problem every node must be assigned with a different color. It is

n+l)xn

thus no longer necessary to work in R( , but in R™*"™ so constraint C; becomes

Cy = {X ER™" :ay € {0,1},V(i,k) € I x K and Y wy = 1,¥i € 1}.

k=1
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To ensure that the coloring leads to a path, the set C3 must be modified and replaced by
Cy = {X e{0,1}"":Vk=1,...,n—1,3{i,j} € E s.t. xi3Tjp41 = 1} )

Constraint C5 is no longer needed. We have observed that the rate of success of DR is
decreased if C'5 is removed, and that it is better to replace it by the redundant constraint
52 = R™" see the experiment shown in Figure 4.21. Note that constraint Cy forces the
path to start on node 1 (a path which may not even exist), so it is eliminated.

The projector onto 53 is hard to compute because of the recurrent dependence between
all the columns in the matrix X. To overcome this problem, we propose to split the set 5’3
into two constraints, one relating each odd column with its following one, and another

similar constraint for the even columns. That is, we define the constraints

Cyoad == {X € {0, 10+ 0n vy =1, EJ 30,5} € B st Timp 1000 = 1} ,

n—1
2

53,even = {X - {O, 1}(n+l)><n . \V/k = 1, ey \‘ J ,EI{Z,]} - E s.t. I@le’j’yﬁ_l = 1} y

which satisfy 6’3 = 63,odd N 53,6%11, where |-] denotes the integer part of a number.
Therefore, the solution set of the Hamiltonian path problem is 51 N 52 N 53,odd N (737even.

To compute a projection onto 53,Odd and 6'37even, consider the function h : R — R

defined by
if © <0.5
W) = x, if x <0.5,
1, ifz> 0.5

and let us denote by

(821,k27 8]1‘1,]62) = argmin {(1 - h(xiykl))2 + (1 - h($j,k2))2 ) {Z7j} E E} Y

where the lowest index is taken in argmin to avoid multivaluedness. Then, a projection

onto 53,Odd and 537even can be obtained as follows

(1, if i = 80,41,k <nandkis odd,
<7r53,odd(Z)) [i, k] = ¢ 1, if i = s,lc_l’,C and k is even,
[ min {1, max{0, round(z;)}}, otherwise;
(1, if i = )1,k <nandk is even,
(W@S’evel‘(2)> [i, k] = ¢ 1, if i = s}_1,,1 <k and k is odd,
min {1, max{0, round(z;;)}}, otherwise.
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4.1.2.3 Numerical experiments

In this section we test the performance of the Douglas—Rachford algorithm for solving
a representative sample of the graph coloring problems previously presented. Note that
the feasibility problem in (4.8), as well as all its adjustments presented in Section 4.1.2.2,
are described by more than two constraints. We have thus to turn to a many-set version
of the DR algorithm (see Section 2.2.2.2). One option would be to use the cyclic DR
method defined by (2.18). However this method suffers the same unsuitable behavior than
alternating projections when tackling combinatorial problems (see Figure 2.11). Hence,
we use the Douglas—Rachford scheme in the product space, whose iteration is generated

by (2.17). For each formulation defined by r sets, we use the stopping criterion

> " lipk = Pe,(pi)|I? < £ =107, (4.10)
=1

All codes were written in Python 2.7 and the tests were run on an Intel Core i7-4770 CPU
3.40 GHz with 12 GB RAM, under Windows 10 (64-bit).

Testing some simple graphs

We begin our tests with one of the most well-known graphs: Petersen graph (see Fi-
gure 4.1). This graph has 10 vertices, 15 edges and can be 3-colored in 120 different
ways. The results of our first experiment are shown in Figure 4.14. For 100,000 random
starting points and using formulation (4.8), we report the number of iterations needed by
the Douglas-Rachford algorithm until it obtained a solution or it reached 500 iterations.
The success rate was nearly 100% in this experiment: the algorithm was able to find a

solution for almost every starting point (with the exception of 2 instances out of 100,000).

3 1.0 7 L Iterations H Instances J Cumulated ‘

5081 0-99 98,653 98.653%

2 0.6 - 100-199 1,334 99.987%

P 200-299 9 99.996%

=2 300-399 2 99.998%

g 027 400-499 0 99.998%
0.0 7 : : : : : Unsolved 2 100%

0 50 100 150 200 250 300
Iterations

FIGURE 4.14: Number of iterations spent by DR to find a solution of a 3-coloring of Petersen
graph for 100,000 random starting points. On average, each solution was found in 0.00533
seconds. Instances were labeled as “Unsolved” after 500 iterations.
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We also tested the performance of the Douglas-Rachford algorithm with formula-
tion (4.8) for finding a valid coloring of some other different simple graphs. Namely, we
used complete graphs of 4, 5 and 6 nodes; wheel graphs of 5 and 6 nodes; and cycle graphs
of 10, 15 and 20 nodes. These graphs are explained next and are illustrated in Figure 4.15.

e In a complete graph every pair of nodes is connected. A complete graph with n

vertices has n(n — 1)/2 edges and can be n-colored in n! different ways.

e A cycle graph consists in a collection of vertices connected in a closed chain. A cycle
graph with n vertices has n edges. If n is even, it can be 2-colored in 2 different

ways; if n is odd, it can be 3-colored in 2™ — 2 different ways.

o A wheel graph is a cycle with an extra node which is connected to all other nodes.
A wheel graph with n vertices has 2(n — 1) edges. If n is even, it can be 4-colored

in 4(2"7! — 2) different ways; if n is odd, it can be 3-colored in 6 different ways.

W oW 0

(a)  Complete ) Wheel graphs of 5 and 6 nodes c¢) Cycle graphs of 5 and 6 nodes
graph of 5 nodes

FIGURE 4.15: Proper colorings of some simple graphs.

The DR algorithm was run on each of the considered problems from 10,000 random
starting points, and it was stopped after a maximum of 500 iterations. For each type of
graph, we plot in Figure 4.16 the cumulated number of solved instances with respect to

the first 300 iterations, while some more detailed results are shown in Tables 4.1 to 4.3.

% 1.0 ] = @ 1.0 % 1.0 -
S ,’/‘ g Lg) 7
Sosd [/} % 0.8 3 0.8 7
- / + -
|7} [ 0 |71
So6-|/] 2 0.6 £ 0.6 A
o I o o
S04 4 "II —— Complete 4 044 S04 4 —— Cycle 10
= = &
= 0.9 - ’lI ---- Complete 5 = 02 —— Wheel 5 = 02 ---- Cycle 15
§ ’ :’/ —:— Complete 6 % ' ---- Wheel 6 § ’ —— Cycle 20
O 0.0 : : O 0.0 1 : : O 0.0 A : :
0 100 200 300 0 100 200 300 0 100 200 300
Iterations Iterations Iterations
(a) Complete graphs (b) Wheel graphs (c) Cycle graphs

FIGURE 4.16: Cumulated number of instances solved by DR with respect to the 300 first
iterations for some complete, cycle and wheel graphs of different sizes.
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Complete 4 Complete 5 Complete 6

L Iterations ‘ Instances J Cumul. || Instances l Cumul. || Instances J Cumul.

0-99 9,981 99.81% 9,961 99.61% 9,847 98.47%

100-199 14 99.95% 37 99.98% 143 99.9%

200-299 0 99.95% 2 100.0% 6 99.96%

300-399 0 99.95% 0 100.0% 4 100.0%

400-499 0 99.95% 0 100.0% 0 100.0%

Unsolved 5 100% 0 100% 0 100%

TABLE 4.1: Number of iterations spent by DR to find a solution of an n-coloring of a complete
graph with n vertices for 10,000 random starting points, with n = 4,5,6. Each solution was
found, on average, in 0.00215 seconds for n = 4, 0.00371 seconds for n = 5, and 0.00569 seconds
for n = 6. Instances were labeled as “Unsolved” after 500 iterations.

Wheel 5 Wheel 6

Uterations Instan. L Cumul. || Instan. L Cumul.
0-49 9,988 | 99.88% 8,332 | 83.32%
50-99 12 100% 1,600 | 99.32%
100-149 0 100% 65 99.97%
150-249 0 100% 2 99.99%
250-499 0 100% 0 99.99%
Unsolved 0 100% 1 100%

TABLE 4.2: Number of iterations spent by DR to find a solution of two wheel graphs for 10,000
random starting points. Each solution was found, on average, in 0.00266 seconds for wheel 5,
and 0.00455 seconds for wheel 6. Instances were labeled as “Unsolved” after 500 iterations.

Cycle 10 Cycle 15 Cycle 20

L Iterations ‘ Instances J Cumul. || Instances l Cumul. || Instances J Cumul.
0-49 9,967 99.67% 7,276 72.76% 5,438 54.38%
50-99 33 100% 2,640 99.16% 3,349 R7.87%
100-149 0 100% 81 99.97% 1,156 99.43%
150-199 0 100% 2 99.99% 57 100%
200-499 0 100% 0 99.99% 0 100%
Unsolved 0 100% 1 100% 0 100%

TABLE 4.3: Number of iterations spent by DR to find a solution of three cycle graphs for
10,000 random starting points. Each solution was found, on average, in 0.0025 seconds for cycle
10, 0.00561 seconds for cycle 15, and 0.00731 seconds for cycle 20. Instances were labeled as
“Unsolved” after 500 iterations.

We note the good behavior of the DR algorithm: it was able to find a solution for
every random starting point for the complete graphs of 5 and 6 nodes, the wheel graph
of 5 nodes, and the cycle graphs of 10 and 20 nodes; while it failed in at most the 0.05%

of the instances in the remaining cases.
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In our following experiment, whose results are shown in Figure 4.17 and Table 4.4, we
compare the performance of the Douglas—Rachford algorithm with and without maximal
clique information when it is applied for finding a solution of the windmill graph Wd(6, 5).
Observe that, even having increased the number of variables in the feasibility problem,
both the rate of success and the rate of convergence (in terms of iterations as well as

computing time) are much improved.

1.0 1 T T T Em T

I
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R !

o I

g I

< I
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g i

O i —— Without clique info
] ---- With clique info

T

T T T
0 2000 4000 6000 8000 10000
Iterations

FIGURE 4.17: Cumulated number of instances solved by DR (out of 10,000 random starting
points) to find a solution of the windmill graph Wd(6,5), with and without maximal clique
information, with respect to the iterations.

Without maximal With maximal
clique information || clique information
L Tterations || Instances J Cumul. || Instances l Cumul.
0-999 7,448 74.48% 9,999 99.99%
1,000-1,999 728 81.76% 0 99.99%
2,000-2,999 165 83.41% 0 99.99%
3,000-3,999 64 84.05% 0 99.99%
4,000-4,999 29 84.34% 0 99.99%
5,000-5,999 17 84.51% 0 99.99%
6,000-6,999 7 84.58% 0 99.99%
7,000-7,999 7 84.65% 0 99.99%
8,000-8,999 4 84.69% 0 99.99%
9,000-9,999 1 84.7% 0 99.99%
Unsolved 1,530 100% 1 100%

TABLE 4.4: Comparison of the number of iterations spent by DR to find a solution of the
windmill graph Wd(6,5) for 10,000 random starting points. Complete maximal clique informa-
tion was used in the right columns. Each solution was found, on average, in 0.13347 seconds
without clique information, and 0.02424 seconds with maximal clique information. Instances
were labeled as “Unsolved” after 10,000 iterations.
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If the norm of the iterates, ||Zx||, increases as k increases, the Douglas—Rachford
algorithm may serve to detect infeasibility of the corresponding coloring problem, see Fi-
gures 4.18(a) and 4.18(b). In the convex case, according to Theorem 2.9(ii), this behavior
is ensured for infeasible problems. However, due to the lack of convexity, this is not always
the case in our context, as shown in Figures 4.18(c) and 4.18(d). Interestingly, when we
removed the extra constraints (4.6) and (4.7), which is something that does not change the

feasibility of the problems, the algorithm was not able to detect any infeasible problem.

300

200

= =
N N
100
T T T T 0 T T T T T T
0 50 100 150 0 200 400 600 800 1000
k k
(a) 3-coloring of Petersen graph (feasible) (b) 2-coloring of Petersen graph (infeasible)
995 200
20.0 150
= =
i 17.5 i 100
15.0
50
12.5 -
T T T T T T 0 T T T T T T
0 200 400 600 800 1000 0 200 400 600 800 1000
k k

(¢) 4-coloring of a 7-complete graph (infeasible) (d) 3-coloring of a 7-complete graph (infeasible)

FI1GURE 4.18: For 1,000 random starting points, we represent the iteration k in the horizontal
axis and ||Z|| in the vertical axis for 1,000 iterations of the Douglas—Rachford algorithm.

3-SAT problems

Next, we tested the performance of DR for the 4-nodes and the 5-nodes formulations for
the first 50 3-SAT problems with 20 variables and 91 clauses in SATLIB®. For each of the
formulations, we run the Douglas-Rachford algorithm with and without maximal clique
information for 10 random starting points. The results are shown in Table 4.5. Clearly,
the addition of the maximal clique information turns out to be crucial for the success of

the Douglas—Rachford algorithm, specially for the 5-nodes formulation.

3SATLIB: www.cs.ubc.ca/~hoos/SATLIB/Benchmarks/SAT/RND3SAT/uf20-91.tar.gz
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4-nodes without

clique info.

4-nodes with
clique info.

5-nodes without
clique info.

5-nodes with
clique info.

L Time ‘ Inst. L Cumul. Inst. LCumul. Inst. L Cumul. Inst. LCumul.
0-49 278 55.6% 323 | 64.6% 0 0.0% 249 | 49.8%
50-99 60 67.6% 65 77.6% 0 0.0% 69 63.6%

100-149 31 73.8% 24 82.4% 0 0.0% 42 72.0%
150-199 20 77.8% 14 85.2% 0 0.0% 31 78.2%
200-249 16 81.0% 11 87.4% 0 0.0% 21 82.4%
250-299 11 83.2% 10 89.4% 0 0.0% 8 84.0%
Unsolved 84 100% 53 100% 500 100% 80 100%

TABLE 4.5: Time spent (in seconds) by DR to find a solution of 50 different 3-SAT problems
with 20 variables and 91 clauses. For each problem, 10 random starting points were chosen.

After 300 seconds without finding a solution, instances where labeled as “Unsolved”.

formulations of the gadgets were considered, with 4 and 5 nodes.

Two

REMARK 4.10 (Performance profiles). For an appropriate visualization of the results and

comparison of the formulations, we turn to performance profiles (see [88]). We use the

modification proposed in [122], since it suits better our experiment, where we have multiple

runs for every formulation and problem. Let ® denote the (finite) set of all formulations.

A performance profile is constructed as follows.

1. For each formulation f € ®, let t¢, be the average time required by DR to solve

problem p among all the successful runs, and let us denote by sy, the portion of

successful runs for problem p.

2. Compute ty := minseqts,, for all p € {1,...,n,}, where n, is the number of

problems in the experiment.

3. Then, for any 7 > 1, define Ry(7) := {p € {1,...,n,},ts, < 7t5}; that is, Ry(7) is

the set of problems for which formulation f is at most 7 times slower than the best

one.

4. The performance profile function of formulation f is given by

pr

T

1, 400) —

= pp(T) = —

[0, 1]

P peRy(r)

1
n Z Sfp-

The value py(1) indicates the portion of runs for which f was the fastest formulation.

When 7 — 400, then py(7) shows the portion of successful runs for formulation f.
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The performance profiles for the results of the 3-SAT experiment in Table 4.5 are
displayed in Figure 4.19. It clearly shows that the 4-nodes formulation with maximal
clique information is the best one. Despite that the addition of maximal clique information
increases the dimension of the problem, it improves both the rate of success and the speed

of convergence of the algorithm for both formulations (specially for the 5-nodes one).

1.0

— 4NF

-- 4NF+clique infomation
© BNF

—- 5NF+clique infomation

OO el e r s EsE s N EEEEEsE AN EEEEEEEsEEEEEESEEEEEEEEEsEEEEEEEEEEESESEEEEEEEELEEEEEEEE

FIGURE 4.19: Performance profiles for the results of the 3-SAT experiment in Table 4.5.

Sudokus

In our next numerical experiment, for solving Sudoku puzzles, we compared the perfor-
mance of the DR algorithm applied to the cubic formulation for Sudokus (see Remark 4.4),
with the reformulations as a graph coloring (C; NCyNC3NCY) and as a graph precoloring
(61 N Cy N Cy), explained in Section 4.1.2.2. We considered the 95 hard puzzles from the
library top95?, which was the one among the libraries tested in [10, Table 2] where DR
was most unsuccessful. For each formulation and each puzzle, Douglas-Rachford was run
for 20 random starting points. Results are shown in Table 4.6 and performance profiles

are displayed in Figure 4.20.

As it was expected, the cubic formulation was much faster, since this formulation is
specifically designed for solving these puzzles. On average, the cubic formulation solved
a Sudoku in 5.76 seconds, while the graph precoloring formulation needed 33.78 seconds.
The worst method was the reformulation as a graph coloring problem, which needed
112.25 seconds on average to solve a Sudoku. Even so, it was surprising to see that the

rate of success for these three formulations was very similar, around 90%.

4top95: http://magictour.free.fr/top95
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Cubic Graph Reformulation as
formulation precoloring graph coloring
L Time ‘ Inst. LCumul. Inst. LCumul. Inst. L Cumul.

0-49 1,688 | 88.8% || 1,451 | 76.4% 261 13.7%

50-99 19 89.8% 173 | 85.5% 534 41.8%
100-149 15 90.6% 40 87.6% 451 65.6%
150-199 6 90.9% 22 88.7% 267 79.6%
200-249 4 91.2% 12 89.4% 118 85.8%
250-299 2 91.3% 5 89.6% 45 88.2%
Unsolved || 166 100% 197 100% 224 100%

TABLE 4.6: Time spent (in seconds) to find the solution of 95 different Sudoku problems by DR
with the graph precoloring, the cubic, and the graph coloring formulations. For each problem,
20 starting points were randomly chosen. We stopped the algorithm after a maximum time of
300 seconds, in which case the problem was labeled as “Unsolved”.
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FIGURE 4.20: Performance profiles for the results of the Sudoku experiment in Table 4.6.

In Table 4.7 we list the Sudokus for which either the cubic or the graph precoloring
formulation failed to find a solution for some starting points. It is apparent that the
three methods tend to fail on the same Sudokus. The reformulation as graph coloring
was clearly the most successful method for Sudoku 19. The graph precoloring formulation
had a very bad performance on Sudoku 22, compared to the other two methods. On the
other hand, it is remarkable that the cubic formulation was significantly less successful
than the graph precoloring for Sudoku 90, and that it failed to find any solution at all
for Sudoku 25. Both the graph precoloring formulation and the reformulation as graph
coloring also had troubles with this Sudoku, and were only able to find a solution for 3 and

2 out of the 20 starting points, respectively. This Sudoku is the one shown in Figure 4.7.
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| Sudoku Number | 5 [12]13[17]19]22[25]29 | 38
Cubic formulation 011619 5|1 20| 1 |17
Graph precoloring 1 (18|18 13|19 |17 | 7 |15

Reformulation as graph coloring | 13 | 1 |16 |18 | 1 | 9 | 18 | 15| 12

o O

’ Sudoku Number ‘

ot
w
Ut
Ne)
(=)
(@)
Q0
NS
Qo

3]85[86]90]94 |

Cubic formulation 0|0 (14| 0 |5 18|17 14|19
Graph precoloring 513 13| 3|5 |15|15| 8|16
Reformulation as graph coloring | 6 | 1 | 11| 7 | 4 |14 |16 |14 | 15

TABLE 4.7: Number of failed runs in either the cubic or the graph precoloring formulation.
Sudokus not listed here were solved by these two formulations for every starting point.

Knight’s tours

In our next experiment, we explored the behavior of DR for solving the knight’s tour
problem when the size of the chessboard is increased. Results are displayed in Figure 4.21,
where we analyze both paths and cycles with the two formulations 6’1 N 6'370dd N 53,even
(red crosses) and C,NCyN 5370dd N 5’376\@ (blue dots). Clearly, the formulation including
the redundant constraint C, = R™™ is much faster. For this reason, no knight’s paths
of size 10 or 11 are shown for the formulation without 52, as the algorithm was stopped
before it had enough time to converge. The rate of success of both formulations for paths
and cycles was very similar, around 95%. It can be observed an exponential dependence

between time and size, which makes DR to be inappropriate for big puzzles.
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-= #(n) = 0.00252 x 100-4792n el -= t(n) = 0.00889 x 10°0-4341n
O = 1]
T T T T T T T T T T
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Chessboard size (n) Chessboard size (n)
(a) Knight’s paths (b) Knight’s cycles

FIGURE 4.21: Time (in log;,) required by DR for finding knight’s paths and cycles on chessbo-
ards of different size. For each size, 50 random starting points were chosen. Blue dots represent
instances of the DR method applied with the addition of the redundant constraint Cy = R"*",
while red crosses represent instances where the method was run without Cs. The dotted lines
were obtained by linear regression. The algorithm was stopped after a maximum time of 5,000
seconds, in which case the instance is not displayed.
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It is remarkable that the line #(n) obtained by linear regression in Figure 4.21(b)
predicts an average time of £(12) = 1,439 seconds for finding a knight’s cycle in a 12 x 12
chessboard, and this totally fits with the average time of 1,397 seconds spent by DR to

obtain the tour previously shown in Figure 4.12.

Generalizations of the 8-queens puzzle

Finally, we apply the DR algorithm for solving the generalizations of the 8-queen puzzle

proposed in Figure 4.9. For each of them, we run the algorithm from 10 random starting

points. Solutions and results are shown in Figure 4.22.
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(a) Knights on a classic chessboard (b) Queens in a chessboard with a hole
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FIGURE 4.22: Solution to the puzzles in Figure 4.9 computed with DR. For 10 random starting
points, the average (maximum) time spent for puzzles (a), (b) and (c) was 0.23, 3.32 and 252.82
seconds (0.35, 11.49 and 424.67 seconds), respectively.
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4.1.3 A feasibility model based on a low-rank constrained matrix

In this section we consider a different formulation of graph coloring, which is based on
semi-definite programming. It is due to Karger, Motwani and Sudan [126], who proposed
using the geometry of the regular simplex to color the vertices of a graph. The associated
feasibility problem relies on the reconstruction of a non-negative rank-constrained matrix.
This geometrical encoding of the problem, which respects all its symmetries, is well suited
to projection based algorithms. Although this model cannot be so easily adapted to cover
other type of graph coloring problems apart from precoloring, our numerical experiments
indicate that the KMS formulation appears to be superior to the indicator variable for-
mulation proposed in Section 4.1.2, when using the DR heuristic. While we do not have
an interpretation of this result, it is empirically supported on a wide spectrum of problem

istances.

4.1.3.1 Modelling graph coloring with vertices of the regular simplex

Suppose that we have a proper m-coloring of the graph G = (V, E) given by ¢: V — K.
The m-coloring ¢ can be represented by a matrix as follows. Let uq,us, ..., u, € R™!

be the vertices of a standard centered reqular (m — 1)-simplex, i.e.,

1, ifi=j

e, (4.11)
py i i # J;

U +--+u, =0 and <uiauj>:{

for some constant p € R. It directly follows from (4.11) that

m m _1
0:<Zui,2ui>:m+2m(m—l)u S p=—
=1 =1

Each of the vertices of the (m — 1)-simplex shall represent one of the m colors. Hence,

the m-coloring of the graph GG can be recovered from the matrix
U, = [uc(l), Ue(2)y - - - ,uc(n)} S R(mfl)xn, (4.12)

whose rows are vertices of the (m—1)-simplex (possibly repeated). Finally, let us construct

the Gram matrix associated with W,, namely,

W, :=U'U. € R™", (4.13)
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Since ¢ is a proper coloring, and by (1.4), the matrix W, has the following properties:
(P1) W, e S,
(P2) rank(W,) <m —1,

(P3) W, € {1, m’—fl}nxn and some of the entries of W, = [w;;] are determined as follows:
: —1 .
Wi = 1, Vi € VY, and Wi; = m, V{Z,j} e k.

Hence, every valid m-coloring of the graph G leads to a matrix verifying (P1)—(P3).

In fact, this is an equivalence, as we shall show after the next illustrative example.

Example 4.11. Consider a graph G=(V, E) where the set of verticesis V = {1,2,3,4,5},
and the set of edges is E = {{1,2},{1,3},{2,3},{2,4},{3,5}}. A proper 3-coloring of
G is shown in Figure 4.23(a). We identify each of the colors with one of the vertices
uy, Uz, uz € R? of a standard centered regqular 2-simplex (see Figure 4.23(b)), where

ulz(l,O)T, uQ:%<—1,\/§>T and u3:%<—1,—\/§>T.

Then the matriz representation of ¢ given in (4.13) becomes

—0.5] [-05] 1 —05
[—05] [05] 1
W.=U!U.= —0.5] [-0.5] —0.5 , with Ue = [ug, ug, uz, uy, us) .

1 —0.5 —0.5
05 1 —0.5

The bozxed entries in W, correspond to those determined by (P3).

U2

U1

L 4

us

(a) A 3-coloring of the graph (b) A standard centered regular 2-simplex

FIGURE 4.23: Graphical representation of Example 4.11.
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Proposition 4.12. Let G = (V, E) be a graph with n nodes and let K be a set of m
colors. Consider a matriz X € R"™ ™ that verifies properties (P1)-(P3). Then, there

exists a proper m-coloring ¢ : 'V +— K such that
X =U'vu,,

where U, is given by (4.12).

Proof. Consider the spectral decomposition X = QAQT, where A = diag(A, A2, ..., \n)
is the diagonal matrix of eigenvalues. Since X is positive definite and has rank not greater

than m — 1, we can assume without loss of generality that
M2 20 20=), ==\,
Then, we can express
X:QAQT=<Q” Q”) (K 0) ( I §1>=<Q”>K( hoeh ).
Q21 Qo 0 0 L Q (2
with A = diag(), ..., Am_1). Hence, we can factorize X =YY, with

Y:A§< rip1 le)

Let y1,...,yn € R™! be the columns of Y, ie., Y = [y1|y2| - |yn). Observe that

Y1, - .-, Y, are unit vectors because X has ones on the diagonal, and thus
17 if Yi = Y5,
(Wisyi)) =<4 | | ’ (4.14)
1’ if yi # yj;
for all 2,5 = 1,...,n. Let us show now that there are at most m distinct vectors among
them. To this aim, suppose that v;,, yi,, ..., ¥, are m + 1 different vectors. Consider
[ ] —1 -1
Yiy L S
X = f? [yil‘yh‘ . |Z/z‘m+1] — mfl . m'—l c Rm+Dx(m+1).

T L == ...
L yim+1 i m—1 m—1 1
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It holds that rank(X) < rank(X) < m — 1, since X is a submatrix of X, but this is a
contradiction with the fact that

det(X) = (1 - %) (1 + ﬁ)m £ 0.

Therefore, it must hold that U7_,{y;} = {u1,...,u,}, where uy, ..., u, are r < m distinct
vertices of a regular (m — 1)-simplex (a rotation of the standard simplex). Finally, define
c: Vi Kbyece@)={ke{l,...,r} : y; = u}, so that we trivially get Y = U,, where
U. is as in (4.12). According to (P3), together with (4.14), we have that ¢ is a proper

m-coloring of GG, as claimed. O

In view of Proposition 4.12, finding a proper m-coloring of a graph with n vertices is
equivalent to finding an n X n matrix verifying properties (P1), (P2) and (P3). Therefore,
the latter will be tackled by solving the following feasibility problem:

Find X € Cl N CQ g Rnxn’ (415)

where the constraint sets are defined by

1 nxn 1
Cl = {XG {1,m} :xiizl,WEVand xij:m,V{’i,j}eE}, (416&)
Co:={X €8} :rank(X) <m —1}. (4.16b)

REMARK 4.13. One advantage of the feasibility problem (4.15) is the avoidance of equi-
valent colorings in the following sense. Suppose that ¢ : V +— K is a proper m-coloring of
a graph G, and let W, be its associated matrix given by (4.13). For any permutation of
the colors, o0 : K — K, we have that o o ¢ is also a proper m-coloring of (G, so there exist
many equivalent valid colorings. However, observe that W,,. = W,, and thus all of them

lead to a unique solution of (4.15).

Modeling precoloring problems

Precoloring problems can be modeled by a slight modification of the feasibility problem
in (4.15). Let V C V be the subset of precolored nodes and denote by p; € K the
preassigned color to node 7 € V. The task then is to find a coloring ¢ : V + K such that

c(i) # c(j), forall {i,j} € E and c(i)=p;, forallie V. (4.17)
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Notice that any coloring satisfying (4.17) also verifies
c(i) # c(j), forall {i,j} € E and c(i) =c(j) < p; =p;, foralli,je V. (4.18)

In fact, both conditions can be shown to be equivalent in the following sense. Suppose
that ¢ : V +— K is a coloring verifying (4.18). Then, for any permutation of the colors
o : K — K such that o(c(i)) = p; for all i € V, one can easily check that o oc is a proper
coloring for which (4.17) holds.

Therefore, we shall focus on finding colorings fulfilling condition (4.18). The matrix W,
constructed from c¢ as in (4.13), shall verify now (P1), (P2) and

(P3) W, e {1, m‘—fl}nxn and some of the entries of W, = [w;;] are determined as follows:
ST —1 SN B
wy; =1, V{i,j} €l and w; = T V{i,j} € E;

where I := {{z’,i}:iEV}U{{i,j}Q‘N/:pi:pj} andE\::EU{{i,j}g‘N/:pi#pj}.

The new modified property (P3’) can be incorporated into the formulation of the

feasibility problem (4.15) by replacing the constraint C; by

A = T N -1 . =
Ch ::{X € {LH} cx; = 1,V{i,j} € I and x;; = H,V{Z,j} € E} (4.19)

Example 4.14 (Example 4.11 revisited). Consider the graph in Example /.11 and
suppose that node 2 is precolored red (R), and nodes 4 and 5 are precolored blue (B). The
precoloring problem is shown in Figure 4.24(a). Following the notation established above,

we have
T={{i,i}:ieVIU{{4,5}} and E=FU{{2,4},{2,5}} = FU{{2,5}}.

The unique solution to the feasibility problem Cin Cs5 is the matriz

[—05] [-05] 1 1

[—0.5] [-0.5] |[-0.5]
We= | [-05] [-0.5] ~0.5 ,
1 —-0.5
1 |[-0.5]| [-05]
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where the boxed entries in W, correspond to those determined by (P3’). The entries whose
values are fized by (P3°) but not by (P3) are marked with a double-boz.

Suppose that we obtain the factorization W, = UTU., with U. = [uy, us, us, uy,u1]. The
3-coloring determined by U, is represented in Figure 4.24(b). Then, in order to make this
coloring consistent with the precoloring of the vertices, we need to suitably permute the set
of colors. Precisely, we require 0(G) = R and o(R) = B. It must therefore be o(B) = G.
The permuted 3-coloring consistent with the precoloring, given by Uyoe = |us, u1, ug, us, us),

is shown in Figure 4.24(c).

(a) Precolored graph (b) A 3-coloring of the graph (¢) A permutation consis-
tent with the precoloring

FIGURE 4.24: Graphical representation of Example 4.14

4.1.3.2 Implementation of the Douglas—Rachford algorithm

Projecting onto the constraints

In order to apply any projection algorithm to feasibility problems, and (4.15) in particular,
it must be possible to efficiently compute the projections onto the two constraint sets, in

our case (4.16). This is indeed the case, as shown in the following results.

Proposition 4.15 (Projection onto C)). Consider any X = (z;;) € R™". A pro-
jection of X onto the set Cy defined in (4.16a) is given componentwise by

(Wc (X))[i jl= L, ifziy > oy and {i,j} ¢ B, ori=j; (4.20)
' ’ =L ,ifxijgz(rzl—fl)andi#j, or{i,j} € E. .

A projection of X onto the set 61 in (4.19) is given componentwise by

o m—2 o = o 7
<7751 (X)> i ] = { 1, if xi; > ] and {i,j} &€ E, or{i,j} € I; (4.21)

—Lifay < 281;21) and {i,j} ¢ 1, or {i,j} € E.

m—1"

Proof. Clearly, the projector of X onto C; can be computed componentwise. Taking into

account the constraints in (4.16a), the projection of an entry z;; is 1 if i = j, and is m—fl
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if {i,j} € E. Otherwise, it is equal to P{1 ;1}(332]) As the middle point between these

two values is Q(Tn—__Ql), then (4.20) follows. The proof of (4.21) is analogous. O]

Proposition 4.16 (Projection onto (). Let X € 8™ and consider its spectral decom-
position X = QAQT, with A = diag(A1,...,\,) and Ay > Xy > -+ > \,. A projection of
X onto the set Cy defined in (4.16b) is given componentwise by

TCy (X) = QA;;—lQT> (422)
where A} | = diag (max{0, \; }, ..., max{0, \,_1},0,...,0).

Proof. See Proposition 1.49. O

REMARK 4.17. According to Propositions 4.15 and 4.16, computing a projection onto C}
is a simple rounding operation, while a projection onto C5 requires the computation of
the spectral decomposition of an n x n matrix. From a computational point of view, the
former is not a problem but the later may be time-consuming, especially for big problems.
However, observe that we do not need to compute the whole spectrum in (4.22), but only
the m — 1 largest eigenvalues and their associated eigenvectors. In large-scale problems,
m is usually much smaller than n and hence 7, can be computed reasonably fast.

The nonconvexity of the constraints manifests itself in the equality case of the con-
ditionals in Proposition 4.15, and the case of degenerate eigenvalues in Proposition 4.16.

None of them can be acted upon in practice, given the finite precision of the computations.

REMARK 4.18. In order to find m¢,(X), Proposition 4.16 requires the matrix X to be
symmetric. Observe that, according to (4.20) and by definition of Cy, we get that

o (X), Ty (X) € 8", forall X € ™.

Hence, since 8" is a subspace, the iterates generated by DR (2.26) will remain symmetric

(with due attention to numerical precision), as long as the initial point is chosen in ™.

Variety of implementations

For a more complete experimentation, instead of the classical Douglas—Rachford algorithm
we consider its generalized version GDR, (2.19), so that the parameter o can play a role
in the rate of convergence and success of the method. There are several options for
implementing the GDR algorithm. The simplest choice would be to directly apply GDR

in the original space R™*", since the feasibility problem to be solved (4.15) only involves
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two constraint sets. Then, we can iterate by using either T¢, ¢, 0 Or T,,0y,0- On the other
hand, although the product space reformulation (Section 2.1.1) is typically employed for
feasibility problems involving more than two sets, it can be still applied to two sets. In
this way, we obtain two additional implementations by either using the operator Tp ¢ .
or Te p.o, where C and D are the sets defined in (2.4). The purpose of the next section
is to numerically compare these different implementations. In our tests we observed that
the numerical behavior of Tp ¢ and T¢ p is similar; thus, to simplify, we only show
the results with the operator Tp ¢ o, whose shadow sequence is easier to track, as it can

be identified with a sequence in the original space R"*".

4.1.3.3 Numerical experiments

In this section we run various numerical experiments to test the performance of the GDR
algorithm for solving different graph coloring problems. We compare the formulation
discussed in Section 4.1.3.1 with the one proposed in Section 4.1.2. To distinguish them,
we shall refer to the model proposed in Section 4.1.2 as the binary formulation, and to

the new one developed in Section 4.1.3.1 as the rank formulation.

Different families of graphs are taken into consideration: the Queens_n? puzzles,
random colorable graphs, the windmill graphs, Sudokus, and the DIMACS benchmark
instances. Each of these families is employed for a different purpose. We start with a
difficult coloring problem, the Queens_n? puzzle, where we show the effect that the para-
meter « has in the different implementations. We also use these puzzles to draw attention
to something that is usually overlooked: finite machine precision. Next, to test how the
method scales, we run an experiment on random colorable graphs with controlled asymp-
totic complexity. The windmill graphs and the Sudoku puzzles are used to show that
the rank formulation is superior to the binary formulation, even when we allow maximal
clique information. We finish this experimental section by testing the algorithm on the

DIMACS benchmark instances, a widely used collection of diverse graph types.

Unless otherwise is stated, the stopping criterion used for each implementation of the

form Ty p o Was
Error 4 p(wy) := || P(Pa(x1)) — Pa(y)]] <107, (4.23)

where x;, is the current iterate, in which case the instance was labeled as successful. All
codes were written in Python 2.7 and the tests were run on an Intel Core i7-4770 CPU
3.40 GHz with 32 GB RAM, under Windows 10 (64-bit).
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Queens_n? puzzles

A well-known and challenging graph coloring problem is the Queens_n? puzzle. This is a
puzzle that consists in covering an entire n X n chessboard with queens of different colors,
so that two queens of the same color do not attack each other (see Remark 4.7). The
puzzle is equivalent to finding a proper coloring of the queens graph. In Table 4.8 we show
the chromatic number of the graph for the first nine puzzles. The smallest open case for

which the chromatic number is currently unknown is n = 27, see [121].

n [2]3]4]5]6[7[8] 910
x(n) 4[5 [5[5 7791011

TABLE 4.8: Chromatic number x(n) of the Queens_n? graph.

In our first experiment, we analyze how both the implementation and the choice in
the relaxation parameter « affects the behavior of GDR for solving this type of puzzles.
For each n € {3,4,...,10} and each a € {0.125,0.25,...,0.875}, we ran three different
implementations of GDR (namely, Tty .cy.05 T0y.01,0 a0d Tp ¢ o) from 10 random starting
points. The results are shown in Figure 4.25, where the markers correspond to the median
among the solved instances. We also show the percentage of instances solved for each value
of ar, among all the problems and repetitions. According to these results, it seems that
the value of the parameter « that suits best each of the formulations T, ¢y, Ty,c1 .0 and
Tpc.a,isa=0.375, a=0.25and a = 0.5, respectively.

To corroborate the previous conclusion, we visualize the results using performance
profiles (see Remark 4.10). We show in Figure 4.26 the performance profiles for each
value of o and each of the three implementations T¢, ¢y.a, Tcy.c1.0 a0d Tp ¢ This
corroborates our previous choice of best parameters « for each implementation. Finally,
we compare T¢, ¢,0.375, Loy,01.025 and Th ¢ o5 in Figure 4.27, where we can clearly observe

that the first implementation dominates the others.

REMARK 4.19 (On the machine precision). Our numerical tests show no systematic effect
of the machine precision on the average number of iterations per solution, provided the
precision is above a modest threshold of about 6 decimal digits. This is consistent with

the chaotic dynamics displayed by GDR when solving hard problems.

The behavior explained in Remark 4.19 is demonstrated in the next experiment, where
Tp.co05 was implemented for solving the Queens 6% and the Queens_7? puzzles. For each
problem, the algorithm was run from the same starting point using different values of the
machine precision. The stopping criterion (4.23) was decreased to 107° to accommodate

the reduced precision. We believe this is still adequate to recover a unique, discrete
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FIGURE 4.25: Results of the Queens_n? experiment for three implementations of GDR. Each
marker corresponds to the median of the solved instances among 10 random starting points.
At the bottom of each graph, we show the percentage of solved instances for each value of a.
Instances were considered as unsolved after 100,000 iterations.
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FIGURE 4.27: Performance profiles of the Queens_n? experiment comparing the implementations

Te,,05,0.375, 1ey,01,025 and Tp ¢ 0.5

coloring from the Gram matrix. The results of repeating this experiment for 10 different
random starting points are shown in Figure 4.28. In Figure 4.29 we plot the value of
Errorp ¢ in (4.23) with respect to the number of iterations for up to 15 digits of precision
for one particular random starting point. While these results indicate a high sensitivity to
the numerical precision, there is no evidence of a systematic effect. For these experiments,
we employed the mpmath library [124], which drastically increases the time needed to
compute the iterations of the GDR algorithm.
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FIGURE 4.29: Comparison of the value of Error in (4.23) and the number of iterations for
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to solve the Queens_62 and the Queens_7? puzzles.
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Random colorable graphs

The hardness of finding a proper coloring of a graph depends on many factors, the single
most significant of which is the number of valid colorings. Random colorable graphs are
easily constructed, but to be able to draw some consequences from the experiments we

run on them, we must generate them in such a way that their complexity is controlled.

We consider the Erdos—Renyi model [96], G(d,n), which is the ensemble of all graphs
with n vertices and [ = [dn] edges, where |-| denotes the integer part, endowed with
the uniform measure. Hence, § represents the averaged number of edges per node. The
probability that a random graph with this distribution is m-colorable depends on the mag-
nitude of the parameter §. Precisely, the expected number of proper colorings decreases
as 0 increases. There is an asymptotic threshold in the colorable-uncolorable transition
denoted 04(m) (see [1, Theorem 1.1]). This means that the probability an m-coloring
exists tends to one as n increases, provided that 6 < ds5(m), and conversely, it conver-
ges to zero for § > ds(m). The asymptotic threshold is known to be upper-bounded by
§s(m) < 8s(m) = lolgg% (see, e.g., [2, Section 2]).

With the number of vertices n and the number of colors m fixed, random graphs
sampled from G(d4(m),n) are at the m-colorability transition and expected to be hard
instances, when solvable. In order to avoid non-colorable graphs, the sampling can be
modified to ensure the existence of a coloring as follows. First, a partition of V' into
m groups with approximately equal size is chosen, e.g. consider the equivalence classes
defined by the congruence modulo m of the integer vertex labels. Then, |d,(m)n] edges
are randomly generated from the uniform distribution over the set of all edges connecting
two nodes in different groups. Algorithm 1 contains the discussed routine that generates

such graphs.

Algorithm 1: Generate an m-colorable random graph with low expected number
of m-colorings.
Input: V={1,...,n}, m

Set &5(m) := lolgg’;% ,

2
and [ = 0;

m—1

while [ < §5(m)n do
Generate randomly e := {i,j} € V x V;
if e E and (i — j) # 0 (mod m) then
E =FEU{e};
L =141

Output: G = (V,E)
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The goal of our next experiment is to show how the GDR algorithm complexity grows
with respect to the number of vertices in the graph. We make use of colorable random
graphs with low expected number of colors so that we have control of the complexity of
our instances. For each m € {8,9,10} and for each n € {50,75,---,200}, we generated
5 random graphs using Algorithm 1. Then, for each graph, the GDR algorithm was
run from 5 different starting points (this makes a total of 25 runs per each pair (m,n)).
Based on the results in the Queens_n? experiment, we implemented GDR with T, ¢, 0.375-
In Figure 4.30 we plot the number of iterations needed by the algorithm with respect to
the size of the graph, for each m. We can observe that the number of colors does not have
a noticeable effect on the performance of the algorithm. As expected, we come upon an
exponential dependence between size and number of iterations to find a coloring, which

is consistent with the NP-hardness of the problem.

W e o
o ot o
1 1 1 1

log,, (iterations)
w
o
1

1.0 T T T T T T T
50 75 100 125 150 175 200

Number of nodes (n)

FIGURE 4.30: Results of the experiment on m-colorable random graphs for m = 8,9, 10, for
GDR implemented with T, ¢,0.375. Each marker corresponds to the median of the solved
instances among 10 random starting points, and the lines where obtained by linear regression
among all the solved instances.

To confirm our previous choice of the best parameter a = 0.375, we repeated the
experiment for each o € {0.125,0.375,...,0.875} with the implementation T¢, ¢, . The
results are shown in Figure 4.31, where again the markers correspond to the median
among the solved instances, and the percentage of instances solved for each value of «
is computed among all the problems and repetitions. This results confirm that the best

choice for general purposes is o = 0.375.
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FIGURE 4.31: Results of the experiment on m-colorable random graphs for m = 8,9, 10, for the
implementation T, ¢, o of GDR. Each marker corresponds to the median of the solved instances
among 10 random starting points. At the bottom of each graph, we show the percentage of solved
instances for each value of «. Instances were considered as unsolved after 100,000 iterations.
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Windmill graphs

We turn our attention to windmill graphs (see Figure 4.13). Recall that a windmill graph
Wd(a,b) can be easily a-colored in a((a — 1)!)° different ways. Despite this abundance
of valid colorings, all of them are equivalent under a permutation of the colors. Thus,
by Remark 4.13, there exists a unique solution to the rank feasibility problem. This is

not the case, however, for the binary formulation.

In our tests with the binary formulation (see Figure 4.17 and Table 4.4), the DR
algorithm fails to find colorings of windmill graphs rather often. We tentatively attribute
this to the high multiplicity of solutions in the binary formulation. In Section 4.1.2.3
we have addressed this problem by augmenting the model with information about the
maximal cliques of the graph (see Table 4.4). The set of maximal cliques would normally
be unknown (and difficult to find) for general graphs, so a formulation that does not
require this information would generally be preferred.

In our next experiment, whose results are shown in Table 4.9, we compare the binary
formulation with and without maximal clique information, and the rank formulation for

coloring sixteen windmill graphs of different parameters.

. . Binary formulation Rank

Wd(a, b) Binary formulation with clique info. formulation

a L b Success Time Iter. || Success Time Iter. || Success Time Iter.
5 10/10  0.05 226 10/10  0.02 63 10/10  0.01 20

5 10 10/10  0.13 375 10/10  0.04 93 10/10  0.02 33
15 9/10  0.23 503 10/10  0.06 135 10/10  0.03 43
20 9/10 0.3 521 10/10 0.1 170 10/10  0.05 51
5 1/10  1.12 1886 10/10  0.12 200 10/10  0.03 33

10 10 0/10 - - 10/10  0.27 242 10/10  0.08 54
15 0/10 - - 10/10 347 1729 10/10  0.24 86
20 0/10 - - 10/10 5.2 1531 10/10 045 109
5 0/10 - - 10/10  0.54 330 10/10  0.06 44

15 10 0/10 - - 10/10  1.69 369 10/10  0.29 92
15 0/10 - - 10/10  5.21 588 10/10  0.85 144
20 0/10 - - 10/10 13.35 949 10/10  1.69 180
5 0/10 - - 10/10  2.62 642 10/10  0.15 68

20 10 0/10 - - 10/10 12.52 1059 10/10  0.63 119
15 0/10 - - 10/10 16.95 729 10/10  1.83 170
20 0/10 - - 8/10 31.76 828 10/10 7.3 297

TABLE 4.9: Summary of the results of GDR for finding proper colorings of windmill graphs.
For each formulation, we show the number of solved instances, the averaged time (in seconds)
and the averaged number of iterations. Instances were considered as unsolved after 60 seconds.
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We observe that the addition of maximal clique information is crucial for the success

of the binary formulation. Without adding it, the DR algorithm was not able to find any
solutions for even modestly large values of a. On the other hand, the superior performance

of the rank formulation for this graph is apparent, both in terms of number of iterations
and time. We emphasize again that the rank formulation does not use maximal clique

information, and despite this, it achieved a success rate of 100%.

Sudokus
In our next experiment, we compare the precoloring rank matrix model (with T¢, ¢,.0.375)

and the binary formulation for precoloring stated in Section 4.1.2.2, with maximal clique
We also incorporate to the experiment the cubic

information included in the latter.
formulation for Sudokus (see Remark 4.4). For each of these three formulations and

each of the 95 puzzles in top95 (the same Sudoku data set used in the experiments
in Section 4.1.2.3), the GDR algorithm was run from 10 random starting points. The

performance profiles of the results are displayed in Figure 4.32.
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0.6 ! :
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= H
3 ! !
044 I
! ¢
0.2 4 ,-J ! — Cubic formulation
Ty '_,’ -- Binary formulation
0.0 _‘_,-" —- Rank formulation
. T T T T T T T
20 40 60 80 100 120 140
T

FIGURE 4.32: Performance profiles comparing the binary and the rank matrix formulations for
solving 95 Sudoku problems. For each problem, 10 starting points were randomly generated.

Instances were considered as unsolved after 300 seconds.
On average it

The cubic formulation was the fastest in 86.36% of the instances.
solved a Sudoku in 4.65 seconds, while the binary and rank formulations needed 35.8

and 13.79 seconds, respectively. Regarding the success of the algorithm, the cubic and
binary formulations solved about 90% of the instances. The rank formulation was the

clear winner in terms of success, as it solved every single instance, even for those puzzles

listed in Table 4.7, on which DR was observed to be highly unsuccessful.
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To further challenge the rank formulation, we performed experiments on the so-called
‘nasty’ Sudoku (shown in Figure 4.33). The ‘nasty’ Sudoku has very low success rate in the
cubic formulation (see [10, Section 6.5]), as the algorithm almost always enters a limit cycle
(see [10, Table 4]). This is not the case, however, for the rank formulation. In our next
experiment we compare the cubic, binary and rank formulations for solving the ‘nasty’
Sudoku from 100 random starting points. The results are summarized in Figure 4.33.
The rank formulation obtained again a success rate of 100%. The second most successful
formulation was the binary one, which was only able to find a solution for 19% of the
starting points. So far, we have not been able to find any Sudoku on which the rank

formulation failed to find a solution for some starting point.

7 9] |5 Cubic Binary Rank
1 513 = 3 L Time ‘ Inst. LCumul. Inst. LCumul. Inst. LCumul.
415 7 0-24 12 12% 15 15% 61 61%
8 2 25-49 0 12% 2 17% 36 97%
6{4 50-99 0 12% 1 18% 3 100%
o1 100299 || 0 | 12% 1| 19% | o | 100%
514 7 Unsolved ‘ 88 100% 81 100% 0 100%

FIGURE 4.33: Number of solved instances (right), among 100 random starting points, to find
the solution of the ‘masty’ Sudoku (left) by GDR with the cubic, the binary, and the rank
formulations. For each interval of time (in seconds), we show the number of solved instances
and the cummulative proportion of solved instances for each formulation. The algorithm was
stopped after a maximum of 300 seconds, in which case the problem was labeled as “Unsolved”.

DIMACS benchmark instances

In our final experiment, we test the rank formulation on the widely used graph coloring
library from DIMACS benchmark instances®. This collection contains various classes of
graphs, such as random or quasi-random graphs, problems based on register allocation

for variables in real codes, or class scheduling graphs, among others.

The GDR algorithm was applied to a wide sample of the aforementioned benchmark
instances. Guided by the results in the previous experiments, we used the implementation
T, 50375 For each graph, the algorithm was run from 10 random starting points and
was stopped after a maximum time of one hour. In Table 4.10 we present the results of
the experiment, as well as the main features of the selected instances. The unsuccessful
instances mainly occurred on the very large graphs, on which the algorithm may have

succeeded given more time.

SDIMACS benchmark instances: http://cse.unl.edu/~tnguyen/npbenchmarks/graphcoloring.
html


http://cse.unl.edu/~tnguyen/npbenchmarks/graphcoloring.html
http://cse.unl.edu/~tnguyen/npbenchmarks/graphcoloring.html
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Instances Nodes FEdges Colors Success Iter  Time (s)
fpsol2.i.1 496 11,654 65 10/10 8,984 463.94
fpsol2.i.2 451 8,691 30 10/10 13,316 495.94
fpsol2.1i.3 425 8,688 30 10/10 14,454  480.27
inithx.i.1 864 18,707 54 10/10 16,174 2,443.43
inithx.i.2 645 13,979 31 10/10 20,049 1,500.45
inithx.i.3 621 13,969 31 10/10 20,604 1,432.43
le450_15a 450 8,168 15 4/10 61,365 1,944.35
1e450_15b 450 8,169 15 8/10 65,537 2,076.54
1e450_15c¢ 450 16,680 15 10/10 5,464 173.1
1le450_15d 450 16,750 15 10/10 19,718  619.74
1le450_25a 450 8,260 25 10/10 1,938 68.93
1e450_25b 450 8,263 25 10/10 1,849 65.82
1e450_25c¢ 450 17,343 25 0/10 - -
1e450_25d 450 17,425 25 0/10 - -
1le450_5a 450 5,714 5 10/10 3,071 82.47
1e450.5b 450 5,734 5 10/10 8,885 238.33
1e450.5c¢ 450 9,803 5 10/10 3,212 86.68
1e450_5d 450 9,757 b) 10/10 1,644 44.49
mulsol.i.1 197 3,925 49 10/10 2,331 18.79
mulsol.i.2 188 3,885 31 10/10 8,696 63.18
mulsol.i.3 184 3,916 31 10/10 7,814 55.88
mulsol.i.4 185 3,946 31 10/10 8,584 60.71
mulsol.i.5 186 3,973 31 10/10 8,685 62.72
zeroin.i.1 211 4,100 49 10/10 3,014 27.1
zeroin.i.2 211 3,041 30 10/10 4,775 39.08
zeroin.i.3 206 3,540 30 10/10 4,286 34.51
anna 138 493 11 10/10 354 1.04
david 87 406 11 10/10 167 0.26
homer 561 1,628 13 10/10 1,222 59.01
huck 74 301 11 10/10 81 0.11
jean 80 254 10 10/10 98 0.13
miles1000 128 3,216 42 10/10 570 2.43
miles1500 128 5,198 73 10/10 4,736 24.65
miles250 128 387 8 10/10 173 0.4
miles500 128 1,170 20 10/10 307 1.07
miles750 128 2,113 31 10/10 671 2.54
myciel3 11 20 4 10/10 7 0.0
mycield 23 71 5 10/10 15 0.0
mycielb 47 236 6 10/10 41 0.03
myciel6 95 755 7 10/10 179 0.26
myciel? 191 2,360 8 9/10 377 1.52
mug88_1 88 146 4 10/10 43 0.05
mug88_25 88 146 4 10/10 46 0.05
mugl100_1 100 166 4 10/10 54 0.07
mugl00_25 100 166 4 10/10 47 0.06

TABLE 4.10: Summary of the results of the GDR algorithm implemented with T, ¢, 0.375
for finding proper colorings of a representative sample of DIMACS benchmark instances. For
each problem, we show the number of solved runs, the average time (in seconds) and the average
number of iterations. We also include the number of nodes and edges, and the chromatic number
of each graph. Runs were considered as unsolved after 3600 seconds.
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4.2 Combinatorial designs of circulant type

4.2.1 Introduction

The notion of autocorrelation associated with a finite sequence is a unifying concept
that allows for several classes of combinatorial designs of circulant type to be concisely
described. Designs of this type can be represented in terms of circulant matrices formed
from finite complementary sequences (Definition 1.40). Examples of such designs include
certain D-optimal matrices, Hadamard matrices and circulant weighing matrices amongst
many other possibilities. A precise summary describing several of these designs, the
associated sequences and their autocorrelation properties, can be found in [130, Table 1].
For an encyclopedic reference on autocorrelation properties and complementary sequences
more generally, see [161, 162], and for an authoritative reference on combinatorial designs,
see [76].

Many combinatorial designs can be defined as matrices of a given class which attain
certain determinantal bounds. For instance, D-optimal and Hadamard matrices of a given
order are precisely the {41}-matrices whose determinant is maximal among all other such
matrices of the same order [63, 118, 164]. For this reason, combinatorial designs arise in
various fields where the determinantal bounds give rise to “best possible” or “optimal”
objects. Specific applications include coding theory [19, 158], quantum computing [101,
172], wireless communication, cryptography and radar [109]. In many such applications,

precise knowledge of the relevant combinatorial design is required.

In order to explicitly construct combinatorial designs of non-trivial orders, it is neces-
sary to exploit the underlying structure. Some possibilities include an appropriate group
theoretic structure through which the mathematical analysis can proceed, or an efficient
representation which is amenable to search algorithms such as metaheuristics. We purpose
the Douglas—Rachford algorithm as a search heuristic. The critical feature of the problem,
which allows for an efficient implementation of DR to solve it, is that the autocorrelation

function gives rise to a projection operator which can be efficiently computed.

4.2.2 Modelling Framework

In this section we explain how to model a general combinatorial design of circulant type
as a feasibility problem described by three sets. More precisely, we consider designs

belonging to the following class.
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Definition 4.20 (Design of circulant type). Consider natural numbers n,m € N,
vectors o € R™ and v € R™, and let A C R be finite and nonempty. A design of circulant

type of order n with parameters (m,a, v, A) is an m-tuple of vectors,
(@ at,... ,a™ ") € (A")™ := A"x ) x A",

which satisfy the following two conditions:

n—1 m—1
al =a; Vj€{0,1,....m—1}, and Zaj*aj:v.
s=0 7=0

We remark that the notation “A” will be reserved for a finite subset of R which we
refer to as the alphabet. We will be concerned with the alphabets {£1} and {0,+1}.

Let A C R be finite and nonempty, and let @ € R™ and v € R". A design of circulant
type of order n with parameters (m,«,v,.A4) can be constructed as a solution of the

following feasibility problem:
Find (a°,a',...,a™ ') € CiNCyNC3 C (R™)™, (4.24)
where the constraint sets are defined by
Cri={(ad,...,a" ") e®R)":a € A", Vj=0,1,...,m—1}, (4.25a)

n—1

Cy = {(ao,al, admh e (RM™: Zag =w;,Vj=0,1,...,m— 1} , (4.25D)
s=0
m—1

Cs = {(ao,al, conad™ ) e (RM™: Z a xal = U} : (4.25¢)
=0

REMARK 4.21 (Autocorrelation constraints in bit retrieval). In the special case that m =

1, the constraint C5 appears in the formulation of the bit retrieval problem used in [94].

REMARK 4.22 (Variants of C'1). The constraint set C; in (4.25a) can be easily modified so
that the alphabet A set is different for each vector a’ or even for each individual entry of
the vectors a’. In this way, desired entries of a design can be fixed or avoided by choosing

the corresponding alphabet sets to be singleton or to exclude certain values, respectively.

For each set of parameters (m, «, v, A), it transpires that an m-tuple of vectors (a’ );-”:’01

satisfies Definition 4.20 precisely when it is a feasible point for (4.24). This equivalence

is justified by the following proposition.
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Proposition 4.23. Let A C R be nonempty and finite and consider a collection of real

sequences {a’ };7"”:_01 C A™. Then the following assertions are equivalent:

(i) {otj};n:_o1 C A™ is complementary with constants vy and vy, i.e.,

(ii) ()7t € (R™)™ solves (4.24) with v = (v, 11,...,11) and some a € R™ which

satisfies
-1

3

04]2- =uv(n—1)+ .

Il
=)

J
Proof. This is an immediate consequence of Proposition 1.41. O

In order for the feasibility problem (4.24) to be computationally useful, it is necessary
that the projectors onto the constraint sets in (4.25) can be efficiently computed. In what

follows, we prove that this is indeed the case.

Proposition 4.24 (Projector onto C}). Let (a°;a',...,a™™ ) € (R")™ and consider
the set Cy described in (4.25a). Then Pe, ((aj)T:Bl) is the set of points (dj);n:_ol e (R™)™
which satisfy
al e {z e A:|i—d :mm;z‘_ag},
leA
forallj=0,1,.... m—1and s=0,1,...,n— 1.

Proof. Let a € R. We observe that projector onto the set A is given by

PA(a):{leA:|l—a|:1%égl|l—a}}.

Applying this result pointwise and using the definition of the inner product on (R™)™, the

result follows. O

Proposition 4.25 (Projector onto Cs). Lete = (1,1,...,1) € R". The projector onto
the set Cy in (4.25b) at (a° al,...,a™ ') € (R")™ is given by

n—1 m—1

. 1 .
oo - (w2 (-54) )
s=0 j=0
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Proof. According to Proposition 1.43, the projection of any point a € R™ onto the hyper-
plane H; := {a eR":ela= cvj} is given by

n—1
1 1
PHj(&) =a+ H€H2 (aj — eTa) e=a-+ — (aj — Za5> €.

The definition of the inner product on (R™)™ yields P, ((a’ );":_01) = (Py,(a’ ));’:01, from

which the result follows. O

REMARK 4.26. The implementation of the projectors given in Propositions 4.24 and 4.25,
requires only vector arithmetic and finding the minimum of a finite set, respectively. From

a computation perspective, the latter poses no problem when the alphabet, A, is small.

We now turn our attention to describing the projector onto C5. In the following

proposition, we denote the unit sphere in C™ by
m—1
S := {(zj);f;ol €C™: ) |z’ = 1} ,
=0
and we define the set

Y = FRY™ = FR")x ") x F(R™),

where F denotes the discrete Fourier transform (1.10). In view of Proposition 1.42, the

set F(R™) is precisely the set of all conjugate symmetric vectors in C", i.e.,

F(R"™) = {(zs)?;ol eC':2€eR, z,=2" Vs:1,2,...,n—1}.

n—s’

Proposition 4.27 (Projector onto C3). For any v € R", the projector onto the set Cs
defined in (4.25¢c) can be computed as

Po, = (F',...,FYoPso(F,...,F), (4.26)

where the set 6’\3 15 described by

with © := F(v).
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Furthermore, the pmjector onto Cs at (a',a%...,a™ ") €Y, P ((@?)1"), is given
by the set of all points (a”) L' ¢ Y which satisfy, for alls=0,1,....,.n—1:

@)y = \/%(&i)?_ol, if (a1)75" # O,
j=0 s

(4.27)
@) € Vs, i (@) = O

Proof. We first prove the claimed formula for Pg,. To this end, note that

Cs = ENY where E := {(AJ)J e Z\aj|2—@}. (4.28)
=0
By Proposition 1.44, the projector onto S for a point z € C™ is given by
z/zl|, if z # Op;

Puz) = /1Iz]] # (4.29)

S, if 2 =0,,.

Applying (4.29) to each m-tuple (af)7', we deduce that (a/))' € Pg ((a?)]')  (C*)™
precisely when the vector (af)' € C™ satisfies (4.27) for all s = 0,...,n — 1. Due to
(4.28), any vector (@’ );":—01 which satisfies (4.27) and is contained in Y is an element of
Ps ((@7)15"). Thus the claimed formula for Pg; follows.

Next we prove (4.26). We first note that since the Fourier transform, F, is a linear
isometry on C" (Proposition 1.42(iii)), the operator (F,...,F) is a linear isometry on
(C™)™ with inverse given by (F,..., F)~t = (F',..., F!). Since distances are invariant

under isometries, we therefor have that
Po, = (F'...,F Yo Preyo(F,....F),

where F(C3) = { : )m:_l € 03}. To complete the proof, it therefore suffices

to show F(C3) = Cs. To this end, in view of Proposition 1.42(ii)—(iii), for any tuple
(/)7 € (C™)™ we have that

m—1 m—1 m—1
Zaj*a]—v & Z]—"(a]*aj):f) = ]]—"(a])f:f),
7=0 7=0 7=0

which shows that F(C3) C 6’\3 To deduce the reverse inclusion, note that F is invertible
(Proposition 1.42(iii)) and use the same argument with (a’)7- o= (f’l(dj));l:_ol. O
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REMARK 4.28. We emphasize that it is important to note that the projector onto @ is

given by (4.27) for tuples (a’ );”:_01 contained in Y but not (C™)™.

We now provide three concrete examples of types of combinatorial designs which can
be described in terms of the structure proposed in formulation (4.24).

4.2.2.1 Circulant weighing matrices

Definition 4.29 (Circulant weighing matrix). Let n,k € N. A circulant weighing
matrix of order n and weight k*, denoted CW (n, k?), is a circulant matriz W € {0, £1}7<"
such that

WWw?T = k1. (4.30)

As we show in the next proposition, circulant weighing matrices can be formulated as

desings of circulant type in the sense of Definition 4.20.

Proposition 4.30. Let n,k € N. A matriz W € R™" is CW (n, k?) if and only if there
exists a vector a € {0, £1}" with W = c(a) such that

(i) 00 ay = £k, and
(ii) a*xa=(k*0,0,...,0).

Proof. Since the matrix W is circulant, there exists a vector a € {0,£1}" such that
W = ¢(a) where the mapping ¢ : R® — R™*" maps a vector to an associated circulant

matrix. For such a vector, the equality (4.30) is equivalent to
axa=(k*0,0,...,0).

The result follows by applying Proposition 4.23 (with m = 1). O

Example 4.31 (A CW matrix of small order). The vector
a=(-1,1,1,-1,1,0,1,0,1,1,0,0,—-1)

defines a circulant weighing matriz CW (13,3%). Indeed, it verifies Ziio a;, = 3 and
axa=(9,0,0,0,0,0,0,0,0).

The class of circulant weighing matrices are of interest, in part, because they include

all circulant Hadamard matrices (specially, a CW (n, k?) is a circulant Hadamard matrix
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whenever n = k* and n = 0 mod 4). The existence of a CW matrices for a given order
and weight is, in general, not resolved. Strassler’s table, which originally appeared 20
years ago in [165], gives the existence status of CW (n, k?) for n < 200 and k < 10. The
table has been updated several times, but still contains open cases. The most up-to-date
version known to the author at the time of writing is contained in [169, Appendix A]. For
other recent progress regarding CW matrices, see [170]. In Section 4.2.3.1 we present two
circulant weighing matrices found with the DR algorithm, namely, a CTW (126, 8%) and a

CW (198,10?), whose existence had been previously marked as an open question.

4.2.2.2 D-optimal designs of circulant type

Let n be an odd positive integer. In [92], the author showed that the determinant of a

square matrix of order 2n having {41} entries satisfies the bound
|det(D)| < 2"(2n — 1)(n — 1)" 1.

Such a matrix is said to be D-optimal if it has maximal determinant, that is, the afore-

mentioned determinate bound is attained.

To construct a D-optimal matrix, it suffices to find two commuting square {41}-

matrices, A and B, of order n such that
AAT + BBT = (2n — 2)I + 2J, (4.31)

where J € R™*" denotes the matrix of all ones. A D-optimal matrix D of order 2n can

then be constructed from the matrices A and B as

A B
D= (—BT AT) . (4.32)

This construction, originally proposed in [92] for the case in which matrices A and B are
circulant, was later extended in [75] to commuting matrices. The former case constitutes

a special type of D-optimal designs known as D-optimal designs of circulant type.

Definition 4.32 (D-optimal design of circulant type). A D-optimal design of circu-
lant type is a matriz D of order 2n given by (4.32) for a pair of circulant {£1}-matrices
A and B of order n satisfying (4.31). In the case when we wish to refer to the underlying
matrices A and B explicitly (rather than D), we shall say that (A, B) is a D-optimal

design of circulant type.
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As before, we deduce the following characterization of D-optimal designs as particular

instances of general combinatorial designs, both of circulant type.

Proposition 4.33. Letn be an odd integer. A matrixz D is a D-optimal design of circulant
type of order 2n if and only if there exist constants o, f € Z with o* + 8% = 4n — 2 and
a pair of vectors (a,b) € {£1}" x {£1}" such that D satisfies (4.32) for A = c(a) and
B = ¢(b), and the following assertions hold:

(i) Yoy as = o,
(ii) "5 by = B, and
(i1i) axa+bxb=(2n,2,2,...,2).

Proof. Let (A, B) be a D-optimal design of circulant type of order 2n. Since both matrices
A and B are circulant, there exist vectors a,b € {£1}" such that A = ¢(a) and B = ¢(b).

For such vectors, (4.31) is equivalent to
axa+bxb=(2n,2,2,...,2).

The result follows by applying Proposition 4.23 (with m = 2). O

Example 4.34 (D-optimal design of circulant type of small order). The vectors
a=(-1,1,-1,1,1,1,1,1,—1) and b=(-1,1,1,1,1,—1,1,1,1)

define a D-optimal design of order 9. Let oo = 3 and 3 = 5. Then we have o®+ 3% = 4n—2
with 3°°_ as = a and Y°_ b, = B, and that axa +bxb = (18,2,2,2,2,2,2,2,2).

The existence of a D-optimal matrix for values n < 100 for which the Diophantine
equation 22 + y? = 4n — 2 has solutions has been resolved in the affirmative with the
exception of n = 99; see [86] and [87, Table 1]. In other words, the first unresolved case

of existence arises when n = 99.

4.2.2.3 Double circulant core Hadamard matrices

Let n be an odd positive integer. Recall that a Hadamard matriz of order n is a matrix
H € {£1}"" such that
HH" = H"H =nl.
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There are many equivalent characterization of Hadamard matrices. For instance, they are

precisely the {#£1}-matrices of maximal determinant [118, Chapter 2.

Definition 4.35 (Double circulant core Hadamard matrix). Let n € N. A Hada-
mard matriz, H, of order 2n+2 is said to be a Hadamard matrix with two circulant cores
(DCHM) if it is of either one of the following two forms

— =+ ..+ + o+ + +

— 4|+ + — — S A B

o + +

coo A B —

| . (4.33)

T P BT —AT

+ — Lo

P BT —AT - — |+ .+ 4+ L+

+ - T

where A and B are circulant matrices of order n, and + and — are shorthand for +1 and

—1, respectively.

We note that the two Hadamard matrices in (4.33) are Hadamard equivalent in the
sense that one can be obtained from the other via sequence of row/column negations and

row/column permutation [131, §2.1].

Two circulant matrices A and B satisfy Definition 4.35 precisely when [131, p. 3]
AAT + BB = 2n + 2)1,, — 2J,, (4.34)

and hence we can deduce the following characterization.

Proposition 4.36. A pair of matrices A and B satisfy (4.34) and, consequently define a
Hadamard matriz with two circulant cores, if and only if there exists vectors a,b € {£1}"
such that A = c(a), B = ¢(b) with

(i) =312 as € {£1},
(ii) B:=3""0b, € {£1}, and
(iii) axa+bxb=(2n,—2,—2,...,=2).

Proof. Denote A = ¢(a) and B = ¢(b) for vectors a,b € {£1}". It follows that (4.34) is
equivalent to
axa+bxb=(2n,—-2,-2,...,-2),
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and thus (iii) holds. Furthermore, as a direct consequence of Proposition 4.23, one has

n—1 2 n—1 2
o+ B = (Zas> + (st> =2,

s=0 s=0
from which (i)-(ii) follows, and thus the result is proved. O

Example 4.37 (A Hadamard matrix with two circulant cores of small order).

The vectors
a=(1,-1,-1,1,-1,1,1,1,-1) and b=(-1,—-1,1,1,—1,1,1,1,—1)

define a double core circulant Hadamard matrixz design. Indeed, note that Zi:o as = 1,
SP be=landaxa+bxb= (18 -2, -2,—-2 —2, —2, ~2 —2 —2).

4.2.3 Computational Results

In this section, we report the results of some numerical experiments which demonstrate
the performance of DR for solving (4.24). As that feasibility problem involves three
constraint sets, we implement the Douglas—Rachford algorithm in the product space as
described in (2.17). We used the same stopping criteria stated in (4.10). All codes were
written in Python 2.7 and runs were performed on Intel® Xeon® X5650 @ 2.67 GHz
with 99 GB RAM, under Debian 4.9. In order to run DR, the full amount of RAM was
not used nor required; our experiments could have easily been performed on a standard

desktop computer.

Computational results for CW matrices are summarized in Figure 4.34, while more
detailed results are included at the end of the section in Table 4.13. Results for D-optimal
designs of circulant type and Hadamard matrices with two circulant cores, respectively,
can be found in Tables 4.11 and 4.12.

4.2.3.1 New circulant weighing matrices

We now state and prove our main result regarding the existence of two circulant weighing
matrices. Our approach makes use of the following construction which is a consequence
of [22, Theorem 2.3]. Since this result appears without a proof in [21, Section 2], we show
next how to derive it and give an explicit expression of the components of the constructed

matrix in terms of the components of the original matrices.
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Instances solved (out of 10)
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FIGURE 4.34: Results for CW matrices (10 random initialization, 3600s time limit).

)

,B) || Solved instances Average time (s) Average iterations |

10 0.00 3.4
10 0.00 6.6
9 0.01 12.7
10 0.19 398.3
7 0.13 349.7
7 0.16 403.6
10 0.24 591.8
10 0.81 1,999.1
8 1.36 3,424.9
8 2.02 5,007.1
10 4.64 11,668.6
9 116.50 297,617.0
10 187.63 460,501.0
553.44 1,380,160.0
8 810.97 2,025,880.0
3 1,885.47 4,399,507.0
41| (9,9) 1 586.87 1,352,777.0
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1,207.20 2,737,865.0

TABLE 4.11: Experimental results for D-optimal designs with parameters (n,«, 3) given by
Proposition 4.33 (10 random initialization, 3600s time limit).
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L n H Solved instances Average time (s) Average iterations
1 10 0.00 1.7
3 10 0.01 33.6
5 10 0.00 5.9
7 8 0.01 35.8
9 10 0.01 35.2
11 10 0.04 89.2
13 9 0.10 222.2
15 10 0.10 241.8
17 10 0.22 549.3
19 10 1.68 4,162.5
21 10 1.97 4,764.0
23 10 2.26 5,933.2
25 9 16.08 40,468.1
27 10 76.10 192,706.0
29 10 91.82 223,875.0
31 10 428.61 1,028,850.0
33 10 849.84 2,070,120.0
35 4 2,354.52 5,864,880.0
37 2 1,883.67 4,603,068.0
39 1 2,536.40 5,916,197.0

TABLE 4.12: Experimental results for DCHM designs with parameters (n,a = 1,5 = 1) given
by Proposition 4.36 (10 random initialization, 3600s time limit).

Theorem 4.38. Let n,k € N with n odd. Let A and B be two CW(n,k?) whose re-

spective first rows, a and b, have disjoint support®. Then the circulant matriz c(w) is a

CW (2n,4k?) where w = (wy, w1, . .., wa,_1) € R* is given component-wise by
as +bs, if s is even,
W i={ Gsin — strTn, if s is odd and s < n — 2, (4.35)

a%—b%, if s 1s odd and s > n — 2.

Proof. Let G = {(x) = {1,z,...,2%" 1} be a cyclic group of order 2n generated by =,
where 22" = 1. Clearly, the element 2" of the group G has order 2.
Let a,b € R™ denote the first rows of A and B, respectively, and consider the generating

functions given by the expressions

A(x) = Zasxs and B(z):

s=0 s=0

I
=
)
8
[

6The support of ¢ = (cg,c1,...,cn—1) € R is the set {i € {0,...,n — 1} : ¢; # 0}.
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Then A(22), B(2?) € Z[G] where Z[G] denotes the group ring of G over Z. Let @, b € R2"

denote the vectors associated with A(z?) and B(z?), respectively; that is,
@:= (a0, 0,a1,0,...,a,_1,0) and b:= (by,0,b;,0,...,b,_1,0). (4.36)

Since A and B are CW (n, k?), a direct verification using Proposition 4.30 shows that the
circulant matrices defined by @ and b, namely A := c(a) and B:= c(/b\), are CW (2n, k?).
Let @,b € R" be the vectors associated with the formal sums z"A (22) and 2"B(z2),

respectively. Since

n—1
n—1 5 n—1
" A(2?) = Z azxtn = Z ax®t 4 Z asz* ",
s=0 s=0 S:nT-'rl
it follows that
&= (o,a%ﬂ,o,a%ﬁ,o,...,an,l,o,ao,o,al,o,...,o,anT_l) . (4.37)

The analogous expression holds for b.

Consider now the circulant matrices A = ¢(@) and B = ¢(b) associated with the formal
sums r"A(z?) and x"B(x?), respectively. Since a and b have disjoint support and n is
odd, one can easily check that a, 'd,g,g have pairwise disjoint support. Therefore, all the
assumptions of [22, Theorem 2.3] hold, and we deduce that the vector w € R*" associated

with the formal sum W (z) given by
W(z) := (14 2")A(2?) + (1 — 2™)B(2?) € Z|G]

is such that the circulant matrix c(w) is CW (2n, 4k?).

To conclude the proof, we just need to check that the components of w are given
by (4.35). Indeed, since
w=a+a+b—0b,

the expression given by (4.35) follows from (4.36) and (4.37). O
Theorem 4.39. Both CW (126, 8?%) and CW (198, 10%) ewist.

Proof. Using DR, the following CT (63, 4%) was found

a=[1,-1,0,0,0,0,0,1,10,1,0,-1, 0, 0,-1, 0, 0, O, O, O, O, O, O,
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1 0, 0, 0,-1, 0, 0, 0, 0, 0,1, 0, 0, O, 0, O, 0, O,

1,-1, 0, O,

1, 0,

1].

1, 0, 0, 0, 0, 1, O, O, O,

0, 0, 0, 0, O,

It has disjoint support with its cyclic permutation, b, given by

b=1[o0,0,0,0,00,0,0,0,0,0,1,0,0,0,0,1,0,0,0,1, 1,-1, 0,

b

1, 0, 1

0,

o0, 0, 0, 0, O,

o0, 0,-1, 0, O,

1, 1, 0, 1, 0,-1,

0, 0, 0, 0,
-1, 0, 0, 1, 0, 0, 0,-1, 0, O, O, O, O0,-1, O].

The construction in Theorem 4.38 applied to a and b yields

w=1[10,-1, 1, 0,-1, 0, O, O, 1, O, O, O, O, 1, O, 1,-1, O, O, 1, O, 1, O,

1,

1,-1, 0, O,

1,
1, 0,-1,-1, 0,-1, 0, O, O,

1, 0,

i, 0, 0, 0, 0, 0,-1,

1,

-1, 0, 0,-1, 0, 0,-1,-1,

1,
1, 0,-1, 0,1, 0, O,

1, 1,-1, O,
1, 0,

1, 0, 0, O,
-1, 0, 0, 0, O,

1,-1,

1, 0, 0,-1,

1,-1, 0, 0,

1, o, 0,-1, 1, 0, 0, O, 1, 1,-1, O0,-1,

1,

1,-1, 0,-1,

-1, 0, 0, 0, O, O,

09_1’_1’ 1, 1;_1] )

and, consequently, the vector w defines a CTW (126, 82).
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It has disjoint support with its cyclic permutation, b, given by

to,-t, 0, 0,10,0,10,0,1,0,0,0,0,0,1,0,0,1,0,0,0,0,

b =

1, 0,

i, 0, 0,-1, 0, 0,-1, 0, 0, 0, 0, 0, 1, O, O,

1, 0, O,

0,-1, 0, O,

0,

1, 0, 0,-1, O,
i, 0, 0,-1, 0, 0, 0, 0, 0, 0, O, 0,-1, O, 0, O, O,

1, 0, 0,-1, 0, O,

1, 0, O,

1, 0, 0, 0, O, O,

1, 0, O,

1, 0, 0, 0, 0, O,

0,

0,-1, 0].

The construction in Theorem 4.38 applied to a and b yields

v = [-1, 0,-1, 1, O,-1, 1, O, 1, O, O, O, 1, O, 1, 1, O,-1, 1, O, 1, 1, O,-1,

1: Oa_l,

0,

1, 0, O,

13_19 Os

1, 0,
1, 0,
1, 0,

1,-1, 0,-1, 1, 0,-1,

0,

o, 0, 0,-1, O,
_1’ 09_1: O, Os

1,-1, 0,-1, 0, 0, O,

1,-1, 0,

1,1, 0,-1,

1, 0,

1,

1, 0, 1,-1, O,
1,

1, 0,
1, 0,-1,-1, 0,-1, 0, O, O,

1, 0, 0, O,

1,
1, 0,-1, 0, 0, O,

-1, 0,-1, 0, 0, O, O, O, O0,-1, O,

1, 0,-1,

1, 0,-1,

1,

1, 0,

3

1
1, 0, 0, 0,-1, 0,-1,-1, O,

1,-1, 0,

1, 0,
1, 0,

1,

1, 0,

1,
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1, 0, 1,1, 0, 1, 0, 0, 0, 1, O,-1, 1, O, 1, 1, O,-1,-1, O0,-1,-1, O, 1,
o, 0, 0,-1, 0, &1, 0, 0, 0, O, O, O0,-1, O0,-1, 1, O,-1, O, O, O, 1, O,-1,
-1, 0,-1, 1, 0,-1],

and, consequently, the vector w defines a CTV (198, 10?). O

REMARK 4.40. Both constructions in Theorem 4.39 were marked as open cases in the
update of Strassler’s Table appearing in the 2016 preprint version of [169]”. We also note
that a previous version of Strassler’s Table published in [20, Table 3] also listed these two
cases as open. Despite the fact that these two cases have remained unresolved in multiple
updates of Strassler’s table, we discovered (after independently proving Theorem 4.39)
that existence can actually be deduced by combining either of the aforementioned ver-
sions of Strassler’s table with a much older result [18, Theorem 2.2] which appeared in
1999. Specifically, the existence of CTV (126, 8%) and CW (198,10?) follows by respectively
applying this result to CW (21,4?) and CW(33,5?), with m = 3. In fact, the existence
of CW(198,10?) was already claimed in [18]. After pointing out the errors to the author,
Strassler’s Table has been correctly updated in the final published version of [169].

REMARK 4.41. Although Strassler’s original table [165] correctly states that C'W (196, 42)
exist, in both of updates, [20, Table 3] and the one in the preliminary version of [169], its

status is incorrectly shown as not existing. The same error appears in [111, §5] and [170,
p. 144]. Indeed, we obtained the following CW (28,4?%) with DR

a=[1,0,1,-1,-,1,0,1-,0,0,1,0,0,-1,0, -1, -1,1, 1, 0, 1,
1, 0, 0, 1, 0, 0],

from which a CTW (196, 4%) can be deduced by appending 0g after each component

w=/[1 0,0, 0,00,0,0,00,0,0,0,0,1,000,0,0,.0,1,°0,.0,
o, o, o, 0,-1, 0, 0, 0, 0, 0, 0, 1, O, O, O, O, O, O, O, O, O, O, O, O,
o, 1, o, o, o, 0, 0, 0,-1, 0, 0, 0, 0, O, O, O, O, O, O, O, O, O, O, O,
o, 0, o, 0, 0, 1, 0, 0, 0, 0, O, 0, O, O, O, O, O, O, O, O, O, O, O, O,
o, 0,-1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, O, O, O,-1, O, O, O, O, O, O,-1,
o, o, o, 0, 0, 0, &, 0, 0, 0, 0, 0, O, &, O, O, O, O, O, O, O, O, O, O,
o, 0, 0, 1, 0, 0, 0, 0, 0, O, 1, O, O, O, O, O, O, O, O, O, O, O, O, O,
o, o, 0, 0, 0, 0, 0, 1, 0, 0, O, O, O, O, O, O, O, O, O, O, O, O, O, O,
0, 0, 0, O].

The status of CTV(196,4%) has also been corrected in the published work [169, Table 3]
after notifying the author.

"Tan M.M.: Group Invariant Weighing Matrices. Preprint (2016). ArXiv: 1610.01914
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‘ (n, k) H Solved Av. time (s) Av. iterations ‘ ‘ (n, k) H Solved Av. time (s) Av. iterations ‘
@) | 10 0.00 15 (35,1) [ 10 0.00 85
21) | 10 0.00 1.4 (36,1) || 10 0.00 8.3
(3,1) 8 0.00 3.1 (37,1 || 10 0.00 11.7
(4,1) 10 0.00 5.6 (38,1) 10 0.00 6.2
(5,1) 9 0.00 4.0 (39,1) 10 0.00 9.9
6,1) | 10 0.00 41 (40,1) || 10 0.00 10.5
(7,1) 10 0.00 3.3 (41,1) 10 0.00 11.8
(8,1) 10 0.00 3.5 (42,1) 10 0.00 11.8
©.1) | 10 0.00 4.0 43,1) || 10 0.00 9.1
(10,1) | 10 0.00 45 (44,1) || 10 0.00 8.7
(11,1 | 10 0.00 40 (45,1) | 10 0.00 0.7
(12,1) 10 0.00 3.8 (46,1) 10 0.00 14.5
(13,1) | 10 0.00 47 (47,1) | 10 0.00 9.3
(14,1) 10 0.00 3.8 (48,1) 10 0.00 10.9
(15,1) 10 0.00 5.7 (49,1) 10 0.00 11.9
(16,1) 10 0.00 6.0 (50,1) 10 0.00 13.4
17.1) || 10 0.00 5.7 (51,1) || 10 0.00 11.7
(18.1) | 10 0.00 46 (52,1) || 10 0.00 16.3
(19,1) 10 0.00 7.0 (53,1) 10 0.01 17.8
(20,1) 10 0.00 6.2 (54,1) 10 0.00 16.2
(21,1) | 10 0.00 6.3 (551) | 10 0.00 14.7
(22,1) | 10 0.00 8.2 (56,1) || 10 0.00 10.4
(23,1) 10 0.00 6.9 (57,1) 10 0.00 15.9
(24,1) 10 0.00 6.2 (58,1) 10 0.00 11.6
(25.1) | 10 0.00 48 (59,1) || 10 0.00 124
(26,1) | 10 0.00 5.2 (60,1) || 10 0.00 16.1
(27,1) 10 0.00 6.1 (32,2) 9 0.25 984.3
(28,1) 10 0.00 6.7 (34,2) 4 0.06 211.8
(29,1) 10 0.00 8.7 (35,2) 6 0.14 516.3
30,1) | 10 0.00 7.9 (36,2) 5 0.09 359.4
(4,2) 9 0.00 5.1 (38,2) 2 0.11 398.0
(6,2) 10 0.00 8.1 (40,2) 7 0.34 1,287.3
72) | 10 0.09 328.9 (422) || 10 0.60 2,265.0
(8.2) 7 0.02 81.4 442) || 2 0.06 241.0
(10,2) 10 0.04 180.5 (46,2) 1 0.02 65.0
(1272) 10 0.05 211.7 (48,2) 8 0.21 798.0
(14,2) 10 0.16 649.2 (49,2) 10 1.36 5,031.0
(16,2) 7 0.09 373.0 (50,2) 2 0.05 201.5
182) | 6 0.03 1105 (522) | 0 - :
(202) | 7 0.30 1,213.9 (54,2) || 3 0.14 491.7
(21.2) | 10 0.32 1,165.9 (562) || 8 0.29 1,008.4
(222) | 3 0.02 67.7 (582) || 3 0.01 443
(24,2) 8 0.13 506.5 (60,2) 3 0.28 1,082.0
(26,2) 2 0.03 101.0 (39,3) 10 5.72 22,158.7
(28,2) 9 0.19 703.3 (48,3) 1 13.29 52,189.0
(30,2) 5 0.07 232.6 (52,3) 10 3.92 14,888.2
(13,3) | 10 0.05 172.0 (314) | 10 42245 1,652,410.0
(24,3) 2 10.93 42.,967.5 (42,4) 10 132.12 504,622.0
(26,3) 10 1.89 7,162.3 (56,4) 10 59.63 225,106.0
214) | 10 11.47 45,012.3 (31,5) | 10 93.10 90,731.5
(28,4) 10 15.89 60,377.3 (33,5) 10 334.83 1,306,620.0
(31,1) 10 0.00 9.0 (48,6) 8 607.04 2,365,024.0
(32,1) 10 0.00 9.8 (52,6) 3 2,314.49 8,309,650.0
(33,1) 10 0.00 9.4 (57,7) 2 482.54 1,812,060.0
341) | 10 0.00 0.7

TABLE 4.13: Detailed results for CW matrices (10 random initialization, 3600s time limit).



Conclusions and future research

This dissertation contributes to the family of projection algorithms, both from the the-
oretical perspective and also from the point of view of the applications. All the results
in Chapters 3 and 4 are new and the content therein is based on the author’s joint
works [11, 14, 16], and the submitted manuscripts [12, 13, 15]. Detailed contributions, as

well as some possible directions of future research, are summarized hereunder.

Theoretical contributions

A new projection algorithm, the averaged alternating modified reflections (AAMR) met-
hod, has been introduced and studied in Chapter 3. Even though each iteration of AAMR
is very similar to the one of the classical Douglas-Rachford (DR) method, the new scheme
yields a solution to the best approximation problem, unlike DR, which only gives a point
in the intersection of the sets. Under a constraint qualification, the method was proved

to be strongly convergent to the solution of the best approximation problem.

Motivated by the promising results of some numerical experiments, we have computed
the rate of linear convergence of the AAMR method for the case of two subspaces in
a Euclidean space. We have additionally found the optimal selection of the parameters
defining the scheme that minimizes this rate, in terms of the Friedrichs angle. The rate
with optimal parameters coincides with the one of the generalized alternating projections
(GAP) method, which is the best among all known rates of projection methods. The
sharpness of these theoretical results was additionally demonstrated with two computati-

onal experiments.

The AAMR algorithm has been extended to deal with monotone operators. Such
an extension has been naturally derived by replacing projectors onto convex sets with
resolvents of maximally monotone operators. The new splitting method can be applied
to compute the resolvent of the sum of the operators, a generalized version of the best
approximation problem within this context. This generalization of the method has allowed

us to derive two different parallelized variants for dealing with finitely many operators.
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e The fixed points of the AAMR operator are responsible for the AAMR algorithm
to be able to solve best approximation problems. The existence of such fixed points
has been proved equivalent to a constraint qualification to be held. However, the set
itself has only been characterized for the case of two subspaces (Proposition 3.15).
A precise description of the set of fixed points for arbitrary convex sets appears
mandatory, since it implies a better understanding of the algorithm that may lead

to new results.

e The AAMR algorithm is defined by two parameters o and 5, which have a big effect
in the convergence rate of the method (see Figure 3.11). Although « is allowed to
vary along the iterations, nothing has been stated for 5. It would be useful to derive
a version of the algorithm where § can be updated at each step, with the purpose

of developing some acceleration technique for the AAMR scheme.

e All the results have been done assuming the convexity of the sets. Because of
the similarity of the AAMR scheme and the Douglas—Rachford method, and the
effectiveness of the latter in some highly nonconvex settings, it would be interesting
to explore whether it would be possible to use the AAMR method as heuristic in
nonconvex feasibility problems, either alone, or combined with DR to avoid possible

cycles.

e The analysis of the rate of convergence of the AAMR algorithm was done for the
case of linear subspaces in a finite-dimensional space. It would be interesting to
investigate whether the results can be extended to infinite-dimensional spaces; or
even more, to study the rate of convergence of the method when it is applied to two

arbitrary convex sets.

e The extension of AAMR for monotone operators has been analyzed by rewriting
the iteration as the one generated by DR for a modification of the operators. This
may give rise to the possibility of using some known results on Douglas—Rachford
to derive new results for the AAMR algorithm.

Contributed applications

In Chapter 4, we have presented feasibility formulations for various known combinatorial
problems, and we have showed that the Douglas—Rachford method can be used as a
successful heuristic for solving them. This extends the list of nonconvex problems for

which DR was already known to be a satisfactory solver.
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We have first considered the graph coloring problem, for which two different formula-
tions in the form of feasibility problem has been provided: one relying on binary indicator
variables and another based on a semidefinite programming representation. On the one
hand, the binary formulation has been shown to be easily adaptive and could success-
fully address other variants of the problem such as precoloring and list coloring problems
(including Sudoku puzzles), 8-queens puzzles and generalizations, and Hamiltonian path
problems (as the knight’s tour problem). On the other hand, we have only been able
to adapt the rank formulation for dealing with precoloring problems. Nonetheless, an
extensive numerical experimentation over a wide spectrum of instances, demonstrates the
superiority of the rank formulation over the binary one for those problems which can be

tackled by both formulations.

The main reason of failure of projection-based heuristic algorithms is that the iteration
stays trapped on limit cycles. Our experiments indicate that the rank-constrained matrix
formulation appears to be immune to this problem, achieving a 100% success rate in most
of the problems tested. The experiments performed with the binary formulation also
demonstrate a good behavior of DR, but the success rates and the computing time results
are far from those achieved by the rank formulation. Most notable is the experiment on
the so-called ‘nasty’ Sudoku (treated as a graph pre-coloring instance, see Figure 4.33),
on which the binary formulation only had a 20% success rate, while the rank formulation
solved every single instance. Even more, the rank-constrained approach does not come
at a great cost in implementation, and is able to solve graph coloring instances from the
DIMACS benchmark collection with hundreds of vertices and thousands of edges, often

in much less than an hour (see Table 4.10).

e In the emerging field of projection-based heuristic algorithms for solving combina-
torially hard problems, the competition is usually framed to be about the choice of
the operator (DR, ADMM, etc.). In our study we have shown that the choice of
constraint formulation has a very significant effect, and in the end, it may prove to

be even more important than the choice of operator.

e In the convex setting, for infeasible problems, the sequence generated by Douglas—
Rachford provably tends to infinity (in norm). In our experiments with the binary
formulation, we obtained some similar results for some particular graphs (see Fi-
gure 4.18), a behavior that seems to be strongly influenced by the formulation of
the feasibility problem. This motivates us to further analyze the detection of infea-

sibility in nonconvex settings with this algorithm.



186 Conclusions and future research

e We speculate that the good performance of the rank-constrained matrix formulation
may be linked to the elimination of the high symmetry-based solution multiplicity of
competing formulations (see Remark 4.13). This is strictly an empirical observation,
and we have no proposal on how solution multiplicity might be linked to limit cycle
behavior. Our results are offered as motivation for pursuing this direction in future

research on projection based algorithms.

Finally, we have developed a feasibility problem which allows to construct any class
of combinatorial designs of circulant type with the Douglas-Rachford algorithm. The
approach is illustrated on three different classes of such designs: circulant weighing ma-
trices, D-optimal matrices, and Hadamard matrices with two circulant cores. Further-
more, we have explicitly constructed two circulant weighing matrices, a C'W (126, 64) and
a CTW(198,100), whose existence was previously marked as an open question (see Re-
mark 4.40).

e The latest update of Strassler’s Table [169, Table 3] still contains various cases
marked as open. It would be worthwhile to study if some of these cases can be

solved with the proposed approach, if we allow more time to the DR algorithm.

e There exists some approaches in the literature, where the construction of combina-
torial designs is addressed by first reducing the problem to a simpler one (see [85]).
Once the latter is solved, the challenge is then to reconstruct a solution to the ori-
ginal problem. It would be interesting to study whether the DR algorithm can be

used for this purpose.
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Basic notation

H real Hillbert space
(x,y) inner product of the vectors x and y
|| norm of = induced by the inner product, i.e., ||z|| = \/{(x, x)

B(x,p) open ball centered at x with radius p
x, — x the sequence (z,)5°, converges weakly to the point x

x, — x the sequence (z,)%2; converges strongly to the point x

Sets
Cct orthogonal complement of the set C'
C closure of the set C

aff C affine hull of the set C
coneC  cone generated by the set C'
conv(C  convex hull of the set C

coreC'  algebraic interior of the set C'

de distance function to the set C

ic indicator function of the set C'

int C' interior of the set C

Pe projector onto the set C'

Re reflector with respect to the set C
riC relative interior of the set C'

spanC'  span of the set C'
sri C' strong relative interior of the set C

oc support function of the set C
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fH—=>RU{+oo}
dom f

epi f

prox;
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Operators

T:D=H
T:D—H
71

Jr

Ry

Ty

domT
FixT

gral

Id

ran7T’

zer'T’
F:Cr—=C
*: R" x R" — R"

Subspaces

dim U
U-U
Or

cr(U, V)

extended real-valued function
domain of the function f

epigraph of the function f
proximity operator of the function f

subdifferencial of the function f

set-valued operator from the set D to H
single-valued operator from the set D to H
inverse operator of T’

resolvent of the operator T

reflected resolvent of the operator T'
inner w-perturbation of the operator T’
domain of the operator T’

set of fixed points of the operator T'
graph of the operator T

identity mapping

range of the operator T’
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unitary discrete Fourier transform

periodic correlation operator
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parallel linear subspace to the affine subspace U
Friedrichs angle between two linear subspaces

cosine of the Friedrichs angle between U and V
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Matrices
Crxm  vector space of n x m complex matrices
R™™  vector space of n X m real matrices
S" subspace of symmetric matrices in R"*"
St cone of positive semidefinite matrices in R™*"”
I, n X n identity matrix
0, n X n zero matrix
Opserm, n X m zero matrix
AT transpose of the matrix A
A* conjugate transpose of the matrix A
At inverse of the matrix A
circ(a)  circulant matrix whose first row is the vector a
det A determinant of the square matrix A
diag(a) diagonal matrix whose entries are the elements of the vector a
Fix A set of fixed points of the matrix A
ker A kernel of the matrix A
ran A range of the matrix A
rank A rank of the matrix A
tr A trace of the matrix A
o(A) set of all eigenvalues (spectrum) of the matrix A
p(A) spectral radius of the matrix A
v(A) modulus of the subdominant eigenvalues of the matrix A
| A2 matrix 2-norm of the matrix A

Il 7

Frobenius norm of the matrix A
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f 2 . . . :
of an operator, positive semidefinite matrix, 15

Hadamard matrix with two circulant product-space reformulation, 27
cores (DCHM), 175 projection mapping, 4

Hamiltonian path, 129 proper

Haugazeau’s algorithm, 49 coloring, 120

Hermitian matrix, 15 function, 3

HLWB method, 50 proximal-point algorithm, 14

. . proximinal set, 4
identity operator, 2 .
.o . proximity operator, 3
indicator function, 3

induced norm, 16 range

inner perturbation, 13 of a matrix, 15

interior, 1 of an operator, 2
algebraic, 2 rank of a matrix, 15
relative, 2 reflected resolvent, 12

strong relative, 2 reflector, 4
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relaxation, 8

resolvent, 12

set-valued operator, 2

single-valued mapping, 2

span, 2

spectral radius, 16

spectrum, 16

standard centered regular simplex, 148
strengthening of an operator, 108
strong CHIP, 6

strongly monotone operator, 11
subdifferential, 3
Sudoku, 125

support function, 3
unitary matrix, 15

wheel graph, 139
windmill graph, 134

zeros of an operator, 2
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