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Notation

The following notations are among the most frequently used throughout the

thesis:

D, q
vV, W

X, Y, Z,V,W,¢

fi9,h,u, 0
M
¥

(8

v
(%)
x(D)
X (D)
7,5
CHX), keN
c> (%)
Lm
ST
Hy®
R™
Sm
Hm

Points

Vectors

Vector fields

Real functions

Lorentzian manifold

Codimension two spacelike submanifold

Spacelike immersion

Pull-back via v

One-forms on %

Tangent vector fields on X

Normal vector fields on X

Tangent vectors to X at p

Functions on Y with continuous derivative of order k
Differentiable functions on ¥ for all degrees of differentiation
m-~dimensional Lorentz-Minkowski spacetime
m-dimensional unit de Sitter spacetime
m-dimensional unit anti-de Sitter spacetime
m-~dimensional Euclidean space

m-dimensional unit Euclidean sphere

m-~dimensional unit hyperbolic space






Resumen

La nocién de superficie atrapada fue originalmente introducida en Relatividad
General por Penrose [46] para el estudio de singularidades y agujeros negros.
Estas superficies aparecen también en un contexto puramente matematico en
el trabajo de Schoen y Yau [49] sobre la existencia de soluciones a la ecuacién
de Jang, en relacién con su prueba del teorema de la masa positiva. Concreta-
mente, el concepto de superficie atrapada cerrada (donde por cerrada estamos
refiriéndonos a una superficie compacta y sin borde) no es (til solamente en
cuestiones fisicas y desarrollos matematicos, sino que también tiene diversas
aplicaciones: fue un concepto clave, por ejemplo, para el alcance de los teoremas
de singularidad, el analisis del colapso gravitacional o el estudio de la hipdtesis
de censura césmica [24], [50].

Por otro lado, el interés de matematicos y fisicos en el caso limite de las su-
perficies marginalmente atrapadas se ha visto incrementado en los Gltimos afos.
En Relatividad General, las superficies marginalmente atrapadas adquieren gran
relevancia a la hora de describir regiones de un espaciotiempo caracterizadas por
la existencia de un agujero negro. En particular, los tubos marginalmente atrapa-
dos (aquellas hipersuperficies foliadas por superficies marginalmente atrapadas)
parecen describir, tal como lo hacen en el modelo de Schwarchild, el horizonte
que divide un agujero negro y el resto del espaciotiempo. Por esta razdn, el
estudio de superficies marginalmente atrapadas es esencial para la determinacién
de tales horizontes.

Desde un punto de vista estrictamente matematico no hay razén para limitar
el estudio del concepto atrapado a superficies espaciales, ya que la definicién
puede extenderse a un contexto mas general. Realmente, solo son necesarias dos
condiciones: codimensién mayor o igual a dos, y que la métrica inducida en el
fibrado normal sea indefinida. En un reciente articulo [34] de Lima, dos Santos
y Veldsquez estudian la geometria de subvariedades (marginalmente) atrapadas
de codimensiones mas altas, encontrando condiciones suficientes bajo las que
deben ser totalmente umbilicales. Remitimos al lector a la Seccién 7 en [17] y

11



Resumen 12

las referencias que alli aparecen para una descripcién de algunos de los desarrollos
matematicos recientes en el campo de las subvariedades atrapadas.

Nuestra investigacién se desarrolla en el caso de subvariedades espaciales de
codimensién dos, las cuales estdn inmersas en un cierto espaciotiempo M de
dimensién n+2. Esdecir, consideramos una variedad lorentziana M de dimensién
n+2 > 4, temporalmente orientada y una subvariedad espacial X de codimensién
dos e inmersa en M. En otras palabras, X es una variedad conexa, n-dimensional,
para la que existe una inmersién ¢ : £ — M"2 tal que la métrica inducida
sobre ¥ es riemanniana. En este contexto, denotamos por H el campo de
vectores curvatura media de la subvariedad. Siguiendo la terminologia usada en
Relatividad General, decimos que X es:

(i) Atrapada futura (pasada) si H es temporal y apunta hacia el futuro (pasado)
sobre 3.

(i) Marginalmente atrapada futura (pasada) si H es nulo y apunta hacia el
futuro (pasado) sobre X.

(iii) Débilmente atrapada futura (pasada) si H es causal y apunta hacia el
futuro (pasado) sobre 3.

El caso limite en el que H = 0 corresponde a que X sea una subvariedad minima.

Puesto que X es espacial y tiene codimensién dos, cada espacio normal (7,X)%,
p € 3, es temporal y tiene dimensién dos; por tanto, admite dos direcciones
nulas, normales a Y y que apuntan hacia el futuro, las cuales denotamos aqui por
€y n. Es un hecho conocido que, bajo ciertas hipétesis de orientabilidad (como
por ejemplo, si el fibrado normal es trivial) entonces 3 admite una referencia
normal nula globalmente definida {&, n} que es dnica salvo normalizacién positiva
y satisface (£,n) = —1. Como es usual en Relatividad, podemos entonces
descomponer la segunda forma fundamental utilizando dos formas nulas asocia-
das a estas dos direcciones nulas £ y 1, de manera que el campo de vectores
curvatura media viene dado por

H= _9775 - 967%

donde 6; y 6, denotan las llamadas cuvaturas medias nulas (o escalares de ex-
pansién nulos) de 3. Fisicamente, 6; (resp. 6,)) mide la divergencia de los rayos
de luz que emanan de ¥ en la direccién de £ (resp. 7). De hecho, la formu-
lacién original de superficie atrapada dada por Penrose [46] fue en términos de
los signos o la anulacién de las curvaturas medias nulas.

La mayor parte de esta tesis esta dedicada a la situacién particular en la que la
subvariedad espacial de codimensién dos . esta contenida en una hipersuperficie
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nula S de un espaciotiempo M. Decimos entonces que . factoriza a través de S
y escribimos la inmersién como v : ¥" — S C M™"2. Las hipersuperficies nulas
contienen una geometria muy interesante y ademas juegan un papel relevante
en Relatividad General, donde aparecen como horizontes de sucesos de agujeros
negros y como horizontes de Cauchy. Sin embargo, a pesar de su importancia,
no ha sido hasta los afios 1980 cuando se ha empezado a llevar a cabo un estudio
continuado de estas subvariedades nulas. Desde entonces, muchos conceptos y
resultados del escenario semi-riemanniano se han visto extendidos a este contexto.
En [19] y [33] podemos encontrar una visidn general sobre el tema.

Recordemos que una hipersuperficie nula en un espaciotiempo M es una sub-
variedad de codimensién uno, S, embebida en M de manera que la métrica
inducida por la métrica lorentziana de M es degenerada. Para el estudio de
las hipersuperficies nulas la teoria de las subvariedades no degeneradas falla,
ya que existe una interseccién no trivial entre sus fibrados tangente y normal.
Sin embargo, aunque la métrica inducida es degenerada en S, la familia de
subvariedades espaciales contenidas en S la dotan de notables propiedades vy,
reciprocamente, bajo la hipdtesis de que una subvariedad espacial X factoriza a
través de una hipersuperficie nula S, la geometria intrinseca de X se ve limitada.
Pensemos por ejemplo en el clasico resultado de Brinkmann en el que enuncia que
una variedad riemanniana n-dimensional con n > 2 es localmente conformemente
[lana si, y solo si, existe una inmersién localmente isométrica de esta en el cono
de luz del espaciotiempo de Lorentz-Minkowski (n -+ 2)-dimensional "2 (en [9]
podemos encontrar una prueba mds actual).

Siguiendo una idea original de Palmas, Palomo y Romero recientemente desa-
rrollada en [44] (véase [45] para el caso previo de superficies espaciales en el
cono de luz de IL*), sabemos que si X factoriza a través de una hipersuperficie
nula, entonces sobre Y siempre existe de manera natural una referencia normal
nula, globalmente definida y que apunta hacia el futuro. Veremos que, cuando
consideramos los espaciotiempos de Lorentz-Minkowski o de Sitter, esto nos
va a permitir codificar las geometrias extrinseca e intrinseca de la subvariedad
en términos de una dnica funcidn positiva definida sobre Y. Esta idea estd
detalladamente desarrollada en los Capitulos 3 y 4.

En esta memoria, antes de adentrarnos en el estudio de las subvariedades es-
paciales de codimensién dos, empezamos con un capitulo de preliminares, el
Capitulo 2. Estd dedicado a recordar algunos conceptos basicos sobre Geo-
metria lorentziana, subvariedades inmersas en espaciotiempos lorentzianos y, en
particular, aquellas que factorizan a través de una hipersuperficie nula. Este
segundo capitulo comienza con una seccién dedicada a los espaciotiempos lo-
rentzianos, los cuales serdn nuestros espacios ambiente durante toda la tesis.
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Concretamente, empezamos considerando una variedad lorentziana M y recor-
dando qué es el caracter causal de un vector v € T,M. Tras esto, describimos
el concepto de orientacién temporal y finalmente, en esta seccién, incluimos la
definicién de algunos operadores diferenciales asociados a la métrica: el gradien-
te, la divergencia, el hessiano y el laplaciano.

Después, nos centramos en las subvariedades espaciales inmersas en variedades
lorentzianas, que seran el objeto de nuestro estudio. Aqui establecemos no-
tacion basica y también presentamos la segunda forma fundamental, el campo
de vectores curvatura media y los operadores forma nulos. En la tercera seccién
del capitulo tratamos varios tipos notables de subvariedades, los cuales apare-
cen repetidamente en esta memoria y por eso hemos creido oportuno recordar
sus definiciones, asi como algunas relaciones y herramientas. De esta forma
hablamos de subvariedades atrapadas, variedades estocasticamente completas
y parabdlicas, de su relacién con el principio del maximo débil para el lapla-
ciano, subvariedades totalmente umbilicales, inmersiones conformes e inmer-
siones isométricas. Concretamente, en esta tesis estudiamos con profundidad
las subvariedades atrapadas.

Como hemos adelantado, la mayor parte de nuestro trabajo se desarrolla en el
caso en el que una subvariedad espacial de codimensién dos factoriza a través
de una hipersuperficie nula. Por esta razén, en la dltima parte del segundo
capitulo nos centramos en estudiar la geometria de tales subvariedades. Bajo
esta hipdtesis sabemos que existe una referencia normal nula {{, n}, globalmente
definida, Unica salvo normalizacién positiva, que satisface (£,7) = —1. Con
esto obtenemos una expresion para la segunda forma fundamental, el campo de
vectores curvatura media, el tensor curvatura de Riemann, el tensor de Ricci y
la curvatura escalar de 3, todas ellas en términos de £ y 7.

El Capitulo 3 estd dedicado al estudio de la geometria de subvariedades espa-
ciales de codimensiéon dos que factorizan a través de una hipersuperficie nula del
espaciotiempo de Lorentz-Minkowski (n + 2)-dimensional "2, El contenido de
este capitulo se corresponde esencialmente con los resultados de nuestro trabajo
recogido en [5]. Concretamente nos centramos en la hipersuperficie conocida
como el cono de luz del espaciotiempo de Lorentz-Minkowski, A, y en la dltima
parte del capitulo obtenemos algunos resultados considerando un hiperplano nulo
L. Cabe destacar que es interesante estudiar ambas hipersuperficies nulas ya que
tienen diferentes propiedades: por ejemplo, el hiperplano nulo es una hipersuper-
ficie autoparalela mientras que el cono de luz no lo es.

]Ln+2

Recordemos que el espaciotiempo de Lorentz-Minkowski no es mas que el
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espacio vectorial real R"™ dotado con la métrica lorentziana

donde estamos tomando (z1, s, ..., %, 2) como coordenadas. En la primera
parte del capitulo consideramos el cono de luz con vértice en el origen 0 € L™ "2,

A={reL"?: (v,2) = 0,2 # 0},
y trabajamos en su componente conexa futura
AT ={z e L"?: (z,7) = 0,2, > 0}.

Denotamos por ¢ : X" — AT C L""? la inmersién de una subvariedad es-
pacial de codimensién dos, ¥, a través de la componente futura del cono de
luz. También definimos la funcién positiva u como la primera coordenada de la
inmersién 1. En la Seccién 3.2, siguiendo las ideas de [44], establecemos las
ecuaciones basicas para subvariedades espaciales en el cono de luz, y calculamos
su segunda forma fundamental en términos de u y su hessiano (Proposicién 3.5
y Proposicién 3.6).

Como primera aplicacién de nuestro enfoque, la Seccién 3.3 esta dedicada al
estudio de subvariedades totalmente umbilicales que factorizan a través del cono
de luz. En particular, en el Teorema 3.9 clasificamos las subvariedades espaciales
de codimensién dos en A1, mostrando que, bajo esta hipétesis, existe a € L2
cona#0y(a,a)=ce {-1,0,1}, y existe 7 € R, 7 > 0, tal que

Y(X)CcS(a,7)={pe At :{(pa)="1}

En [39], las subvariedades totalmente umbilicales que factorizan a través del
cono son caracterizadas por procedimientos completamente diferentes a los aquf
mostrados. También en [29] encontramos un estudio sistematico de la um-
bilicidad y semi-umbilicidad de subvariedades espaciales en el espaciotiempo de
Lorentz-Minkowski.

En la Seccién 3.4 damos un criterio de compacidad para subvariedades completas
en términos del crecimiento de la funcién positiva u, y obtenemos que toda
subvariedad espacial de codimensién dos compacta y que factoriza a través de A
es entonces conformemente difeomorfa a la esfera euclidea (Proposicién 3.12).
Es mds, probamos que toda subvariedad espacial de codimensién dos en AT
viene dada por un embebimiento explicito que puede escribirse en términos de la
funcién u (Corolario 3.15).

En las dos secciones siguientes nos centramos en el caso en el que la subvariedad
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> es atrapada. En particular, cuando X factoriza a través de la componente
futura del cono de luz de "™ obtenemos (véase Corolario 3.17) que ¥ es
atrapada (resp. marginalmente atrapada, débilmente atrapada) y necesariamente
pasada si, y solo si, 2uAu — n(1 + ||[Vul[?) > 0 (resp. =0, > 0) sobre 3.

Como es sabido [36], no existen subvariedades compactas débilmente atrapadas
en L2 y, en particular, no existen subvariedades de codimensién dos, compactas
y débilmente atrapadas a través del cono de luz de L"™. En la Proposicién
3.22, como aplicacién del principio del maximo débil para el laplaciano, extende-
mos este resultado de no existencia para el caso mas general de subvariedades
estocasticamente completas bajo la hipdtesis de que la funcién u esté superior-
mente acotada. En relacién a esto, en el Teorema 3.24 también probamos que no
existen subvariedades de codimensién dos completas y débilmente atrapadas que
factoricen a través del cono de luz de "2 para las que la funcién u satisfaga
u € L9(X) para ningin ¢ > 0.

Finalizamos este capitulo con el estudio de las subvariedades espaciales de codi-
mension dos a través del hiperplano nulo dado por

Lo={xcL"?: (z,a) =0,2 #a},

donde a € L™ es un vector nulo. En este caso obtenemos que toda subvariedad
Y X" — Lo C L™ es marginalmente atrapada siempre que no se satisfaga
Au = 0 sobre X, donde u estd definida como la primera coordenada de la
inmersién ¢ (Proposicién 3.28). Por otra parte, si asumimos la completitud
de X, en la Proposicién 3.29 enunciamos que ésta tiene que ser isométrica al
espacio euclideo (R",(,)g.) y en el Corolario 3.31 vemos que X viene dada
por un embebimiento explicito que puede ser escrito en términos de la primera
coordenada de la inmersién, u. Como consecuencia de esto podemos dar una
caracterizacién de las subvariedades espaciales de codimensién dos completas
que factorizan a través de L, y tienen vector curvatura media paralelo (Corolario
3.32).

En el Capitulo 4 nos interesamos en el estudio de las subvariedades de codi-
mensién dos (marginalmente) atrapadas que estdn contenidas en ciertas hiper-
superficies nulas del espaciotiempo de Sitter (n + 2)-dimensional,

St = {x e L™ (z,2) = 1}.

En particular, aqui consideramos subvariedades espaciales de codimensiéon dos
que factorizan a través de una de las dos siguientes hipersuperficies nulas, que
corresponden a la interseccidn del espaciotiempo de Sitter con las dos hipersuper-
ficies nulas del espaciotiempo de Lorentz-Minkowski consideradas en el capitulo
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previo:
(i) la componente futura del cono de luz, que denotaremos por AT, y

(i) el infinito pasado del espacio conocido como steady state, que denotaremos
por J .

Los resultados que mostramos en este capitulo pueden encontrarse en nuestro
articulo [4].

En la Seccién 4.2 y la Seccién 4.3 consideramos el caso en el que la subvariedad
factoriza a través de la componente futura del cono de luz, ¢ : ¥" — A+  S}12,
En este contexto, obtenemos que la subvariedad Y es marginalmente atrapada
(necesariamente pasada) si, y solo si, la funcién u satisface la ecuacién diferencial

2uAu —n(1+ [|[Vul|* —u?*) =0 (0.1)

sobre 3, donde u denota la primera coordenada de ¢ (Corolario 4.8). Ademds,
también sabemos que toda subvariedad espacial compacta de codimensién dos
que factoriza a través de A" es conformemente difeomorfa a la esfera euclidea
(S™,(,),) y viene dada por un embebimiento explicito que puede escribirse en
términos de la funcién u (Corolario 4.15). Asimismo, resolver la ecuacién dife-
rencial (0.1) sobre (3, (,)) resulta equivalente a encontrar las soluciones positivas
de la ecuacién diferencial

2fAf =n(L+[IVSI? = f) =0

sobre S™ con la métrica conforme a la métrica estdndar f*(,),. Como una
interesante consecuencia de todo esto, y de manera sorprendente, el problema
de caracterizar las subvariedades compactas marginalmente atrapadas en el cono
de luz del espaciotiempo de Sitter resulta ser equivalente a resolver el problema
de Yamabe en la esfera euclidea, un problema clasico que fue resuelto por Obata
[40] en 1971.

Esto nos permite obtener nuestro resultado principal de clasificacién y carac-
terizar todas las subvariedades compactas de codimensién dos que factorizan a
través de AT y son marginalmente atrapadas (Teorema 4.17). En este teo-
rema demostramos que si 1 : ¥ — At C S"™? es una subvariedad com-
pacta de codimensién dos que factoriza a través de AT y es marginalmente
atrapada (necesariamente pasada); entonces existe un difeomorfismo conforme
W (X" () = (S™(,),) tal que i) =4, o ¥, donde fp, : S — (0,400) viene

dada por
1

o) = B IO
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para cualquier b € R**! y ¢y, : S* — A+ C ST*? es el embebimiento

Un(p) = (fo(p), fo(p)p, 1).

En particular, tenemos que X es embebida.

Por otra parte, en la Secciéon 4.4 consideramos el caso de las subvariedades
contenidas en el infinito pasado del espacio steady state, 7. En este caso de-
ducimos que toda subvariedad espacial de codimensiéon dos que factoriza a través
de J~ es marginalmente atrapada siempre que u no satisfaga Au + nu = 0 so-
bre 3 (Proposicién 4.24). También observamos que toda subvariedad espacial
completa de codimension dos que factoriza a través de 7~ es necesariamente
compacta e isométrica a la esfera euclidea (S", (,),) y viene dada por un embe-
bimiento explicito que puede ser escrito en términos de la funcién u (Corolario
4.27). Como consecuencia, en el Corolario 4.28 caracterizamos aquellas sub-
variedades que, bajo las condiciones anteriores, tienen vector curvatura media
paralelo.

La Seccidén 4.5 estd dedicada a establecer un resultado intrinseco de unicidad
para las soluciones de la ecuacién diferencial (0.1), el cual estd motivado por
el significado geométrico de tales soluciones. Finalmente, en la Seccién 4.6
consideramos el caso mds general de las subvariedades espaciales de codimensién
dos completas, no compactas y débilmente atrapadas que factorizan a través de
AT. Ya conocemos por la Proposicién 4.13 que si ¥ es una subvariedad de
codimensién dos en las condiciones anteriores entonces la funcién positiva u no
puede estar superiormente acotada; es mas, tiene que cumplirse

lim sup B ~+00

r—+o00 T10g<r)
con r la distancia riemanniana desde un origen fijado o € X. En esta direccidn,
en nuestro Teorema 4.33 probamos que, para tales subvariedades, si el primer
valor propio A; del laplaciano A es positivo, entonces

(o) cvtom

para cualquier ¢ que satisfaga 0 < ¢ < 4X\;/n. En particular v ¢ L9(X). La
prueba de este resultado es consecuencia de un teorema analitico establecido en
el Teorema 4.32, el cual tiene también interés por si mismo.

En el Capitulo 5 mostramos una correspondencia natural entre el cono de luz del
espaciotiempo de Lorentz-Minkowski y los también llamados conos de luz de los
espaciotiempos de Sitter y anti-de Sitter. El estudio desarrollado en este capitulo
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estd incluido en nuestro trabajo [13]. Por simplicidad en la notacién, cuando nos
estemos refiriendo a cualquiera de los dos espacios, de Sitter o anti-de Sitter
indistintamente, lo denotaremos por espaciotiempo (anti)-de Sitter y usaremos
la notacién M., donde £ = 1 para el espaciotiempo de Sitter y ¢ = —1 para el
espaciotiempo anti-de Sitter.

En la primera parte del capitulo presentamos el espaciotiempo anti-de Sitter, que
viene definido por el subconjunto

H 2 = {z € Ry (z, 1) = —1}

dotado con la métrica inducida por la de R§L+3. Aqui, ]Rg”’ es el espacio vectorial
real R"™ con coordenadas (o, ..., Z,42) y métrica de indice v = 2

(,) = =(dxo)® = (dx1)® + (daa)? + - - - + (dnis)’.

En esta seccidon también estudiamos el campo de vectores temporal globalmente
definido que nos da la orientacién temporal en H? 2, y definimos el cono de luz
del espaciotiempo (anti)-de Sitter con vértice en a € M. como

Aa={zeM.:(x—az—a)=0xz+#al}.

En la Seccién 5.2 consideramos las subvariedades espaciales de codimensién dos
que factorizan a través del cono de luz del espaciotiempo (anti)-de Sitter, y
establecemos una correspondencia entre estas subvariedades y aquellas que fac-
torizan a través del cono de luz del espaciotiempo de Lorentz-Minkowski L2,
Concretamente en la Proposicién 5.4 tenemos que si ¢ : ¥ — A, C M2 es
una subvariedad espacial de codimensién dos que factoriza a través del cono de
luz A,, entonces existe una inmersién espacial ¢ : ¥" — A C a' tal que &
factoriza a través del cono de luz A y hace conmutativo el siguiente diagrama,

AcCat ! R +3 (0.2)
| E

n A n+2
z ; Ay C M

donde F(x) = x — a induce una isometria totalmente umbilical de Aaen A yJ
es la inclusién totalmente geodésica. Aqui, con E"+3 denotamos L" ™ si ¢ = 1
y Ryt sie=—1.

En particular, tenemos que las geometrias intrinsecas inducidas por ¢ y ¢ sobre
Y. son, de hecho, la misma. En este punto nos preguntamos qué podemos
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decir sobre las geometrias extrinsecas de 1) y ¢. Con este objetivo en mente
obtenemos una relaciéon entre los campos curvatura media correspondientes a v
y ¢ (Proposicién 5.5). Entonces, como consecuencia de esta relacién, podemos
escribir la curvatura escalar de ¥ como (Corolario 5.7)

Scal =n(n —1)((Hy, Hy) +¢). (0.3)

Por la correspondencia establecida en el diagrama (0.2), en la dltima parte de la
seccién adaptamos algunos resultados del Capitulo 3 y del Capitulo 4 al caso del
espaciotiempo (anti)-de Sitter.

La Seccidén 5.3 esta dedicada a las superficies que factorizan a través del cono de
luz del espaciotiempo (anti)-de Sitter 4-dimensional. En este caso, obtenemos
una férmula explicita para la curvatura de Gauss en términos de una funcién
altura (Corolario 5.12) vy, en la Proposicién 5.14, relacionamos el signo de la
curvatura de Gauss con la existencia de extremos locales de tal funcion.

En la dltima parte del capitulo nos centramos en el caso compacto. En esta
ocasion damos un resultado de tipo Liebmann, es decir, probamos que una in-
mersidn espacial compacta con curvatura de Gauss constante en el cono de luz
del espaciotiempo (anti)-de Sitter tiene que ser totalmente umbilical (Proposicién
5.15). Por otro lado, podemos integrar la férmula (0.3) para obtener

/ (Hy, Hy)dA = 47 — — Area(%).
) C

Esta férmula integral es similar al caso de la igualdad en la desigualdad generali-
zada de Wintgen [51], [53]. Sin embargo, en el caso lorentziano, la desigualdad
generalizada de Wintgen no se satisface en general. Finalmente, tratamos con el
primer valor propio del operador laplaciano en este tipo de superficies a través del
cono de luz del espaciotiempo (anti)-de Sitter. Obtenemos una desigualdad de
tipo Reilly (5.8), que usamos para caracterizar las esferas totalmente umbilicales
en el cono de luz del espaciotiempo (anti)-de Sitter (Teorema 5.18).

El contenido de esta memoria finaliza con el Capitulo 6, donde estudiamos las
subvariedades de codimensién dos marginalmente atrapadas en la familia de los
espaciotiempos de Robertson-Walker generalizados (GRW). El contenido aqui
mostrado se corresponde esencialmente con el de nuestra publicacién [3]. Desde
un punto de vista geométrico, un espaciotiempo GRW (n + 2)-dimensional, que
aqui denotaremos por —1I X N™ o es més que la variedad producto I x Nt
de un intervalo real I con una fibra riemanniana (n+1)-dimensional (N", () ),
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con la métrica warped lorentziana de la forma

() =—dt’ + o(t)*(,) .

donde ¢ : I — (0,+00) es una funcién regular positiva sobre I, llamada funcién
warping. Paratodo T € I, el slice N, = {7} x N es una hipersuperficie embebida
de —I xo N"*'y 7 € I — N, determina una foliacién de —I x o N"*' por
hipersuperficies totalmente umbilicales con curvatura media constante H(7) =
—0'(1)/o(7) (podemos encontrar los detalles en la Subseccién 6.1.1).

Como consecuencia, las hipersuperficies con curvatura media constante en (N™ !,
(,) ) nos dan subvariedades de codimensién dos marginalmente atrapadas en
—1I xp N™ cuando estdn contenidas en un slice M, para un 7 apropiado, tal
como probaron Flores, Haesen y Ortega en [21, Teorema 2.1] (en [8, Corolario 1]
podemos encontrar otro desarrollo diferente por Anciaux y Cipriani). Motivados
por este hecho, en este capitulo obtendremos resultados de rigidez que garanti-
zan que, bajo hipdtesis apropiadas, las Unicas subvariedades de codimensién dos
marginamente atrapadas en —/ X N"*! son de esta forma (Subseccién 6.3.2).

Es en la Seccién 6.3 donde presentamos los principales resultados de este capitulo.
Estos surgen como aplicacién del principio (finito) del maximo para variedades
cerradas y, de forma mas general, del principio del maximo débil para el laplaciano
en el caso de variedades estocasticamente completas. En esta seccién empezamos
definiendo la funcién altura h (Definicién 6.5) y consideramos la funcién u = g(h)
donde ¢ es una primitiva arbitraria de p. Tras esto, calculamos el operador
laplaciano de w,
Au = —n(¢'(h)—o(h)(H, 0;))

y como consecuencia de esta expresién podemos alcanzar algunos resultados

interesantes de no existencia para subvariedades débilmente atrapadas en I X
N™t1 (Subseccién 6.3.1).

Seguidamente, en la Subseccién 6.3.2, mostramos resultados de rigidez para
subvariedades marginalmente atrapadas bajo la hipétesis (log(g))” < 0. Esta
hipdtesis ha sido muy utilizada por diversos autores para obtener resultados de
rigidez para hipersuperficies espaciales con curvatura media constante en espaci-
otiempos GRW y esta fuertemente relacionada con la condicién de convergencia
temporal (abreviada por sus siglas en inglés TCC) (véase Seccién 6.1).

Finalizando el capitulo, la Seccién 6.4 estd dedicada a mostrar aplicaciones
a ciertos casos de espaciotiempos GRW con interés fisico. Aqui utilizamos
nuestras conclusiones previas para obtener resultados como por ejemplo que,
si (log(p))” < 0, entonces las Unicas subvariedades cerradas de codimensién
dos y marginalmente atrapadas que estdn embebidas en —I x o R"™" con ||H,|
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constante son las esferas embebidas dadas por {7} x S"(r;), con . = 1/|¢'(7)|
para todo 7 € I con ¢'(1) # 0 (Teorema 6.21). Aqui Hy denota la compo-
nente espacial del vector H. Este resultado incluye, por ejemplo, el caso en que
el espaciotiempo GRW es el espaciotiempo steady state (Corolario 6.22) o el
espaciotiempo Einstein-de Sitter (Corolario 6.23).



CHAPTER 1

Introduction

The notion of trapped surface was introduced early in General Relativity by
Penrose [46] to study spacetime singularities and black holes. They also arose in
a more purely mathematical context in the work of Schoen and Yau [49] about
the existence of solutions to the Jang equation, in connection with their proof of
the positivity of the mass. Concretely, the concept of closed trapped surface is
not only remarkably useful in several physics issues and mathematical progresses,
but it also has a lot of diverse applications. For instance, it was a key concept
to achieve the singularity theorems, the analysis of gravitational collapse or the
study of the cosmic censorship hypotheses [24], [50].

On the other hand, the interest of mathematicians and physicians in the limit case
of marginally trapped surfaces has increased in recent years. In General Relativity,
marginally trapped surfaces are relevant to describe the regions of a spacetime
characterized by the existence of a black hole. In particular, marginally trapped
tubes (hypersurfaces foliated by marginally trapped surfaces) may describe, as
they do in Schwarzchild model, the horizon that divide the black hole and the
rest of the spacetime. For this reason, the study of marginally trapped surfaces
is essential for the determination of such horizons.

From a strictly mathematical point of view there is no reason to limit the study
to spacelike surfaces, since the definition of trapped can be extended in a more
general setting. Actually, only two conditions are needed: codimension greater
than or equal to two, and that the induced metric on the normal bundle is inde-
finite. In the recent paper [34], de Lima, dos Santos and Veldsquez studied the
geometry of higher codimension (marginally) trapped submanifolds in Lorentzian
space forms, and they found sufficient conditions under which they must be
totally umbilical. We refer the reader to Section 7 in [17] and references therein
for a description of some of the recent mathematical developments in the field

23
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of trapped submanifolds.

Our research is developed in the case of codimension two spacelike submanifolds
which are immersed in a certain (n + 2)-dimensional spacetime M, n > 2. That
is, we consider a time-oriented Lorentzian manifold of dimension n + 2 > 4,
and let > be a codimension two spacelike submanifold immersed in M. In other
words, . is an n-dimensional connected manifold admitting a smooth immersion
W+ X" — M™2 such that the induced metric on X is Riemannian. Denote by
H the mean curvature vector field of the submanifold. Following the standard
terminology used in General Relativity, the submanifold 3 is said to be:

(i) Future (past) trapped if H is timelike and future-pointing (past-pointing)
on .

(ii) Future (past) marginally trapped if H is null and future-pointing (past-
pointing) on ..

(iii) Future (past) weakly trapped if H is causal and future-pointing (past-
pointing) on ..

The extreme case H = 0 corresponds to Y being a minimal submanifold.

Since X is spacelike and it has codimension two, each normal space (7,%)*,
p € X, is Lorentzian and two dimensional. Hence, it admits two future-pointing
null directions normal to Y, denoted here by £ and 7. It is known that, under
suitable orientation assumptions (for instance, if the normal bundle is trivial),
Y. admits a globally defined future-pointing normal null frame {&, 1}, unique up
to positive pointwise scaling, satisfying ({,7) = —1. As usual in Relativity, we
may decompose the second fundamental form into two scalar valued null second
forms associated to these null directions £ and 77, so that the mean curvature

vector field is given by
H = _9775 - 96777

where 0, and 6, denote the null mean curvatures (or null expansion scalars) of
2. Physically, ¢ (resp., 6,) measures the divergence of the light rays emanating
from 3 in the direction of & (resp., n). Actually, the original formulation of
trapped surfaces given by Penrose [46] was in terms of the signs or the vanishing
of the null mean curvatures.

Most of our research is devoted to the particular situation in which the codi-
mension two spacelike submanifold ¥ is contained in a null hypersurface S of a
spacetime M. We say then that > factorizes through S and we write the immer-
sion as 1 : ¥ — S C M"™™. Null hypersurfaces have an interesting geometry
and play an important role in General Relativity, where they arise as black hole
event horizons and Cauchy horizons. In spite of their relevance, it was not until
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the decade of 1980 that a regular study of null submanifolds flourished. Since
then, many concepts and results from the semi-Riemannian scenario have been
extended to this context. In [19] and [33] we can find a broad vision on the
subject.

Recall that a null hypersurface in a spacetime M is a smooth codimension one
embedded submanifold S of M such that the pullback of the Lorentzian metric
of M to S is degenerate. For the study of null hypersurfaces the theory of
non-degenerate submanifolds fails. In fact, there is a non trivial intersection
between the tangent and the normal bundles of null hypersurfaces. Although
the induced metric is degenerate on .S, the family of (non-degenerate) spacelike
submanifolds through S gives remarkable properties to the null hypersurface
and, conversely, under the assumption that a spacelike submanifold > factorizes
through a fixed null hypersurface S, the intrinsic geometry of > becomes limited.
For example, recall the classical result by Brinkmann which states that an n-
dimensional Riemannian manifold, with n > 2, is locally conformally flat if, and
only if, it can be locally isometrically immersed in the light cone of the (n + 2)-
dimensional Lorentz-Minkowski spacetime L "2 (see [9] for a modern proof).

Following an original idea of Palmas, Palomo and Romero recently developed
in [44] (see also [45] for the previous case of 2-dimensional spacelike surfaces
through the light cone of IL*), we know that if X is such a submanifold there
always exists a globally and naturally defined future-pointing normal null frame
on Y. We will see that, when working in the Lorentz-Minkowski spacetime or in
de Sitter spacetime, this allows us to compute the extrinsic and intrinsic geometry
of the submanifold in terms of one single positive function defined on . This
idea is highly developed in Chapter 3 and Chapter 4.

In this dissertation, before entering into the study of codimension two spacelike
submanifolds, we start with a chapter of preliminaries, Chapter 2. It is devoted
to recalling some basic concepts about Lorentzian Geometry, submanifolds im-
mersed in Lorentzian spacetimes and, in particular, those which factorize through
a null hypersurface. This second chapter begins with a section about Lorentzian
spacetimes, which will be our ambient spaces throughout all the thesis. Con-
cretely, we first consider a Lorentzian manifold M, recalling the definition of the
causal character of a vector v.€ T,M. Then, we outline the concept of time
orientation and finally in this section we include the definition of some differential
operators associated to the metric: the gradient, the divergence, the Hessian and
the Laplacian.

After that, we deal with spacelike submanifolds in Lorentzian manifolds. They
will be the object of our study. Here we stablish some basic notation as well as
we present the second fundamental form, the mean curvature vector field and
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the null shape operators. In the third section of the chapter we deal with various
distinguished types of submanifolds. They will appear repeatedly in this thesis,
so we think it is worth to remind their definitions and also some relations and
tools. In this way we talk about trapped submanifolds, stochastically complete
and parabolic manifolds and their relation with the weak maximum principle
for the Laplacian. We also deal with totally umbilical submanifolds, conformal
immersions and isometric immersions. Concretely, trapped submanifolds will be
widely studied in this thesis.

As stated previously, most of our work is developed in the case in which a codi-
mension two spacelike submanifold factorizes through a null hypersurface. For
this reason, in the last part of the second chapter we focus on the geometry of
such a submanifold. Under this assumption we know that there exists a globally
defined future-pointing normal null frame {£,n}, unique up to positive point-
wise scaling, satisfying (£,7) = —1. Assuming that the time orientation of the
spacetime is given by a globally defined timelike vector field, we can construct
explicitly this normal null frame {&,n}. This is how we get an expression for the
second fundamental form, the mean curvature vector field, the Riemann curva-
ture tensor, the Ricci tensor and the scalar curvature of X, all of them in terms
of £ and 7.

Chapter 3 is devoted to the study of the geometry of codimension two space-
like n-submanifolds which factorize through a null hypersurface of the (n + 2)-
dimensional Lorentz-Minkowski spacetime. It corresponds to the research essen-
tially developed in our paper [5]. Concretely, we focus on the null hypersurface
known as the light cone of the Lorentz-Minkowski spacetime, A. At the end of
the chapter we obtain some results considering a null hyperplane £ as the null
hypersurface. Observe that it is worth taking into account both null hypersur-
faces since they have different properties: for instance, the null hyperplane is an
autoparallel hypersurface, while the light cone is not.

Recall that the Lorentz-Minkowski spacetime L™

space R"™ endowed with the Lorentzian metric

is nothing but the real vector

() = —(dz1)? + (doo)* + ... + (dwpio)?

where we are taking (z1,2,...,Z,42) as coordinates. In the first part of the
chapter, we consider the light cone with vertex at the origin 0 € L™,

A={xcl"?: (z,2) =0,z # 0},
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and we work in its future component
AT ={z e L™ (2,2) = 0,2, > 0}.

We denote by 1 : ¥" — At < L""? the immersion of a codimension two
spacelike submanifold ¥ through the future component of the light cone. We
also define the positive function u as the first coordinate of the immersion 1. In
Section 3.2, following the procedure in [44], we establish the basic equations
for spacelike submanifolds through the light cone and compute their second
fundamental form in terms of u and its Hessian (Proposition 3.5 and Proposition
3.6).

As a first application of our approach, Section 3.3 is devoted to the study of
totally umbilical submanifolds factorizing through the light cone. In particular, in
Theorem 3.9 we classify codimension two totally umbilical spacelike submanifolds
in A*. We show that, under these assumptions, there exist a € L2 a # 0,
(a,a) =ce€{-1,0,1}, and 7 € R, 7 > 0, such that

Y(X)C X(a,7)={pe At :{(pa) ="}

In [39], totally umbilical submanifolds through the light cone are characterized
by a completely different procedure. See also [29] for a systematic study of the
umbilicity and semi-umbilicity of spacelike submanifolds of the Lorentz-Minkowski
space.

In Section 3.4 we give a compactness criterion for complete submanifolds in terms
of the growth of the positive function u. We obtain that every codimension two
compact spacelike submanifold contained in A™ is conformally diffeomorphic to
the round sphere (Proposition 3.12). Even more, we prove that every codimension
two compact spacelike submanifold through A™ is given by an explicit embedding
which can be written in terms of the single function u (Corollary 3.15).

In the two following sections we focus on the case where the submanifold X
is trapped. In particular, when 3 factorizes through the future component of
the light cone of IL"*2 we obtain that (see Corollary 3.17) X is (necessarily past)
trapped (resp. marginally trapped, weakly trapped) if, and only if, 2uAu—n(1+
[Vul[?) > 0 (resp. =0, >0) on X.

It is already known [36] that there exists no compact weakly trapped subma-
nifold in I.”*2 and, in particular, there is no codimension two compact weakly
trapped submanifold through the light cone of I."*2. In Proposition 3.22, and
as an application of the weak maximum principle for the Laplacian, we extend
this non-existence result to the more general case of stochastically complete sub-
manifolds, under the assumption that the function u is bounded from above.
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Related to this, in Theorem 3.24 we also prove that there exists no codimension
two complete weakly trapped submanifold ¥ through the light cone of L."*2 for
which the function u satisfies u € L(X), for any ¢ > 0.

To finish the chapter we study codimension two spacelike submanifolds through
the null hyperplane given by

Lo={xcL"?: (z,a) =0,2 #a},

where a € L™ is a null vector. In this case we obtain that every submanifold
Y X" — Lo C L™ is always marginally trapped, except at points where Au =
0, being u defined as the first coordinate of the immersion ) (see Proposition
3.28). On the other hand, if we assume the completeness of ¥, in Proposition
3.29 we state that it has to be isometric to the Euclidean space (R", (,)gn).
Moreover, in Corollary 3.31 we see that it is given by an explicit embedding which
can be written in terms of u. As a consequence of this we achieve a charac-
terization for complete codimension two spacelike submanifolds which factorize
through £, and have parallel mean curvature vector (see Corollary 3.32).

In Chapter 4 we are interested in the study of codimension two (marginally)
trapped submanifolds which factorize through certain null hypersurfaces of the
(n + 2)-dimensional de Sitter spacetime S} *2,

St ={x € L™ : (z,2) = 1}.

In particular, here we consider codimension two spacelike submanifolds which
factorize through one of the two following null hypersurfaces, which correspond
to the intersection of de Sitter spacetime with the two null hypersurfaces of the
Lorentz-Minkowski spacetime considered in the previous chapter:

(i) the future component of the light cone, which we will denote by A*, and
(ii) the past infinite of the steady state space, which we will denote by J~.
The results included in this chapter can be found in our paper [4].

In Section 4.2 and Section 4.3 we consider the case of submanifolds which fac-
torize through the future component of the light cone ¢ : ¥" — AT C S7*2. In
that case, we derive that a submanifold X is (necessarily past) marginally trapped
if, and only if, the function wu satisfies the differential equation

2uAu —n(1 + [|Vu|* —u?) =0 (1.1)

on X, where u denote the first coordinate of ¢ (see Corollary 4.8). Moreover,
we also obtain that every codimension two compact spacelike submanifold which
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factorizes through A is conformally diffeomorphic to the round sphere (S", (,),)
and is given by an explicit embedding which can be written in terms of the single
function u (Corollary 4.15). Besides, solving the differential equation (1.1) on
(2, (,)) becomes equivalent to finding the positive solutions of the differential
equation

2fAf = n(1+[IVSIP = f) =0

on S™ endowed with the conformal metric f?(,),. As a nice consequence of
all this, and quite surprisingly, the problem of characterizing compact marginally
trapped submanifolds through the light cone of de Sitter spacetime becomes
equivalent to solving the Yamabe problem on the unit round sphere, a classical
problem that was solved by Obata [40] in 1971. This allows us to obtain our main
classification result and to characterize all codimension two compact marginally
trapped submanifolds factorizing through A™ (see Theorem 4.17). In this theo-
rem we consider ¢ : ¥ — AT C S7"2 a codimension two compact (necessarily
past) marginally trapped spacelike immersed submanifold factorizing through A™.
Then there exists a conformal diffeomorphism ¥ : (3", (,)) — (S",(,),) such
that ¢ = 1, o U, where fi, : S* — (0,400) is

1
(p.b)g + /14 |bllg

fo(p) =

for any b € R™*! and v, : S* — At C S"*? is the embedding

Uu(p) = (fo(p), fo(p)p, 1).

In particular, X is embedded.

On the other hand, in Section 4.4 we consider the case of submanifolds contained
in the past infinite of the steady state space J . In this case we deduce that
every codimension two spacelike submanifold ¥ factorizing through 7~ is always
marginally trapped except at points where Au + nu = 0 on X (Proposition
4.24). Moreover, we also observe that every codimension two complete spacelike
submanifold which factorizes through 7~ is necessarily compact and isometric to
the round sphere (S™, (,),). Even more, we know that it is given by an explicit
embedding which can be written in terms of the single function u (Corollary
4.27). As a consequence, in Corollary 4.28 we characterize those having parallel
mean curvature vector.

Section 4.5 is devoted to establish an intrinsic uniqueness result for the solutions
of the differential equation (1.1) which is motivated by the geometric meaning
of its solutions. Finally, in Section 4.6 we consider the more general case of
codimension two complete, non-compact, weakly trapped spacelike submanifolds
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factorizing through A™. We already know from Proposition 4.13 that if X is a
codimension two complete, non-compact, weakly trapped submanifold through
AT, then the positive function u cannot be bounded above. Going further, it has
to be

) u

limsup ——— = +©

r—400 rlog(r)
with r the Riemannian distance from a fixed origin o € . In this direction, in
our Theorem 4.33 we prove that, for such submanifolds, if the first eigenvalue
A1 of the Laplacian A is positive then

(o) cetom

for any ¢ satisfying 0 < ¢ < 4A;/n. In particular u ¢ L%(3). The proof of
this result will be a consequence of an intrinsic analytical result established in
Theorem 4.32, with its own interest.

In Chapter 5 we show a natural correspondence between the light cone of the
Lorentz-Minkowski spacetime and the also called light cones of de Sitter and
anti-de Sitter spacetimes. The study developed in this chapter is included in our
work [13]. For the sake of simplicity, when we are referring to both de Sitter and
anti-de Sitter spacetime we name them (anti)-de Sitter spacetime, and we use
the notation M. where ¢ = 1 for de Sitter spacetime and ¢ = —1 for anti-de
Sitter spacetime.

In the first part of the chapter we introduce (anti)-de Sitter spacetime, which is
defined as the subset

H' 2 = {z € RY™ : (z,7) = —1}

endowed with the induced metric from R}, Here, R5 " is the real vector space
R™"? with canonical coordinates (z, ..., Zn42) and metric

() = —(dwo)? — (do1)? + (dxo)* + - - + (dTpya)?

In this section we also study the globally defined timelike vector field which gives
us the time orientation on H}*? and we present the light cone of (anti)-de Sitter
spacetime with vertex at a € M, as

Ap={zeM.:(x—a,z—a)=0,z+#a}.

In Section 5.2 we consider codimension two spacelike submanifolds which fac-
torize through a light cone of (anti)-de Sitter spacetime and we stablish a co-
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rrespondence between these submanifolds and those which factorize through the
light cone in Lorentz-Minkowski spacetime "2 Concretely, in Proposition 5.4
we have that, if ¢ : " — A, C MZ*? is a codimension two spacelike subma-
nifold which factorizes through the light cone A, then there exists a spacelike
immersion ¢ : X" — A C a’ such that ¥ factorizes through the light cone A
and that makes the following diagram commutative,

AcCat ’ R +3 (1.2)
y k
" Ay C M2

¥

where F(x) = 2 —a induces a (totally umbilical) isometry from Aq to A and Jis
the totally geodesic inclusion. In particular, we have that the intrinsic geometries
on ¥ induced by ¢ and ¢ are, in fact, the same. Here, E"*? stands for L™ if
e =1and for Rjt? if e = —1.

At this point we wonder what we can say about the extrinsic geometries of 1)
and ¢. With this aim in mind we have obtained a relation between the mean
curvature vector fields corresponding to 1) and ¢ (Proposition 5.6). Then, as a
consequence of this relation, we can write the scalar curvature of ¥ as follows
(Corollary 5.7)

Scal = n(n — 1)((Hy, Hy) + ). (1.3)

By means of the correspondence stablished in the diagram (1.2), in the last part
of the section we can adapt some results of Chapter 3 and Chapter 4 to the case
of (anti)-de Sitter spacetime.

Section 5.3 is devoted to surfaces which factorize through a light cone of the 4-
dimensional (anti)-de Sitter spacetime. In this case we obtain an explicit formula
for the Gauss curvature in terms of a height function (Corollary 5.12) and, in
Proposition 5.14, we relate the sign of the Gauss curvature with the existence of
local extreme points of such height function.

In the last part of the chapter we focus on the compact case. In this instance
we give a Liebmann-type result for these surfaces, i.e., we have that a compact
spacelike immersion with constant Gauss curvature through a light cone of (anti)-
de Sitter spacetime has to be totally umbilical (Proposition 5.15). On the other
hand, formula (1.3) can be integrated to give

/ (H,, H,)dA = 47 — = Area(%).
» C
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This integral formula looks very similar to the equality case of the generalized
Wintgen inequality [51], [53]. However, in the Lorentzian setting, the generalized
Wintgen inequality is not satisfied in general. Finally, we deal with the first
eigenvalue of the Laplacian operator of such kind of surfaces through a light
cone in (anti)-de Sitter spacetime. We obtain a Reilly type inequality (5.8),
which we use to characterize the total umbilical round spheres in a light cone of
(anti)-de Sitter spacetime (Theorem 5.18).

This dissertation ends with Chapter 6. In this chapter we are focused on the
study of codimension two marginally trapped submanifolds in the family of ge-
neral Robertson-Walker (GRW) spacetimes. The content shown here corresponds
essentially to that of our publication [3]. From the geometric viewpoint, an
(n + 2)-dimensional GRW spacetime, denoted here by —1 X N s nothing
but the product manifold I x N of an open real interval I with an (n + 1)-
dimensional Riemannian fiber (N"*! ()} ), endowed with a Lorentzian warped
metric of the form

() =—dt’ + o(t)*(,) .

where ¢ : I — (0,4+00) is a positive smooth function on , called the warping
function. For every 7 € I, the slice N, = {7} x N is an embedded space-
like hypersurface of —1 xp N™ and 7 € I — N, determines a foliation of
—1I xp N™1 by totally umbilical spacelike hypersurfaces with constant mean
curvature H(1) = —0'(7)/o(7) (see Subsection 6.1.1 for the details).

As a consequence, hypersurfaces with constant mean curvature in (N"*' () )
produce codimension two marginally trapped submanifolds of —1 x o N™1 when
contained in a slice M, at an appropriate 7, as proved by Flores, Haesen and
Ortega in [21, Theorem 2.1] (see also [8, Corollary 1] for an alternative approach
by Anciaux and Cipriani). Motivated by this fact, in this chapter we obtain
some rigidity results which guarantee that, under appropriate hypothesis, the
only codimension two marginally trapped submanifolds in —I x, N™ are of
this form (see Subsection 6.3.2).

It is in Section 6.3 where we present the main results of the chapter. They will be
an application of the (finite) maximum principle for closed manifolds and, more
generally, of the weak maximum principle for the Laplacian for stochastically
complete manifolds. In this section we start defining the height function A (see
Definition 6.5) and we consider the function u = g(h), where g is an arbitrary
primitive of o. Then, we compute the Laplacian of u,

Au = —n(¢'(h)—o(h)(H,,))

and, as a consequence of this expression, we can derive some interesting non-
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existence results for weakly trapped submanifolds in —1 x N"*1 (see Subsection
6.3.1).

After that, in Subsection 6.3.2 we derive some rigidity results for marginally
trapped submanifolds, assuming that (log(o))” < 0. This hypothesis has been
widely used by several authors to obtain rigidity results for spacelike hypersurfaces
with constant mean curvature in GRW spacetimes and it is closely related to the
timelike convergence condition (TCC) (see Section 6.1).

Finishing the chapter, Section 6.4 is devoted to give applications to some cases
of GRW spacetimes with physical relevance. We use our previous conclusions
to obtain some results. For instance, we prove that, if (log(g))” < 0, the only
closed marginally trapped n-submanifolds which are embedded in —1 x R+
with ||Hpl|| constant are the embedded n-spheres given as {7} x S"(r,), with
r. = 1/|0'(7)| for every 7 € I with ¢/(7) # 0 (Theorem 6.21). Here Hj stands
for the spacelike component of the vector H. This result includes, for instance,
the case where the spacetime is the steady state spacetime (Corollary 6.22) or
the Einstein-de Sitter spacetime (Corollary 6.23).






CHAPTER 2

Preliminaries

2.1 Lorentzian geometry

Our aim in this section is to introduce the Lorentzian spacetimes, which will
be our ambient spaces throughout this thesis. To do this, let us remind some
basic, and surely well known for the reader, definitions and properties, such as
the concept of Lorentzian manifold.

Definition 2.1.  An m-dimensional Lorentzian manifold is a pair (M, (,))
where M is an m-dimensional manifold and (,) is a metric with index v = 1.

Recall that the index v of a symmetric bilinear form (,) on a vector space V is
the largest integer that is the dimension of a subspace W C V' on which (,)
is negative definite.

[w

For the sake of simplicity, if (M, (,)) is an m-dimensional Lorentzian manifold,
we denote it just by M, taking in mind that there is a Lorentzian metric defined
on M and indicating the dimension only when relevant. Within this context, and
due to the index of the metric, we can distinguish the following types of vectors
on M.

Definition 2.2. Let v € T,M be a tangent vector at a point p € M. We
say that v is
(i) spacelike if (v,v) >0 or v =0,
(i) timelike if (v,v) <0,
(iii) null (or lightlike) if (v,v) =0 and v # 0, and
(iv) causal if (v,v) <0 and v # 0.

35
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This is called the causal character of the vector v.

These definitions can be extended to the case of a tangent vector field X € X(M)
considering that X is spacelike (resp. timelike, null, causal) if X, := X (p) is a
spacelike (resp. timelike, null, causal) vector at every point p € M.

It is well known that the subset of timelike vectors (resp. causal, null if m > 2)
has two connected parts and each one of these parts will be called timelike cone
(resp. causal cone, null cone). From this fact we can give the following definition.

Definition 2.3. A time orientation on a Lorentzian manifold is a smooth
choice of one of the timelike cones. The chosen cone will be called future cone
and the other one, past cone.

Hence, we say that timelike vectors which are in the future cone are future-
pointing, and those which are in the past cone are past-pointing. Next lemma
([43, Lemma 5.29]) gives us a criterion to distinguish whether or not two timelike
vectors are in the same timelike cone.

Lemma 2.4. Two timelike vectors v,w € T,M, for p € M, lie in the same
timelike cone if, and only if, (v, w) < 0.

At this point, we are in position to present Lorentzian spacetimes.

Definition 2.5. A Lorentzian spacetime is a Lorentzian manifold M where
we have chosen a time orientation at every point p € M.

Observe that one condition that ensures the time orientability of a Lorentzian
manifold is the existence of a globally defined timelike vector field e € X(M).
Indeed, setting p € M, we define the future cone at p as the component of the
timelike cone containing e,. In this case, we say that the time orientation on M
is given by e and we are now able to orient every causal vector on M with the
following criterion.

Definition 2.6. Let M be a Lorentzian spacetime whose time orientation is
given by the globally defined timelike vector field e. We say that a causal vector
v € T,M, for p € M, is pointing to the future if, and only if, (v,e,) < 0. We
say that v is pointing to the past otherwise.

Below we include the definition of some differential operators associated to the
metric as well as some of their properties which will be widely used all along this
thesis. To do this, we denote by V the Levi-Civita connection on the Lorentzian
manifold M.
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Definition 2.7. The gradient, V f, of a function f € C*°(M) is the vector
field metrically equivalent to the differential df € X*(M). It is defined by the
relation

(Vf, X) = X(f) = df(X)
for every X € X(M).

Observe that in terms of a coordinate system df =Y _,(0f/9xz")dx" and hence,

0
V=Yg, 21)
2

i

where [¢"7] stands for the inverse matrix of the metric of M.

Likewise, if f : M — R and ¢ : R — R are two smooth functions, we can
compute the gradient of the composition go f : M — R,

Vige f) =4 (V.

Notice that we use the same notation for both the Levi-Civita connection and
the gradient operator. We are sure that this will not cause any misunderstanding
since the gradient acts on functions, while the Levi-Civita connection does on
vector fields.

Definition 2.8. The divergence, div(X), of a vector field X € X(M) is the
smooth function defined by

div(X) = tr(Y — Vy X).
where tr denotes the trace with respect to the metric of M.
Now, let f : M — R be a smooth function and X € X(M). Then, it follows

div(fX) = fdiv(X) + (Vf, X).

Definition 2.9. The Hessian, V2f, of a function f € C>(M) is its second
covariant differential

Vif = V(VF).

On the other hand, for any f € C*(M) we denote by Hess the symmetric (0, 2)
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tensor on M which is metrically equivalent to the Hessian operator,
Hessy: X(M) x X(M) - R

Finally in this section, we introduce the Laplacian operator.

Definition 2.10. The Laplacian, Af, of a function f € C®(M) is the
smooth function defined as the divergence of its gradient, that is,

Af = div(Vf).

The Laplacian has coordinate expression

G PF i O
AF =20 (G ~ L Thige)
1,

_ 1 9 ) i OF
—Wz}@( |det(gw)|zj:g axj)’

where Fﬁj denote the Christoffel symbols associated to the metric of M.

(2.3)

Taking g : R — R and f : M — R two smooth functions, the Laplacian of the
composition go f: M — R is given by

Algo f) =g (NHAF+d"(DIVII*

2.2 Spacelike submanifolds in Lorentzian mani-
folds

Once we know what our ambient spaces are, we may present the submanifolds,
whose geometry will be studied throughout this thesis. More concretely, we will
be focused on codimension two spacelike submanifolds of Lorentzian spacetimes.

Definition 2.11. An n-dimensional submanifold X of an m(> n)-dimensional
Lorentzian manifold M is an n-dimensional manifold such that there exists an
immersion ¢ : X — M. The integer m — n is said to be the codimension of
the submanifold.

The immersion ¢ : > — M provides a metric on X. It is called the induced
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metric and it is defined by

(X, Y) = 9" ((X,Y) ) = (dy(X), dp(Y))

where X, Y € X(X), and (,),, stands for the metric of M. Depending on this
induced metric, we can find the following notable kinds of submanifolds.

Definition 2.12. Let X be a submanifold immersed in a Lorentzian manifold
M. We say that:

(i) X is spacelike if the induced metric has index v = 0, that is, if it is a
Riemannian metric on X.

(ii) X is timelike if the induced metric has index v = 1, that is, if it is a
Lorentzian metric on X.

(iii) X is null (or lightlike) if the induced metric is degenerate on X.

Our research is developed in the case of spacelike submanifolds. From an intrinsic
point of view they are nothing but Riemannian manifolds, and this allows us to
use the strong tools of the Riemannian geometry.

Let ¢ : ¥ — M be a spacelike submanifold, and let us denote by V and V the
Levi-Civita connections of M and X respectively. We also denote by V+ the
normal connection of > in M. Then, the Gauss and Weingarten formulas of
are given by

VxY =VxY —1I(X,Y) (2.4)

and o
Vx( = AX + V¢, (2.5)

for every tangent vector fields X, Y € X(X) and normal vector field ¢ € X*1(2).
Observe that here, and throughout all the thesis,

II:X(%) x (%) = XHD)

stands for the vector valued second fundamental form of the submanifold, and
that we are following for II the usual convention in Relativity (and opposite
to the one usually taken in Differential Geometry). With this convention, for
instance, the mean curvature vector field of a round sphere in Euclidean space
points outwards. Moreover, for every normal vector ( € X*(X), A denotes
the shape operator (or Weingarten endomorphism) associated to (; that is, the
symmetric operator A, : X(X) — X(X) given by

<ACX> Y> = <H(X’ Y)a C>
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As usual, we also define the mean curvature vector field of the submanifold by
1 1
H=—tr(l) € X~ (%),
n

where tr stands for the trace with respect to the induced metric on 3.

2.3 Some distinguished types of submanifolds

As stated previously, we are going to focus our attention on codimension two
spacelike submanifolds. In this way, our principal results are devoted to the study
of some of them with special characteristics. Namely, we will talk repeatedly
about trapped, stochastically complete and totally umbilical submanifolds, as
well as about parabolicity, isometries or conformal immersions. In this section we
introduce all these concepts, together with some relations and tools which will
be used further on.

2.3.1 Trapped submanifolds

Following the standard terminology used in General Relativity, and depending on
the causal character of the mean curvature vector field, we have the following
definition.

Definition 2.13. Let ¢ : ¥" — M""? be a codimension two spacelike
submanifold. We say that X is

(i) future (past) trapped if H is timelike and future-pointing (past-pointing)
on Y.

(ii) Future (past) marginally trapped if H is null and future-pointing (past-
pointing) on .

(iii) Future (past) weakly trapped if H is causal and future-pointing (past-
pointing) on X.

The extreme condition H = 0 corresponds to a minimal submanifold.

A particular case occurs when, working with a codimension two submanifold 3,
we are able to find a global normal null frame {{,n}, that is, £ and 7 are two
globally defined normal null vector fields on 3. Within this context, take £ and
n both futute pointing, with ({,n) = —1, and let A, and A, be the associated
shape operators. Then, we can define the null mean curvatures as follows.
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Definition 2.14. The null mean curvatures (or null expansion scalars) asso-
ciated to £ and 7 are, respectively, the functions

1 1
6)5 = Etr(Ag) and 07] = ﬁtr(An),

where tr stands for the trace with respect to the induced metric on X

Since AcX = (Vx()" for every normal vector field ¢ € X(X), it follows that
1. L.
0 = =divy{ and 0, = —divsn.
n n

That means that, physically, §¢ (resp., 6,)) measures the divergence of the light
rays emanating from X in the direction of £ (resp., 17). In terms of these null
mean curvatures the mean curvature vector field is written as

H = 0,6 — e, (2.6)
and its norm gets the expression
(H,H) = —26,0,. (2.7)

This yields that we can rewrite the concepts of Definition 2.13 using this globally
defined normal null frame {&,n}.

(i) X is a trapped submanifold if, and only if, either both 6 < 0 and 6, < 0
(future trapped), or both 6; > 0 and 6, > 0 (past trapped).

(i) X is a marginally trapped submanifold if, and only if, either § = 0 and
6,y # 0 (future marginally trapped if 6, < 0 and past marginally trapped if
6, > 0), or 8¢ # 0 and 6, = 0 (future marginally trapped if §; < 0 and
past marginally trapped if 6, > 0).

(iii) X is a weakly trapped submanifold if, and only if, either both 6, < 0 and
6, < 0 with 9?%—9,2] > 0 (future weakly trapped), or both 6 > 0 and 6,, > 0
with 67 4- 62 > 0 (past weakly trapped).

This was the original formulation of trapped surfaces given by Penrose [46] in
terms of the signs or the vanishing of the null mean curvatures. Trapped surfaces
were introduced to study spacetime singularities and black holes. They also arose
in a more purely ma-thematical context in the work of Schoen and Yau [49] about
the existence of solutions to the Jang equation, in connection with their proof of
the positivity of the mass.
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2.3.2 Stochastically completeness and the weak maximum
principle for the Laplacian

In this part of the section we deal with stochastically complete manifolds. They
will be highly regarded for our results since the weak maximum principle for the
Laplacian (which we will also formulate here) holds in such kind of manifolds.

Definition 2.15. A (non necessarily complete) Riemannian manifold ¥ is said
to be stochastically complete if its Brownian motion is stochastically complete,
that is, if the probability of a particle to be found in the state space is constantly
equal to 1.

In other words, if X is stochastically complete, then
/p(:p,y,t)dy =1 forany (z,t) € ¥ x (0,400),
i

where p(z,y,t) is the heat kernel of the Laplacian operator. Actually, for any
open ) C 3, pr(x,y,t)dy is the probability that a random path starting at
z lies in  at finite time ¢. Hence, [, p(x,y,t)dy < 1 means that there is a
positive probability that a random path will reach infinity in finite time ¢.

Later in this work, we will make use of a weaker version of the Omori-Yau
maximum principle. Following the terminology introduced by Pigola, Rigoli and
Setti in [48], the Omori-Yau maximum principle is said to hold on a Riemannian
manifold X if, for any smooth function u € C?(X) with u* = supgu < +00
there exists a sequence of points {py }ren in ¥ with the properties

| =

. . 1 i, 1
(@) ulpe) > =4, (@) [Vulpe)l <+, and (i20)  Aulpe) <
for every k € N. Equivalently, for any smooth function u € C*(X) with u, =
infy, u > —o0 there exists a sequence of points {py }ren in X such that

. 1 g 1 1
() ulp) <wt 7, () IVulp] <. and (i) Aulp) >~
for every k € N. In this sense, the classical result given by Omori and Yau in
[42, 55] states that the Omori-Yau maximum principle holds on every complete
Riemannian manifold with Ricci curvature bounded from below. More generally,
as shown by Pigola, Rigoli and Setti [48, Example 1.13], a sufficiently controlled
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decay of the radial Ricci curvature of the form
Ricy(Vr, Vr) > —C*G(r) (2.8)

suffices to imply the validity of the Omori-Yau maximum principle, where r
is the distance function on X to a fixed point, C is a positive constant, and
G: [0,400) — R is a smooth function satisfying

(i) G(0) >0, (i) G'(t) >0, (i) /0 VG = 400 and

(iv) limsuptG(vt)/G(t) < +oo.
t—+o00
In particular, and following the terminology introduced by Bessa and Costa in
[11], the Omori-Yau maximum principle holds on a complete Riemannian manifold
whose Ricci curvature has strong quadratic decay [16], that is, with

Ricy > —C*(1 +r?1log®(2 4 1)).

Following again the terminology introduced in [48], the weak maximum principle
for the Laplacian is said to hold on a (non necessarily complete) Riemannian
manifold X if, for any smooth function v € C*(X) with u* = supgu < +00
there exists a sequence of points {py}ren in X with the properties

1 1
(1) u(py) >u* — o and (i1) Au(pg) < % (2.9)
for every k € N. Equivalently, for any smooth function u € C*(X) with u, =

infy, u > —o0 there exists a sequence of points {pi }ren in 2 such that

(1) u(pr) < uy + %7 and (i7) Au(pg) > —% (2.10)
for every k € N. As proved by Pigola, Rigoli and Setti [47], the fact that the weak
maximum principle for the Laplacian holds on X is equivalent to the stochastic
completeness of the manifold (see also [48, Theorem 3.1]). This proves to be very
interesting because, for instance, every closed (meaning compact and without
boundary) Riemannian manifold is stochastically complete. Furthermore, in next
subsection we will see that parabolicity is strongly related with the stochastic
completeness.
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2.3.3 Parabolicity and the weak maximum principle for the
Laplacian

Let us start by recalling the definition of a parabolic manifold.

Definition 2.16. A (non necessarily complete) Riemannian manifold X is
parabolic if every subharmonic function on > which is bounded from above
must be constant.

That is, X is a parabolic manifold if

u € C*(X)

Au >0 — u constant.

sup u < +00
N

There are several interesting geometric conditions which imply the parabolicity
of a Riemannian manifold . For instance, in dimension n = 2 parabolicity is
strongly related to the behaviour of the Gaussian curvature. In this context,
from a classical result by Ahlfors [1] and Blanc-Fiala-Huber [28] it is well known
that every complete Riemannian surface > with non-negative Gaussian curvature
is parabolic. More generally, every complete Riemannian surface ¥ with finite
total curvature is parabolic [28] (see also [35, Section 10]). In this direction, if
the Gaussian curvature K of a complete Riemannian surface ¥ satisfies K >
—1/(r*logr) for r sufficiently large, where r is the distance function to a fixed
point, then X is parabolic [22].

In higher dimension, parabolicity is quite different and it seems not to have
any clear relation with sectional curvature. Actually, the Euclidean space R" is
parabolic if, and only if, n < 2. On the other hand, the product of a parabolic
Riemannian manifold with a closed Riemannian manifold is always parabolic. In
particular, the Riemannian product R? x ¥ of R? with any closed Riemannian
manifold ¥ is always parabolic, regardless of its dimension [31]. In this case,
the volume of the geodesic balls in R? x X of radius r still grows like 2 and
the manifold R? x ¥ is parabolic. For the hyperbolic plane, the volume of the
geodesic balls of radius r grows exponentially and it is not parabolic. This leads
one to suspect that the rate of volume growth of geodesic balls may be significant
to the parabolicity, as observed by Karp [30], who proved that every complete
Riemannian manifold with moderate volume growth is parabolic.

If we now turn to the stochastic completeness of 32, we see that it is equivalent
(among other conditions) to the fact that for every A > 0, the only non-negative
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bounded smooth solution u of Au > Au on X is the constant u = 0. In particular,
every parabolic Riemannian manifold is stochastically complete. Recall that, as
a consequence, the weak maximum principle for the Laplacian holds on every
parabolic Riemannian manifold (see also [23, Corollary 6.4]), and so, it is also
true for closed Riemannian manifolds since every closed Riemannian manifold is
parabolic.

2.3.4 More notable kinds of immersions

In this section we briefly remind some definitions. We may point out that,
unlike in the case of stochastically complete and parabolic submanifolds, all the
properties here introduced (as well as the concept of trapped submanifold) are
extrinsic. That is, they depend not only on the submanifold >3, but also on the
immersion . We start with totally umbilical submanifolds.

Definition 2.17. An n-dimensional submanifold ¢ : ¥ — M is said to be
totally umbilical if it is umbilical with respect to all possible normal directions
¢ € XH(X). That is, for every ¢ € X*(X) there exists a smooth function
A¢ € C(X) such that

Ac = Al

where A is the shape operator associated to (.

Now, observing the induced metric on ¥ we can find the following immersions.

Definition 2.18. Let v : ¥ — M be an immersion between two manifolds
(X, (,)x) and (M, (,),,). We say that X is a conformal submanifold (and ¢ a
conformal immersion) if the induced metric satisfies

¢*<<7 >M) = )‘2<7 >E

for some function A € C*(X), A > 0. The positive function A is called the
conformal factor.

If b : 3 — M is a conformal immersion with conformal factor A\, we can obtain
the following relations for the operators defined in the preceding section with

respect to (, )y, and (,) = A*(, )y

NV f =V, (2.11)

§2f:V2f—%(dA@derdf@d)\)+%<V>\,Vf)(7>, (2.12)



Preliminaries 46

—~ d\
and

MAF = Af4 2

(VA V), (2.14)

where f is a function f € C(X) and X € X(X). In the previous definition, if
A is a constant ¢ we say that ¥ is a homothetic to M with coefficient 2. In the
case that ¢ = 1 we have the following.

Definition 2.19. Let ¢ : ¥ — M be an immersion between two manifolds
(3, (,)x) and (M, (,),,) with dim(X) = dim(M). We say that 1) is an isometry
if the induced metric coincides with the original metric on ¥, that is,

() = G)s

In this case we say that ¥ and M are isometric manifolds.

2.4 Codimension two spacelike submanifolds
through a null hypersurface

In the following chapters we study the special case when the codimension two
spacelike submanifold > is contained in a null hypersurface S of a specific
Lorentzian spacetime M, that is, when the immersion ¢ : X" — M"™? sat-
isfies ¥(X) C S C M being M a known Lorentzian spacetime. In this situation
we say that the submanifold > factorizes through the null hypersurface S, and
we write the immersion as ¢ : ¥ — S ¢ M"2,

In this section we wonder what we can say about the geometry of the submanifold
Y2 when the ambient spacetime M is an arbitrary Lorentzian one. Let us assume
that the orientation on M is given by the globally defined timelike vector field
T and let ¢ : ™ — M"™"? be a codimension two spacelike submanifold on M
which factorizes through a null hypersurface of the spacetime. In this case, there
always exists a globally defined null vector field £ € X*(X) which is normal to
the submanifold and future-pointing. In this section we will see that, when this
happens, we are able to build a globally defined future-pointing normal null frame

{&,n}.

With this aim in mind, let & be a globally defined normal null vector field which



47 Codimension two spacelike submanifolds through a null hypersurface

is future-pointing. That is, £ € X*(X) satisfies

(£, =0 and (£T)<0.

We decompose 1" as
T=T"+T",

where T'" is the component which is tangent to 3 and T is the component
which is normal to . Observe that

—1=(T.T) = |IT"|* + (T*,T*),
and thus,
T+, T = -1 ||TT|* < -1 <0.
Now, we consider the globally defined unit timelike vector field
TL
V= ——— (2.15)

VIHITT

which is also normal to ¥ and future-pointing. Therefore (¢,v) < 0 and the

vector field
1 1

2(¢, V>2§ B <57V>V

provides us a second globally defined normal null vector field along the subma-
nifold which is future-pointing and satisfies (£,7) = —1.

n=-— (2.16)

From now on in this section, we study the geometry of ¥ in terms of {£,n}. For
every X,Y € X(X), the second fundamental form can be written as

I(X,Y) = a(X,Y)§+ B(X,Y)n
with a, 8 € TX(2), that is, o, 5 : X(Z) x X(2) — C>(X2). Computing
(I(X,Y), &) = B(X,Y)(n, §) = =B(X,Y),

and we have
6<X7Y) = _<A§Xa Y>

where A is the shape operator associated to &.

On the other hand,

<H(Xv Y)777> = O‘(X> Y)<€>77> = _a(Xv Y),
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and then
a(X,Y) = —(AnX,Y>,

being A,, the shape operator associated to 7. Henceforth, the second fundamen-
tal form is amened to read as follows
Taking traces from this expression we obtain that the mean curvature field is
given by
1
H = ——(tr(Ay)€ + tr(Ag)n)

and its norm is 5
(H.H) = —ﬁtr(Ag)tr(An).
Observe that this identity is equivalent to the one showed in (2.7) in terms of
the null mean curvatures ¢; and 0,.
In order to know the expression of the Riemann curvature tensor of ¥, R, and

the Ricci curvature of X, Ric, we will use the Gauss equation

(R(V,W)X,Y) = (R(V,IV)X,Y) + (L(V, X), LI(W, Y))
(VY)W X)) .
< (V W)X Y> + <AH(V,X)W7 Y> .

<A VY)W7 X>7

where X, Y, V,W € X(X) and R stands for the Riemann curvature tensor of M.
Recall that in our convention

R(X,Y)Z =Vixy)Z — [Vx, Vy|Z.
Thus, we have
RX,Y)V = (RX,Y)V)" + Anxv)Y — Anyn X

and tracing this,

n

Ric(X,Y) =tr(R) = Z (R(X, €)Y, €)

Z R(X,e)Y)" e} + (Anxy)ei €i) — (A X, €:))

=1
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((R(X,e)Y, ;) + (I(X,Y),Il(e;, ;) — (I(X, ¢;), 1Y, &:)))

1

(2

((R(X,e)Y, ei) + (I(X,Y),nH) — (II(X, ¢;), TI(Y, ¢,))) -

o

=1

Here, {e1,...,e,} is a local orthonormal frame on X.. Taking into account what
we have obtained in (2.17),

(I(X, €;), (Y, €;)) = —=2(A, X, €;)(AcY, €;)

and from here,

D (X, €;), L(Y, €;)) = —2((Ac 0 A,) X, Y).
i=1
So far we have reached

Ric(X,Y) = i (R(X, &)Y, e;) + (II(X,Y), nH) + 2((A¢ 0 A,)X,Y).

=1

We study now the first term in previous identity, > . (R(X,e;)Y,e;). To do
this we denote by Ric the Ricci curvature of M and recaII that, from [43, Lemma
3.52],

Ric(X,Y) = (R(X, )Y, 1) — (R(X, )Y, 1) + Z R(X,e;)Y,e;), (2.19)

where {vy, 15} is an orthonormal frame of X*(X) such that (v,14) = 1 and
(19, 9) = —1. We can construct these two vector fields as

(&—n) and vy = (f +1),

-

\/_
and with this choice

<R(X7 Vl)Y7 V1> - <R(X7 V2)Y> V2> = _<R(X> 5)}/’ 77> - <R(X> 77)3/7 €>
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From here, identity (2.19) becomes

n

D (R(X, €)Y, e;) = Ric(X,Y) + (R(X, )Y, n) + (R(X, n)Y, ),

i=1
and hence, we can write the Ricci tensor of our submanifold X as follows

Ric(X,¥) = Ric(X,Y) + (ROGEOVo) + (ROG0YV.E) 0

+n(II(X,Y),H) + 2((A: 0 4,)) X, Y). '

Finally in this section we compute the scalar curvature of ¥, defined as usual by
Scal = tr(Ric).

For this, let us start by taking {ej,...,e,} a local orthonormal frame on 3.
Then, using equation (2.20) and some basic properties of the Riemann curvature
tensor R,

Scal = Zm(ei, e;) + 2 Z (R(ei, &)es,n)
i=1 i=1

+ ntr(Am) + 2tr(Ag o A,).

(2.21)

On the other hand, taking into account the definition of 1, and 15 we can write
the scalar curvature of M as

ﬁ = Zm(ei, 62') +m(l/1, 1/1) — m(u% 1/2)

i=1

i=1

Following some straightforward computations we have that

n

Ric(&,n) = Y (R(es, E)eism) — (R(Em)n, &),

i=1

and then,

Scal = Zm(eiv ei) - QZ <R(ei75)ei’ 77> + 2<R(€a 77)7%5)'

i=1
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Putting this into (2.21) it follows
Scal = Scal + 4Ric(€,n) + 2(R(&,m)n, €) + ntr(Am) + 2tr(Ag 0 A,). (2.22)

On the other hand, since {&,,7,} is a basis of (1,,X)* at any p € ¥, the sectional
curvature spanned by £ and 7 is written as

% _< (5777)6777>

REAm="5en
where Q(¢,7) = (£,€)(n, 1) — (&, m)* = —1. Then, K(§An) = —(R(&,m)E,m) =
(R(&,m)n,&). Inserting this in (2.22) and using that tr(Ag) = n(H, H), the

expression we finally get is
Scal = Scal + 4Ric(&,n) + 2K (€ An) + n*(H, H) + 2tr(A¢ o A,).

Next proposition summarizes our computations.

Proposition 2.20. Let ¢ : ¥* — M"™"? be a codimension two spacelike
submanifold such that there exists a normal null frame {£, n} with ({,n) = —1.
Then, with the previous notation, we have for X:

(i) the second fundamental form

I(X,Y) = —(A,X,Y)¢ — (A X, V), (2.23)

(i) the mean curvature vector field

1 1 1
H=—tr(Il) = ——tr(4,)¢ — —tr(A 2.24
“t(I1) = — (4,6 — (A, (224)
(iii) the Riemann curvature tensor
RX,Y)V = (RX,Y)V)" + Auxv)Y — Auyn X, (2.25)

(iv) the Ricci tensor

Ric(X,Y) = Ric(X,Y) + (R(X, )Y, n) + (R(X,n)Y, &)

+n(II(X,Y),H) +2((A: 0 4,) X, Y), (2.26)

(v) and the scalar curvature

Scal = Scal +4Ric(&,n) + 2K (£ An) +n*(H, H) +2tr(A¢ 0 A,). (2.27)






CHAPTER 3

Codimension two spacelike submanifolds through
a null hypesurface of the Lorentz-Minkowski
spacetime

This chapter, which corresponds to the research essentially developed in our
paper [5], is devoted to the case in which ¢ : ¥" — "™ is a codimension
two spacelike submanifold which factorizes through a null hypersurface of the
Lorentz-Minkowski spacetime. Notice that the computations and expressions
obtained in Section 2.4 for an arbitrary spacetime will be very useful tools in this
study.

3.1 Preliminaries

For the purpose of fixing the notation, and also recalling some basic concepts, we
start defining our ambient space, the Lorentz-Minkowski spacetime of dimension
n+ 2.

Definition 3.1. The (n + 2)-dimensional Lorentz-Minkowski space, L2 s

defined as the real vector space R"™ endowed with the Lorentzian metric
()= —(dz)* + (dz2)” + ... + (d2nsa)”,
where (21,9, ..., T,42) are the canonical coordinates of R™+2,

We will denote by V the Levi-Civita connection of 1. and we will consider on

this space the time orientation induced by the globally defined timelike vector

53
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field
e; = (1,0,...,0).

Let > be a codimension two spacelike submanifold in the Lorentz-Minkowski
spacetime with Levi-Civita connection V and which factorizes through a null
hypersurface of L""2. In this case, and as we will see later, there always exists
a globally defined null vector field ¢ € X*(X) which is normal to the subma-
nifold and future-pointing. Let e denote the normal component of e; along
the submanifold, that is, for every p € 3, we have the following orthogonal
decomposition

e, =e +er, (3.1)

where e/ € X(X) is tangent to ¥ and e € X*(X) is normal to X. In particular
(et ef) =—1—|lej [ <-1<0

and the vector field v defined in (2.15) is given by

1 1
€7 €7

et T el |2

In this way, v determines along the submanifold a globally defined unit timelike
vector field which is normal to 3 and future-pointing. In particular, ({,v) < 0
and, using formula (2.16), the vector field

(3.2)

14

<e%7 e1L> 1 1
= - e 3.3
! 2(579025 (€ en) ' (33)
provides us another globally defined normal null vector field along the submanifold
which is future-pointing and satisfies (£,n) = —1.

It follows from the Gauss equation (2.18) that the Riemann curvature tensor R
of X is given by
R(X,Y)Z = Aux,2)Y — Auwy,n X

for any tangent vector fields X,Y,Z € X(X). In particular, in this context,
formulas (2.26) and (2.27) imply that the Ricci and the scalar curvature of ¥
are given by

Ric(X,Y) = n(H,I(X,Y)) + 2((Ac 0 A,)X,Y) (3.4)

and
Scal = n*(H, H) + 2tr(A¢ o A,). (3.5)



55 Basic equations for submanifolds through the light cone

The two other fundamental equations of the submanifold X are the Codazzi and
the Ricci equations. In our case, the Codazzi equation of X is given by

(VxID(Y, Z) = (VyI1)(X, 2) (36)
for any tangent vector fields X, Y, Z € X(X), where as usual
(VxID)(Y, Z) = Vx (IL(Y, 2)) = I(VxY, Z) = 1Y,V x Z).
Observe that, for every normal field ¢ € X*(X), it holds
(VxAQ)Y, Z) = (VxIL(Y, Z), () + (I(Y, Z), Vx (),

where

(VxA)Y = Vx(AY) — Ac(VxY).
Using this into (3.6), Codazzi equation can be written equivalently as

for any tangent vector fields X, Y € X(X) and normal vector field { € X*+(2).
Finally, in our case the Ricci equation of X is given by

(RHX,Y)G, @) = —([Ag, Ap] X, Y), (3.8)

for any tangent vector fields X, Y € X(X) and normal vector fields (;,(; €
X+(X). Here, Rt denotes the normal curvature,

RY(X,Y)C = Vixy¢ — [Vx, Vyl¢,

and [ACN ACQ] = ACl © ACz - AC2 © AC1-

3.2 Basic equations for submanifolds through the
light cone

We start this section defining the light cone of L™ ™. It will be one of the null hy-
persurfaces where our codimension two spacelike submanifold will be contained,
and the deepest studied in this chapter. Here, we will work with an explicit
globally defined normal null frame {&, n}.
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Definition 3.2. The light cone A of L"*? is the subset of all the non zero
points of L2 whose norm equals 0, that is,

A={zcL"?: (x,2) = 0,2 # 0}.

In other words, A is formed by all the null vectors of L2,

Ln+2

Figure 3.1: Light cone of

It corresponds to the subset of all points of the Lorentz-Minkowski spacetime
which can be reached from 0 € L™ through a null (or lightlike) geodesic
starting at 0 € L™, The light cone has two connected components and, since
our submanifolds will be always connected, they will be contained in one of them.
Without loss of generality we will work in the future component of A.

Definition 3.3. The future component A+ of the light cone A ¢ L""? is the

subset
AT ={xcL"?: (z,2) =0,2; > 0}.

Respectively, the past component A~ of the light cone A C "2 is the subset

A ={z el (z,r) =0,2, <0}.

Remark 3.4. Observe that the light cone defined above is actually the light
cone with vertex at 0 € L"*2. In fact, we can define a light cone with vertex at
each a € "™ as the subset given by {x € L""?: (z —a,x —a) = 0,2 # a}.
However, without loss of generality and as it is usual in the literature, we will
work with A, the light cone centered at the origin.
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Let ¥ : ¥" — L™ be a codimension two spacelike submanifold and assume
that ¥ (X) factorizes through the future connected component of the light cone.
That is,

(,) =0 and (¢,e;) <O.

In this case

E=1v
is a null vector field which is normal to the submanifold and future-pointing; it
can therefore be chosen as the first vector field of our globally defined future-
pointing normal null frame. We consider the positive function u : ¥ — (0, +00)
given by u = — (1, e;) > 0. It follows that

_ T
Vu= —e/,

where we are denoting
T ol
e =€ +e

as in (3.1). Thus, we get the expression

e, =ei — Vu. (3.9)
From this we have i
v=————I(e;+Vu
VAT ZTER
and u
Ev)=——————=<0
&) 1+ ||[Vu|?
Therefore, by equation (2.16) we get
1+ ||[Vul? 1 1+ ||[Vul? 1
S | e NPV = TV ey Zel 1
n 212 w + u(el + VU) 212 €+ uel (3 0)

Thus, we have the following basic result, which is nothing but the natural exten-
sion to the n-dimensional case of Lemma 3.2 in [45], also given in Lemma 4.1
of [44] (observe that in our convention £ and 7 are both future-pointing with

Proposition 3.5. Let ¢/ : ¥" — AT C L™ be a codimension two spacelike
submanifold which factorizes through the future component of the light cone

AT. Then, )
1+ || Vu 1
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are two globally defined normal null vector fields along the submanifold which
are future-pointing and satisfy ({,7) = —1.

Next we compute the associated shape operators, obtaining the respective n-
dimensional version of Proposition 3.4 in [45], also given in Proposition 4.3 of
[44].

Proposition 3.6. Let ¢ : £" — AT C L™""? be a codimension two spacelike
submanifold which factorizes through the future component of the light cone
AT. Then, the shape operators associated to the normal null frame defined in
(3.11) are given by

1+ ||Vul? 1,
_ T+ - . 12
2 + uV U (3.12)

Ac=1  and A, =

In particular, the corresponding null mean curvatures are

~ 2uAu—n(l+ || Vul?)

95 =1 and 6,7 5 5
nu

: (3.13)

where recall that V2 and A stands respectively for the Hessian and the Laplacian
operators defined in Section 2.1.

Proof. Taking into account Weingarten formula (2.5), we get
Vxé=X = A X + V¢

for every X € X(X), so that A¢ = I and V¢ = 0. To obtain the expression of
A,, we observe from (3.10) that

1 2 1
RS\

Ay = 2u2 u U
Using (3.9), for every X € X(X)

0=Vyxe = Vxe; — VxVu. (3.14)
On the other hand we compute

Vxer = At X + Vyer

and o
VXVU = VXVU — H(Vu, X),
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where we have used the Gauss and Weingarten formulas (2.4) and (2.5). Inserting
this into (3.14) we obtain

0=Ag X + Vxer — VxVu+1I(Vu, X)

and from here we get
At X = VxVu (3.15)

Thus, we have )
1 1
Fvul?, 1o,
202 U

A, =—

as we wanted to prove. Finally, tracing the expressions for A; and A, we obtain
(3.13). O

Remark 3.7. Observe that since (n,7) = 0 we have (Vy7,7) = 0 and from
(£,m) = —1 we also infer (V%n,&) = 0. Therefore V7 = 0. Since we already
know that V& = 0, the global null frame {£, 71} is parallel in the normal bundle
and, in particular, the normal connection is flat. This was already observed in
Remark 4.2 (b) of [44].

On the other hand, using Proposition 3.6 and formulas (3.4) and (3.5), we easily
see that the Ricci and scalar curvatures of Y are given by

Ric(X,Y) = (n — 1)(H,H)(X,Y)

+ u(Au(X, Y) — nHessu(X,Y)) (3.16)

nu

and
Scal =n(n —1)(H,H). (3.17)

Finally, since V¢ = V+y =0 and A = I, Codazzi equation (3.7) reduces to
(VxA,))Y = (VyA,)X (3.18)

for every tangent vector fields X,Y € X(X), and Ricci equation holds trivially
since Rt =0 and [A¢, A,] = 0.

3.3 Totally umbilical submanifolds through the
light cone

In this section, and as a first application of our approach, we derive a classification
of the codimension two totally umbilical spacelike submanifolds which factorize
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through the light cone A* of L™"2. Recall that an n-dimensional submanifold 3
is said to be totally umbilical if it is umbilical with respect to all possible normal

directions ¢ € X*(X) (see Definition 2.17 in Subsection 2.3.4).

Then, let ¢ : " — L""2 be a codimension two spacelike submanifold which fac-
torizes through the future component of the light cone At of "™ and consider
{&,m} the globally defined future-pointing normal null frame given in Proposition
3.5. It follows from Proposition 3.6 that A; = I, so that X is totally umbilical
if, and only if, it is umbilical with respect to the normal direction 7.

Below we describe the following example of codimension two totally umbilical
spacelike submanifolds through A™.

Example 3.8. Let a € L""? such that a # 0 and (a,a) = c with ¢ €
{—1,0,1}. We define

Y(a,7)={p €A (pa)=r} (3.19)
for a certain 7 € R, 7 > 0. If we consider

F,:L"? 5 R?
z— ((z,z),(z,a))

we can see X(a, 7) as X(a,7) = F,;1(0,7). It is easy to see that
d(Fa)z(v) = (2(v, ), (v, a))

for every x € L"*? and for every v € T,.""? = L"*2. From here, it follows that
d(Fy), is onto if, and only if, = and a are linearly independent. In particular,
(0,7) is a regular value of F} if, and only if, ¥(a,7) # () and p and a are linearly
independent for every p € (a, 7). A detailed analysis of this condition shows
that this is true for every 7 > 0 and ¢ € {—1,0,1}. In all those cases, ¥(a, 7)
is a codimension two spacelike submanifold which factorizes through At and
having TplZ(a, 7) = span{p, a} for every p € 3(a, 7).

Let us denote X = ¥(a,7) C AT. Then, defining

(p)=p and ()= -—p-a

2T T
we obtain a normal null frame {&, n} such that (¢,7) = —1. Observe here that,
for every X € X(X) B
ng = Xa
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which implies

Ae = 1.
On the other hand Va = 0, so
— c
VXT] = FX
for every X € X(X), and
c
An — ﬁl

As a consequence, ¥ = Y(a, 7) is a totally umbilical submanifold of L."** which
factorizes through the light cone A*. We also see that, if a is null, then 7 is a
totally geodesic normal direction.

At this point we can know more about the geometry of this kind of submanifolds.
As a first step, using (2.24), we compute its mean curvature vector field

c 1
H=-—=p+ —a,
T T

and we get the following expression for its norm

c
T2

(H,H) =

This implies, for instance, that X(a, 7) is marginally trapped if, and only if, a
is a null vector. In this way, for every X, Y € X(X(a, 7)) we also obtain, from
(3.4) and (3.5), the expressions for the Ricci tensor and the scalar curvature,

Ric(X,Y) = —%(n — (X, Y),

and .
Scal = ——=n(n —1).

Therefore, we can distinguish:

(i) If ¢ =1 (ais spacelike), Ric(X,Y) = —"51(X| V) and Scal = —"2 1.
Thus, X(a, 7) is isometric to the hyperbolic space H"(—7) with constant
sectional curvature —1/72.

(ii) If ¢ =0 (ais null), Ric(X,Y) = Scal = 0, so that ¥(a, 1) is isometric to
the flat Euclidean space R".

(iii) If ¢ = —1 (a is timelike), Ric(X,Y) = "51(X,Y) and Scal = 21,

T2

This implies that X(a, 7) is isometric to the Euclidean sphere S™(7) with
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constant sectional curvature 1/7'2. Moreover, notice that this is the only
compact case.

Our next result characterizes 3(a, 7) in the previous example as the only codi-
mension two totally umbilical spacelike submanifolds through A*.

Theorem 3.9. Let ¢ : ¥" — A" C L""? be a codimension two totally
umbilical spacelike submanifold which factorizes through A™. Then there exists
aclL"? a#0and (a,a) =cec {-1,0,1}, and there exists 7 € R, 7 > 0,
such that

P(X) C X(a, 7).

Corollary 3.10. The only complete codimension two totally umbilical spacelike
submanifolds which factorize through A" are the submanifolds

Y(a,7)={pe AT :(pa)="1}

with a € L™ a # 0 and (a,a) = c € {~1,0,1}, and 7 € R, 7 > 0. In
particular, the only compact ones are the submanifolds ¥(a, 7) with (a,a) =
—1.

Proof. Let ¢ : ¥" — AT C "2 be a codimension two totally umbilical space-
like submanifold which factorizes through A" and consider {£,n} the global
normal null frame along the submanifold given in Proposition 3.5 . We know
that X is totally umbilical if, and only if,  is an umbilical direction, that is if,
and only if,

A, =M

for some function A € C>(%).

Observe that, if we consider

VA, : X(D)xX(Z) = X(X)
(X,Y) = (VA))(X,Y) = (Vx4,)Y,

equation (3.18) is equivalent to the symmetry of VA4,, that is,
VA,(X,Y)=VA,(Y, X)

forevery X, Y € X(X). Now, taking into account that 7 is an umbilical direction,
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it follows
(VAW)(Xv Y) = VY()‘X) - AT](VYX>
= AMX)Y + A\Vy X — AVy X
— AY)X = (VA)(Y, X)
for every X, Y € X(X). If we choose X and Y being linearly independent, we

can easily check that it has to be X (\) = 0 for every X € X(X) and thus, A
has to be constant.

With that A, define Q = —n + A{. Hence, for every X € X(X)
VxQ=-Vxn+AVxé=-AX + X =0, (3.20)

which implies that @ € L2 is a constant vector, ) # 0.
Observe that it also holds

<Q7Q> = 2/\7 <Q75> =1, and <Q7n> = -\

If X #£0, let 7 =1/4/2|A| > 0 and a = 7Q). Therefore, (a,a) = ¢ = +1 and
(,a) = 7 > 0, which means that /(X)) C X(a,7). If A =0, let a = Q; hence
(a,a) =c=0and (¢p,a) =7 =1, so that ¢(X) C X(a, 1), which finishes the
proof. ]

3.4 Compactness of submanifolds through the
light cone

As observed in Proposition 5.1 of [44] (see also Proposition 5.1 and Remark 5.2
of [45]), if ¥ is compact then it is a topological n-sphere. In this section we go
further by showing that ¥ is in fact conformally diffeomorphic to the Euclidean
sphere and also giving a compactness criterion under an appropriate bound on
the growth of the function .

First of all, we state the following technical lemma which is essentially Lemma
5.2 in [10].

Lemma 3.11. Let g be a complete metric on a Riemannian manifold ¥ and
let  denote the Riemannian distance function from a fixed origin 0 € X. If a
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function w satisfies

C
YD) > &
w p) > , r(p)>1, 3.21
") 020 (p) 520
C' a positive constant, then the conformal metric § = w* (™2 g is also com-

plete.

In fact, Lemma 5.2 in [10] is stated under the stronger hypothesis

C
w?/(n—?) b > T\ rp > ].a
0= o)

but a detailed reading of the proof shows that the result holds true under the
weaker hypothesis (3.21). The proof is the same as in [10], just replacing (5.5)
in [10] by

L(v; a, B) > Cy [log(log(r(v(8)))) — log(log(r(v(a))))] - (3.22)

For the sake of completeness and for the reader’'s convenience, we include below
a detailed proof.

Proof. Let A = {p € ¥ : r(p) < 1} and suppose 7 : [0,b) — X is a geodesic
for g with v(0) = o and which is not extendible to b. Since (¥, g) is complete,
~ cannot remain in any compact subset of Y. In particular, with respect to A,
there are two possibilities:

(i) v leaves A in a finite time and does not return, or
(ii) ~y returns to A infinitely many times.

In both cases we are interested in the length of + outside of A, so suppose we
have 0 < o < 8 < b with () € A.

Consider the partition @ < t; < to < ... < ty < [ such that there exists a
geodesic ball B(v(t;), R;) with center (¢;) and radius R; for which

V(1) € B(y(ty), Ry),

and that in B((t;), R;) there is a chart and coordinates in which we may write
the metric g as

g = (drj)*+ 7“]2-99, (3.23)

r; being the geodesic distance from ~(t;).
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Fort;_1 <t <tj11 and h > 0 small enough we have

r(y(t+h)) <r(y(0) +ri(y(E+h) = r(4(1)),

which implies
dr(y(t)) _ dry(7(t))
a — dt
The length in g of {y(¢) : t; <t < t;41} is given by

LI+ (y) = / "G @),y )}

J

:/ttjﬂ : (9(7/(£),7'(£))? dt.

, w((@)

Using (3.21) and (3.23) we obtain

" tisa e, dr;(~(t))
Ly () =z /t o r(y(e) log(r((t)  dt

J

= C1 [log(log(r(v(tj+1)))) — log(log(r(v(2;))))],
where 'y is a constant. Thus,

Ly (7) = Ci [log(log(r(v(8)))) — log(log(r(v(a))))] (3.24)

Since ~y cannot remain in any compact set we can find a sequence {b;};en such
that

lim b, =0 and lim r(y(b;)) = +o0. (3.25)

Jj—r+oo j—+oo
Now suppose that +y satisfies i), that is, for some a € (0,b) we have v(t) ¢ A
for a <t < b. Then, by (3.24) we have

lim LY (y) = +o0

Jj—+oo

so that 7 has infinite length in g.

On the other hand, if v satisfies i7), then it returns to A infinitely many times.
We can now let {b;},cn satisfying (3.25) and {a;};en such that

bj,1 <a; < bj, "}/(a]’) € 0A and ’}/(t) ¢ A for a; < t < bj.
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By (3.24) we have

LY () > Cy [log(log(r(v(b;)))) — log(log(r(v(a;))))]
> O [log(log(r(v(by)))) — log(log(do))] ,

where dy = max{r(p) : p € 0A}. Summing over j we find that ~ has infinite
length in g. Thus, g is complete. O

Now we are ready to state the following result.

Proposition 3.12. Let ¢ : ¥" — AT C L""* be a codimension two spacelike
submanifold which factorizes through A*. Assume that ¥ is complete and that
the positive function u = — (1), e;) satisfies

u(p) < Cr(p)log(r(p)), r(p)>1, (3.26)

where (' is a positive constant and r denotes the Riemannian distance function
from a fixed origin 0o € 3. Then ¥ is compact and conformally diffeomorphic
to the sphere S™. In particular, this holds if supy, 4 < +00 and, more generally,

< +00.

if lim sup
r—+oo0 T og(r)

Remark 3.13. The upper bound (3.26) on the growth of w is sharp as shown
later by the existence of complete and non-compact examples with u(p) = r%(p)
in Example 3.19.

Proof. Observe that, for every p € 3, ¥(p) = (u(p), ¥2(p), - - -, Yni2(p)), with

n—+2

> Wip) = v’(p) > 0. (3.27)
=2
Define the function ¥ : " — S" by
(o) = —~ (WD), tsalp))
p_u(p) 2p?"‘7 n+2p .
For every p € ¥ and v € 7,2 we have

dV,(v) = —

(w2<p>7 SR Mﬂmz(P)) + (V(%), s ?V(wn+2))‘

v(u) 1
2(p) u(p)

Denote by (, ), the standard metric of the round sphere S". Therefore, for every

u
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v,w € 1,2 we have

_ vww(w) 2, LR (e
(dVUp(v), dVp(w)), = ) ;wz(p)Jruz(p) 2 (Vi) w (i)
vin) (57| w0 (RS
T2ud(p) (; ¢’> T 2u3(p) (; %)
1 n+2
- 5 (—v(u)w(u) - ;vw»w(w»)
1 1
= ug(p) <d¢P<V)7d¢p(W)> = 2(p) <V7W>
That is, .
qj*((? >0) = ¥<, )7 (3.28)

where we recall that by (,) we denote the Riemannian metric on ¥ induced by
the immersion .

From (3.28) it follows that W is a local diffeomorphism. Assume now that 3 is
complete (that is, {,) is a complete Riemannian metric on ¥) and u satisfies con-
dition (3.26). Therefore, by Lemma 3.11 applied to the function w = u~("=2)/2,
we know that the conformal metric

~ 1

<7>: <7>

u?
is also complete on 3. Then, equation (3.28) means that the map

—~

U (3" () = (S",(,))

is a local isometry between complete Riemannian manifolds.

Now we recall that every local isometry between complete (connected) Rieman-
nian manifolds is a covering map (see, for instance, [14] or [32, Chapter VIII,
Lemma 8.1]). Hence, W is a covering map, but S" being simply connected this
means that ¥ is in fact a global diffeomorphism between > and S". ]

In the following example we observe that for each positive smooth function
f:S® — (0,+00) we can construct an embedding v : S — AT C L™

Example 3.14. Let f:S" — (0,+00) be a positive smooth function and set
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Y S"— AT C L
p (f(p), f(p)p).

Clearly, for every p € S", v,w € T,,S™ we have

d(5)p(v) = (v(f),v(flp + f(p)V)

and
(d(W5)p(v), d(Wp)p(W)) = f2(p){v, W),
That is,
¢;(<v>) = f2<’>07 (3'29)

what means that ¢y determines a spacelike immersion of S" through A* whose
induced metric is conformal to the standard metric of the round sphere.

In this case u = f and, from equation (3.12) in Proposition 3.6, we can explicitly
write the second fundamental form of s in terms of the function f and the
gradient and the Hessian of f with respect to the round metric (,),. To see it
first observe that, obviously, Ac = I and 6 = 1. To compute A,, let us denote
by || - ||I2, V° and Hess, the norm, the gradient and the Hessian operator (as a
symmetric (0,2) tensor) on S™ with respect to the standard metric (,),. Using
relation (2.11), we have

1
IV A1 = ﬁllvofllﬁ (3.30)

and

L IVSR P IR

2f? 2f*

On the other hand, by (2.12) we also get, for every tangent vector fields X,Y €
x(S"),

(3.31)

Hess f(X,Y) = f2(Vx V£, Y),

— (VOVOL Y, §<X, VO )oY, VO 1),

1
+ EIIVOJ‘H%(X, Yo,

which gives
1
2

2

VyVf = 7

VIVOS — 2 (X, V),V + %HVOJ"IISX (332)
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for every tangent vector field X € X(S™). Therefore, using (3.31) and (3.32) in
(3.12) we conclude after some computations that

_ 1 2 IVfIIE — 1
An<X) - F _F<X7V0f>ovof+2—;4

for every X € X(S™). Thus, tracing (3.33) with respect to (, ), we have

V&V X (333)

_ 2fAof + (n = IVOSIIE — nf?
N 2n f4 '

0, (3.34)

In the next result, and as a consequence of Proposition 3.12, we observe that
every codimension two compact spacelike submanifold which factorizes through
AT is, up to a conformal diffeomorphism, as in Example 3.14.

Corollary 3.15. Let ¢ : ¥" — AT C L"" be a codimension two com-
pact spacelike submanifold which factorizes through A™. Then there exists a
conformal diffeomorphism ¥ : (X", (,)) — (S", (,),) such that

T () = =)

u?

with u = —(¢b,e;) = ¢y > 0, and ¢ = ¢y o U where f = wo ¥~ ! and
Yy S® — AT C L"? is the embedding

¥ —= (0, +00) ¥ —= At C L2

In particular, the immersion v is an embedding.

For the proof simply consider u and W as in the proof of Proposition 3.12, and
recall that in this situation ¥ : (X", (,)) — (S", (,),) is a conformal diffeomor-

phism with .
qj*((? >0) = ﬁ<’ >

Let ® : S™ — ¥ be the inverse of U. Then taking f = uo® one has foV¥ =u
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and

YroW(p) = (f(¥(p), f(¥P)¥(p) = (w(p),Y2(p), .-, Ynr2(p) = Y(p),

that is, ¢ = 1y o ¥ as we wanted to see.

3.5 Trapped submanifolds through the light cone.
First results

In this part of the chapter, we will focus our research on the case of trapped sub-
manifolds. It is known that there exists no compact weakly trapped submanifold
in L™, In fact, in [36, Theorem 2] this is proved in the more general case of
stationary spacetimes. Here, and for the convenience of the reader, we give a
proof using our approach.

Proposition 3.16. There exists no codimension two compact weakly trapped
submanifold in L2,

Proof. Let 1) : ¥" — L™ be an n-dimensional compact weakly trapped sub-
manifold and consider the function u = — (1), e1), whose gradient is given by
Vu = —e] = ei — e;. Taking derivatives here, as we did in Section 3.2 for the
case where the submanifold factorizes through the light cone, we obtain again

Aef-X = VXVu
and from here we compute
Au = tr(Aer) = n(H, er) =n(H,e;).

On the other hand, since the mean curvature vector field H is not spacelike, it
satisfies either (H,e;) < 0 or (H,e;) > 0 on X. If we suppose that (H,e;) < 0,
then

Au=—n(H,e) > 0.

Now, from the divergence theorem we have

/AudEzO,
by

what implies Au = 0 and gives us a contradiction. The proof for the case
(H,e;) > 0 ends in a similiar way. O
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Furthermore, from Proposition 3.6 and equation (2.24), the mean curvature vec-
tor field of a codimension two spacelike submanifold > which factorizes through
AT is given by

H= (2uAu — n(1 + [|[Vul|?)€é — 7.

- 2nu?
In particular, the null expansion 6, is always 6 =1 > 0 and

(HLH) = —— (2ulu— n(1 + [[Vu]?). (3.35)

nu?

As a consequence of these computations we have the following.

Corollary 3.17. Let 1) : ¥" — A+ C "™ be a codimension two spacelike
submanifold which factorizes through the future component of the light cone
AT, Let u be the positive function u = — (1, e;). It is satisfied:

(i) X is (necessarily past) weakly trapped if, and only if, u satisfies the diffe-

rential equation

2uAu —n(1+||[Vul*) >0 on 3. (3.36)

(ii) X is (necessarily past) marginally trapped if, and only if, u satisfies the
differential equation

2uAu —n(1+||[Vul*) =0 on X. (3.37)

(iii) X is (necessarily past) trapped if, and only if, u satisfies the differential
equation
2uAu —n(1+ ||[Vu|*) >0 on X. (3.38)

Corollary 3.18. Let 1) : ¥ — AT C L""? be a codimension two spacelike
submanifold which factorizes through the future component of the light cone
AT, Let u be the positive function u = — (1), e;). The following are equivalent:

(i) X is (necessarily past) marginally trapped.
(i) u satisfies the differential equation 2uAu — n(1 + |[|[Vul[?) =0 on X.

(iii) X has zero scalar curvature, Scal = 0.
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3.5.1 Examples

In this subsection, we present explicit examples of weakly trapped and marginally
trapped submanifolds which factorize through the future component of the light
cone AT, In the first one, we construct a marginally trapped submanifold.

Example 3.19. Let ¢/ : R* — L""2 be a map given by

AP+ pl? -1
Y(p) = ( SR D).

We compute

and we also have

bl 41

> 0.
2

u(p) = —(¥(p), e1)

Therefore, 1)(R™) factorizes through the light cone A™.
On the other hand, for every p € R" and v,w € T,R", we obtain

dipp(v) = ([lpllv, [[pllv, v)

and hence,
Vv, w)) = (diy(v), dpp(W)) = (v, W)g.

Thus, © is an isometric immersion of (R", (,)z.) through A* C L"*? and, in
particular, the gradient and Laplacian operators of u are respectively

Vu(p) = V¥u(p) = p

and
Au(p) = Agnu(p) = n.

Therefore, the function u satisfies the differential equation (3.37),
2ulu —n(1+ [[Vul*) = n(|lpl* + 1) = n(1 + |Ip|* +1) = 0

and, from Corollary 3.17, ) is a marginally trapped immersion of R" through
At C L2
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Figure 3.2: Example 3.19 with n =1

In the next example we construct a weakly trapped submanifold which is margi-

nally trapped when the dimension is n = 2.

Example 3.20. Let ¢ : (0, +00) x H* ' — L™ n > 2, be the map given by

¢(t,p) = (p, cos(t), sin(t)),

where we are denoting by H"~! the (n — 1)-dimensional unit hyperbolic space,

anl = {p = (pla v 7pn> S ]Ln : <p7p> = _17171 > 0}
It is satisfied that
(o(t,p), d(t, p)) = (P, P)ygn—r + cos(t)* + sin(t)* = =1+ 1 =0,

and
u<t7p) =p1> O)

so that ¢((0, +00) x H"!) factorizes through A™.

We have that for every z = (¢,p) € (0, +00) x H"! the tangent space at z is
generated by two types of vectors, v = (1,0) with 0 € T,H" ! and v, = (0, w)

with w € T,H"!. Thus, we compute

d¢.(1,0) = (0, —sin(t), cos(t))
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and
dg.(0,w) = (w,0,0) for every w € T,H" .

From here, we can easily see that

¢*(<v >) = dt’ + <7 >]HI”—1’

that is, the induced metric is nothing but the product metric on (0, +00) X
H"1. In other words, ¢ gives an isometric immersion of the Riemannian product
manifold (0, +-00) x H"! through A* C L™

Therefore, in this case u(t, p) = v(p) for every (t,p) € (0, +0c) x H""!, where
the function v : H* ! — (0,+00) is given by v(p) = —(p,e1);. for every
p e H" 1, with e; = (1,0,...,0) € L. In particular,

Vu(t,p) = (0, Dv(p))

where D denotes the gradient operator on H""*. Since v(p) = —(p,€1)y. , itis
clear that Dv(p) = —e|, where e denotes here the component which is tangent
to H" ! as a spacelike hypersurface of . Hence, the vector e; decomposes
along H" ! as

e; = —Du(p) +v(p)p

for every p € H" ! and
Dol = 1+

Since Vu = (0, Dv), this is equivalent to
|Ful? = —1 + .
On the other hand, for every v € T,H" ™! we have
Veer=0==VyDuv+v(v(p)p) = =DyDv + v(p)v + v(v)p

where V° and D denote, respectively, the Levi-Civita connections of L. and
H"~!. From here we have that D, Dv = v(p)v for every v € T,H""!, and then

Agn-1v = (n — 1)v.

Hence,
Au(t,p) = Agn-1v(p) = (n — )u(t, p)

and from these computations we finally get

2uAu —n(1+ [|[Vul]*) = (n — 2)u?.
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Taking now into account equations (3.36) and (3.37), we have that ¥ is a weakly
trapped submanifold which is marginally trapped if, and only if n = 2.

3.6 Non-existence of weakly trapped submani-
folds through the light cone

We know from Proposition 3.16 that, in particular, there is no compact weakly
trapped submanifold which factorizes through the light cone of "2, Motivated
by this fact, our main goal in this section is to obtain some other conditions,
without assuming the compactness of >3, that ensure the non-existence of weakly
trapped submanifolds through the light cone. The following corollary is a direct
consequence of Proposition 3.12 and Proposition 3.16.

Corollary 3.21. There exists no codimension two complete weakly trapped
submanifold ¢ : " — AT C IL"*2 for which the positive function u = — (¢, e;)
satisfies

u < Crlogr, r>>1.

In particular, there is no codimension two complete weakly trapped immersed
submanifold in AT C IL"2 for which the positive function u is bounded from
above.

Now, we extend this non-existence result to the more general case of stochasti-
cally complete submanifolds (see Subsection 2.3.2).

Proposition 3.22. There exists no codimension two stochastically complete
weakly trapped immersed submanifold factorizing through A™ C IL"*2 for which
the positive function u = — (1), e1) is bounded from above.

Proof. Let ¢ : ¥ — At C "2 be an n-dimensional stochastically complete
weakly trapped submanifold such that ¢(3) C A™. If we define u = —(1), e)
as usual, it satisfies (3.36) in Corollary 3.17,

n(1+ [|[Vul]?) < 2uAu. (3.39)

Suppose that u is bounded from above, that is, u* = supy, u < +00. Since X is
stochastically complete, by the weak maximum principle for the Laplacian (2.9)
there exists a sequence {p; tren C X with

Au(py) < for every k€N

| =
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and

li =u".
i, o) = v

Putting this into (3.39) we obtain

n <01+ |Vape) ) < 2u(p) Au(py) < 2",
and making now k£ — 400 we get
n <0,
which is not possible. [

For the proof of the next theorem we need the following analytical result whose
proof can be derived from that of Theorem 3.3 in [37].

Theorem 3.23. Let (3, (,)) be a complete Riemannian manifold and let
v > 0 be a solution of

vAY + av® — by > —A||Vo|? (3.40)

on X, with a <0, b > 0 and A € R. Suppose that for some oo > 1, f > —1,
p>A
v e LAPHD (R, (3.41)

Then v = 0.

Proof. Let v > 0 be a solution of (3.40). Fix € > 0 and set

we = (v2+5)%.

We compute

w.Aw, = (B4 1)(v* + &)PvAv+

UQ

B+ +e)(1+ (8 - 1)m)|\WH2-
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If follows from (3.40) and the assumptions @ < 0 and b > 0 that

w.Aw, >(B+1)(v* +¢)? ((1 — A+ (8- 1)1)2Uj— 5) [Vo]|? + bv — av2>
o2
) Il +at1 - 7))

v +¢

2

z(5+1)(v2+a)ﬁ<(1—A+(ﬁ—1)

v24+¢

:(5+1)(v2+5)ﬁ<aa+(1—14+(5 1) v ))

v2+e

Let 7(t) € C'(R) and s(t) € C°(R) defined as
F(t) =t*"2 and s(t) = ot 2,
where a > 1 and ¢, = min{a — 1, 1}. They satisfy the conditions
F(w.) > 0 (3.42)

and

Flw.) + wer (w.) = (o — Dw®? > cquw®? = s(w.) > 0. (3.43)
Consider the vector field

7 = w7 (w.)Vw, = wd 'V,

and, for fixed t and § > 0, let 15 be the Lipschitz function defined by

1 i r(p) <t
vs(p) = % if t<r()<t—|—
0 if  r(p)>t+4.

Using conditions (3.42), (3.43) and the definition of s we compute

div(vsZ) = sdiv(Z) + (Vis, Z)

1
= (W Awe + (o = w2 ?||[Vw||?) ¢ — E(Vr, w2 Vw,)

1
= (P wetw. + (o = D | Val) s = <(Vr,we™' Vu)

2
> w? (B4 1)(v* +¢)P (as + (1 —A+ (8- 1)021)+ E) ||Vv||2) oy

_ 1 _
+ cawl 2| Ve |5 — g(vﬁ WAV We) X By 5\ B s
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where we have used V5 = —%VTXBH_(;\Bt-

Then, integrating and using the divergence theorem and Cauchy-Schwarz in-
equality we obtain

v2 4 €

_ 1 _
o R N A
By Bi15\Bt

/Bt w6+ 1)(0* +¢)° (ae + (1 —A+(B-1) Uj ) ||W||2) Wbs

(3.44)

By Holder inequality the integral on the right-hand side is bounded above as
follows

1 a
[wevud = [ () (Ve v
Biys\Be Biss\B: \V0Cq Vo

1 a 1
2 / we ) (L / catt® 2| Vv
0 By1s\Bt Ca 0 By1s\Bt

Inserting this into inequality (3.44) and letting 6 — 0" we obtain that

m

[SIE
N[

/Bi w* (B +1)(v* +¢)? (a6+ (1 —A+(B-1) ”i ) |yv@]|2> +

v2+4¢e

1 1
a—2 2 w2 a—2 2\ °?
+ [ w7 Vwe||” < — cowy 7| Vue[*)
By 0Bt Caq 0Bt

(3.45)

where we have used the co-area formula, that is,

1 w w
lim — —= = —=
6—0t (5 Bt+5\Bt Cq 9B, Cq

and .
lim 2|V |2 :/ e[V, |2

5—0+ 0 Bt+§\Bt OB:

As ¢ — 0, then w, — wy = v+, Therefore, using the dominated convergence
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theorem in (3.44) we get

(B+1)(8— 4) / g | Vo2 + / ot || Vo
B: By
1 (3.46)

1
'\ 2 2
<([ ) (] cmsivule)
oB; Ca 0By

h(t) = / et || Vo,
By

and then, by the co-area formula, h is Lipschitz and

We define now

h'(t) = /BB cawd 2| Vwol?.

From our assumptions on 3 and A, we know that

(B+1)(B - A)/ v?Pws 2| V|2 > 0

By

so, from (3.46), it is satisfied

h(t) < ( /a ., ‘s—f) W(t):. (3.47)

Our aim now is to show that wy, = v*! is constant. Let us suppose it is not
and reason by contradiction.Then, if wy is not constant, there exists Ry >> 1
such that h(t) > 0 for every t > Ry. Then, dividing in (3.47) by h(t) we have

or, equivalently,

Taking Ry < r < R and integrating the previous inequality, we obtain

(/ f“‘”g_g”m”z)l = 57 2 76 W

w= [ (L)

I
ﬁ\é
=y
= S
==
~—
o
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Since wy = v?*!, from here it follows

R 1 -1
/ (/ Ua(5+1)> <C </ w(c)uQHVwOHQ) < +oo,
r 0B B

where C' € R. Then,

( /8 N Mﬁ“)) B € L'(+00). (3.48)

¢(t):/B X (B+1)

¢/<t) _ / Ua(ﬁ+1) > 0.
0By

Taking into account (3.48), ¢/(¢) has to satisfy

If we define now

we obtain

1
A S

=0,

or equivalently
lim ¢(t) = +o0.

t——+o0

As ¢ is a non-decreasing function, it implies that ¢ tends to infinity, that is,

lim B = / B — 4o
B D)

t——+o0

However, this contradicts the assumption (3.41), and we get that wy has to be
constant and so does v. Taking into account that v satisfies equation (3.40),

av? —bv >0

with a < 0 and b > 0, then we conclude that v = 0. ]

As a consequence of Theorem 3.23 we have the following.

Theorem 3.24. There is no codimension two complete weakly trapped
submanifold ¢ : ¥" — At C L"*2 for which the positive function u =
— (1, e1) satisfies

ue LI(Y) (3.49)
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| for any ¢ > 0.

Proof. Let 3. be a codimension two complete weakly trapped submanifold through
the light cone A' and assume that u € L%(X) for some ¢ > 0. Define
v =wu? > 0. From equation (3.36) we have

n -+ 2

Av — >
vvm}_4

IV, (3.50)

so that we can apply Theorem 3.23 with the choices a = 0, b = n, A =
—(n + 2)/4. Note that, since n > 2, then A < —1 and the only condition on
S required in Theorem 3.23 is now 3 > —1. Choose then § = —1+¢/4 > —1
and take o« = 2, so that

a(B+1) =1,
2
This implies that
v e LA (%) (3.51)
and, by Theorem 3.23, v = 0, which is a contradiction, completing the proof of
the theorem. O

3.7 Codimension two spacelike submanifolds
through a null hyperplane

To finish this chapter we briefly study the case of another null hypersurface of
the Lorentz-Minkowski spacetime: a null hyperplane. Let us start by giving the
definition of such a hypersurface.

Definition 3.25. Let a € L""? be a null vector. The subset
Lo={reclL"?: (r,a) =0,z #a}
is a null hyperplane on the Lorentz-Minkowski spacetime L™ 2.

Let us suppose a future-pointing and let 1 : ¥ — £, C L"™ be a codimension
two spacelike submanifold which is contained in the null hyperplane L£,. In this
case

{=a
is a future-pointing null vector field which is normal to the submanifold and hence,
it can be chosen as the first vector field of our globally defined future-pointing
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normal null frame. We define the function u : ¥ — R by u = — (¢, e;) = 9.
Following the expressions obtained in (3.2) and (3.3) we have
e+ Vu
V1 [ Vul?
e Va1
+ || Vu
=— a— e, + Vu).
" 2<el,a>2 <e1,a>( ' )
Therefore, we have that 7 is a globally defined normal null vector field which
is future-pointing and satisfies ({,7) = —1. In this setting we can state the
following.

Proposition 3.26. Let ¢ : X" — £, C L""* be a codimension two spacelike
submanifold which factorizes through the null hyperplane £,. Then,

1+ ||Vul/? 1
=a and = — a— e; +Vu
‘ T e o Y

are two globally defined normal null vector fields along the submanifold which
are future-pointing and satisfy ({,7) = —1.

In the same way that in Proposition 3.6 we can compute the shape operators
and null mean curvatures of ¥ with respect to {£, n}.

Proposition 3.27. Let ¢ : X" — £, C L""* be a codimension two spacelike
submanifold which factorizes through the null hyperplane £,. Then, the shape
operators associated to & and 7 are, respectively,

1
A = d A, = — 2
¢e=0 an n <e1,a>v U
In particular,
1
_ = ——  Au. .52
fe =0 and 6, ey a) u (3.52)

From the previous proposition and formula (2.24) we have the expression for the
mean curvature vector field,

Au
n<elv a>

H= a (3.53)

and then, (H,H) = 0. Thus, we have the following.
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Proposition 3.28. Let ¢ : ¥" — £, C L"™ be a codimension two space-
like submanifold which factorizes through the null hyperplane £,. Then ¥ is
marginally trapped except at points where Au =0 on X.

In what follows, and without loss of generality, we may assume that the future-
pointing null vector is a = (1,0,...,0,1). Now we denote the null hyperplane
L, simply by £. Our next result corresponds to Proposition 3.12.

Proposition 3.29. Let ¢ : X" — £ C L"** be a codimension two spacelike
submanifold which factorizes through the null hyperplane £. Assume that X is
complete. Then X is isometric to the Euclidean space (R”, (,)gx)-

Proof. Since (X)) C L, for every p € ¥ we can write

W(p) = (ulp), a2(p), - - -, nra(p), ulp))-
We define the function
U: 3" — R"
p = (Y2(p), - - Yura(p)).

and, for every v,w € T,% we compute

dV,(v) = (v(¥2),...,v(¥ni1))

and

n+1

(AW, (v), d\ij(W»Rn = Z V(i) w(1)

= —v(u)w(u) + Z V(i) w (i) + v(u)w(u)
= (dpp(v), dipy(W)) = (v, W).

In other words, U*((,)g.) = (,), which means that W is a local isometry. After
this point, since ¥ is complete and R™ is simply connected, we obtain that ¥ is
in fact a global isometry. ]

In next example we show that for each smooth function on R™ we can construct
an embedding of R” to "2 through L.

Example 3.30. Let f : R® — R be a smooth real function. We define
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¢r: R" — L C L™ given by

or(p) = (f(p), p, f(p))-

For every v, w € T,,>) we have

d(¢f)P(V) = (V(f)7 v, V(f))

and
(d(0r)p(v), d(@r)p(W)) = (V, W)pu.

That is, ¢7((,)) = (, )g» and ¢ determines a spacelike isometric immersion of
the Euclidean space through £. Moreover, the immersion is marginally trapped
except at points where Ag» f = 0 on R".

At this point, from Proposition 3.29 we know that every codimension two com-
plete spacelike submanifold factorizing through £ is, up to an isometry, as in
Example 3.30.

Corollary 3.31. Let ¢ : ¥" — £ C L™ be a codimension two complete
spacelike submanifold which factorizes through £ . Then there exists an isome-
try U (X7, (,)) = (R, (, )gn) such that ) = ¢y o ¥, where f = uo U~ with
u=—(1,e) =1 and ¢; : R* — L C L"*? is the embedding

or(p) = (f(p),p, f(p))

sr_ULR sV oo L2
ol ol
Rn R™

In particular, the immersion 1) is an embedding and it is marginally trapped
except at points where Au = 0 on X.

As a consequence, we can characterize codimension two spacelike submanifolds
which factorize through £ and that have parallel mean curvature vector as follows.

Corollary 3.32. Let ¢ : ¥" — £ C L™ be a codimension two complete
spacelike submanifold which factorizes through £ and that has parallel mean
curvature vector. Then there exists an isometry W : (X", (,)) = (R", (, )gn)
such that ¢ = ¢, .0 ¥, where ¢, . : R" — £ C L™ is the embedding

Go.c(p) = (0(p) + cllpll®, p, o(p) + c|lpl*)
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for some harmonic function o on R™ and ¢ € R. Moreover:

(i) X is minimal if, and only if, ¢ = 0.
(ii) X is future marginally trapped if, and only if, ¢ < 0.
(iii) X is past marginally trapped if, and only if, ¢ > 0.

Proof. Since (a,e;) = —1, it follows from (3.53) that

A
H-= ——ua.

n

From (3.54), H is parallel if, and only if, Au = constant on (%, (,)).

(3.54)

Equiva-

lently, since u = f o U with ¥ an isometry between (X, (,)) and (R", (, )g.), H

is parallel if, and only if, Agnf = constant on (R”, (, )g.)-

Consider the function
_ Bef

2
=L g

9(p)

for every p € R™. It is satisfied

 Awef

VRng P and ARng = ARnf

Then, defining o(p) = f(p) — g(p) we have Agnp = 0, that is, ¢ is an harmonic
function on R and f(p) = o(p) + c||p||* where ¢ = % € R. The last

assertions follow from (3.54) since H = —£a, with a future-pointing.

]






CHAPTER 4

Codimension two spacelike submanifolds through
a null hypersurface of de Sitter spacetime

In this chapter we study the case when the ambient space is the well known
de Sitter spacetime. As in previous chapter, we will be focus on codimension
two spacelike submanifolds which factorize through a null hypersurface of the
spacetime. With this aim, we have studied two null hypersurfaces of de Sitter
spacetime: the light cone and the called past infinite of the steady state space.
The results included here can be found in our paper [4].

4.1 Preliminaries

Let us start by defining the (n + 2)-dimensional de Sitter spacetime. For this,
we consider it immersed in the (n+ 3)-dimensional Lorentz-Minkowski spacetime
"3 with coordinates (xq, 21, ..., Tny2).

Definition 4.1.  The standard model of the (n + 2)-dimensional de Sitter
spacetime is the hyperquadric

St = {x e L": (2,2) = 1}

consisting of all the unit spacelike vectors in " ** and endowed with the induced
metric from L™,

De Sitter spacetime S7"? is a complete, simply connected, (n + 2)-dimensional
Lorentzian manifold with constant sectional curvature 1. Therefore, S7*? can be
seen, in Lorentzian geometry, as the equivalent of the Euclidean sphere.

87
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We will take on S} the time orientation induced by the globally defined timelike
vector field e} € X(S7™?) given by

e;(r) = ey — (e, v)1v = ey + xox, x € S|
where ey = (1,0,...,0). Observe that for every » € S]*?,

(ei(), ep(a)) = =1 — (eg, 2)* < —1 < 0,

As we have said, we are interested in the case where the submanifold : ¥ —
S"*t2 < L"*3 is contained in certain null hypersurfaces of de Sitter spacetime.
Therefore, our first aim is to obtain the globally defined future-pointing normal
null frame {&, 1} on X following the ideas in Section 2.4. All along this chap-
ter, V, V and V stand for the Levi-Civita connections of Y, S?“ and L3
respectively.

Let e& denote the normal component of e, along the submanifold, that is, for
every p € X we have the following orthogonal decomposition

eo = ey + ey + (eo, V)¢, (4.1)
where ej € X(X) is tangent to ¥ and ej € X*(X) is normal to 2. In particular,
(ei,eq) = =1~ [leg I* = (eo,#)* < =1 <0
and the vector field v given in (2.15) has the expression

1

1
y= 0 o . (4.2)

e
N e

Therefore, (£, ) < 0 and using formula (2.16), the vector field

<eé7 e0L> 1 1
= — — e 4.3
7 2<£7 eO>2£ <£7 e0> 0 ( )
provides a second globally defined normal null vector field along the submanifold
which is future-pointing and satisfies (£,n) = —1.

On the other hand, it follows from the Gauss equation of the submanifold that
the Riemann curvature tensor R of X is given by

RX,Y)Z =(X,2)Y = (Y, Z2)X + Auix.2)Y — Anwy,2 X
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for any X, Y, Z € X(X), where recall that in our convention
R(X,Y)Z =Vxy1Z — [Vx,Vy]Z.

In particular, taking into account formulas (2.26) and (2.27), the Ricci tensor
and the scalar curvature of X are given by

Ric(X,Y) = (n — 1)(X, V) + n(H,II(X,Y)) + 2((Ac 0 A,)X,Y)  (4.4)

and
Scal = n(n — 1) + n*(H, H) + 2tr(4 0 4,). (4.5)

4.2 Codimension two submanifolds through the
light cone

To obtain the first null hypersurface of de Sitter spacetime that we are going to
study, let us cosider the light cone of the (n + 3)-dimensional Lorentz-Minkowski
spacetime with vertex at a € L™

AL —{z e L™ (z —a,z —a) =0,z # a}.

Our purpose here is to intersect one of these subsets with de Sitter spacetime
of dimension (n + 2). Then, take a € S and observe that the condition
(r —a,xr —a) = 0 is equivalent to

<QS,$> + <a> a> - 2<a7 $> = 07

that is, if z € S"*2 and 2 € AL"™, then (a,z) = 1. We are now able to
define the first null hypersurface of de Sitter spacetime where our codimension
two spacelike submanifold > will be contained. It is called, analogously to the
case of the Lorentz-Minkowski spacetime, the light cone of S?“.

Definition 4.2. Let a € S7"? be a fixed point of de Sitter spacetime. The
light cone of S""2 with vertex at a is the subset

NAa={x €S/ (a,z) =1, #a}.
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Figure 4.1: Light cone of de Sitter spacetime

Remark 4.3. Observe that a given point 2 € S7" belongs to A, if, and only
if, z —ais null. That is,

Aa={zecS'"?: (x —a,x—a) =0,z #a}.

This subset corresponds to the subset of all the points of de Sitter spacetime
which can be reached from a through a null (or lightlike) geodesic starting at
a and, similarly as when we work in the light cone of the Lorentz Minkowski
spacetime, we have that A, has two connected components. We will assume
that our (always connected) submanifold factorizes through the future one.

Definition 4.4. The future component of A, consists of all points z € A,
for which the null vector x — a is future-pointing, that is,

A ={z eSS (a,z)=1,(z —a,e) = —xy+ay <0}
Respectively, the past component of A, is the subset
Ay ={z eSS (a,x)=1,(x —a,e) = —x¢ +ay > 0},

and it corresponds to all points x € A, for which the null vector z — a is
past-pointing.



91 Codimension two submanifolds through the light cone

Let ¢ : ¥ — S7™? be a codimension two spacelike submanifold and assume
that ¢(X) factorizes through the future connected component of the light cone
with vertex at a for some point a € S7"2, that is, ¥)(X) C A}

In other words, ¥ (p) # a for every p € 3, and it is satisfied

(W, ) =1, (YP,a)=1 and (Y —a, ey <O0.
In this case
{=1¢—a
is a globally defined null vector field which is normal to the submanifold, tangent

to de Sitter spacetime and future-pointing. Therefore, it can be chosen as the
first vector field of our globally defined future-pointing normal null frame.

We define the function u : ¥ — (0, 4+00) setting

u:—(¢—a,e0>:w0—a0>0.

It follows that
Vu = —eg

where we are denoting ey = e] + e + (1), e9) as in (4.1).
Thus, we get the expression

e = ey — Vu— (u+ap). (4.6)
From this and (4.2) we deduce

1
UV =
\/1 + || Vul]?2 + (u+ ag)?

(e() + Vu + (u + (lo)l/))

and

<77Z} — a, eO> _ u

— = — < 0.
V14 [[Vull? 4+ (u+ ap)? V14 [[Vu|? + (u+ ag)?

(€ v)

Therefore, from (4.3) we obtain

2 2
n:_l—FHVU“QZ‘; (u+ ap) (¢_a)+%(e0+vu+(u+ag)¢)

1+ ||[Vul* + (u + ag)? 1
T 2u? &+ Eeé'

(4.7)
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We summarize the discussion above in the following result.

Proposition 4.5. Let 1) : X" — A} C S!*? be a codimension two spacelike
submanifold which factorizes through the future component of the light cone
AL, Then,

1 2 2 1
=Y —a and n=— —f-HVUH —|—(u+(10) f—i‘aeé_ (48)

2u?

are two globally defined normal null vector fields along the submanifold which
are future-pointing and satisfy ({,7) = —1.

Next we compute the associated shape operators.

Proposition 4.6. Let 1) : X" — A C S!*? be a codimension two spacelike
submanifold which factorizes through the future component of the light cone
A}l Then,

L IVull? = v+ ag
2u?

1
Ac=1 and A, = I+ ~V?u (4.9)
U
are the shape operators associated to £ and 7 respectively. In particular, the
null mean curvatures are given by

~ 2ulAu—n(1+ || Vu|® — u® + af)

(95 =1 and (977 B 5
nu

(4.10)

where recall that V2 and A stands respectively for the Hessian and the Laplacian
operators defined in Section 2.1.

Proof. Taking into account Weingarten formula (2.5), we get
Vxé=X=AX +Vxé

for every X € X(X), so that AcX = X and V3£ = 0. To obtain the expression
for A,, we observe from (4.7) that

2 2
4 :_1+||Vu|| + (u+ ap) Aﬁ‘f—lAeL.
u 0

K 2u?

Using formula (4.1), for every X € X(X)

0=Vxeo = Vxer — VxVu— Vx((u+ ao)). (4.11)
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On the other hand, we compute
6){63‘ = Vé}eé‘ + Ae(J)_X,

VxVu = VxVu— (X, Vu)p = VxVu — I(Vu, X) — X (u),

and
Vi ((u+ ag)) = X (w)y + (u + ag) X,

where we have used Gauss and Weingarten formulas (2.4) and (2.5). Inserting
this into (4.11) we obtain

0=Vxer + At X = VxVu + H(Vu, X)—(u + ao) X,

and, in particular,
At X = VxVu+ (u+ag)X.

Therefore, we have

1+ ||Vul]® + (u + ap)? 1
AT] = — || ||2u2 ( 0) ] + E(VQU + (U + aO)I)
1 2 _ 2 2 1
_ +[|Vul|* —u +a0]+—V2u
202 U

as we wanted to prove. Finally, taking traces in the expressions for A, and A,
we obtain (4.10). O

Remark 4.7. Observe that, in the same way that happens with the global null
frame obtained in the Lorentz-Minkowski spacetime, the global null frame {&, n}
given in Proposition 4.5 is parallel in the normal bundle and, in particular, the
normal connection is flat.

Using Proposition 4.6 and formula (2.24), the mean curvature vector field of a
codimension two spacelike submanifold > which factorizes through the future
component of a light cone A of de Sitter spacetime is given by

H= —5— (2uAu — n(1 + [|Vul]* — u® + a}))€ —n,
and, in particular,
1
HH)=-— (2uAu — n(1+ ||Vul]* — v+ af)) . (4.12)

nu
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Therefore, 3 is marginally trapped if, and only if,
2ulAu —n(1+ ||Vu|®> —u* +al) =0

on 3, and in that case X is necessarily past marginally trapped since 0, = 1 >
0 (see Subsection 2.3.1). By formulas (4.4) and (4.5) we directly obtain the
expressions for the Ricci tensor and the scalar curvature of 3,

—9 (4.13)
(Au(X,Y) — nHessu(X,Y)),

n
+
nu

and
Scal =n(n —1)(1+ (H,H)). (4.14)

As a consequence of these computations we have next corollary.

Corollary 4.8. Let ¢ : ¥" — A C S7"™ be a codimension two spacelike
submanifold which factorizes through the future component of a light cone A} .
The following assertions are equivalent:

(i) X is (necessarily past) marginally trapped.

(ii) The positive function u = —(¢) — a, ey) satisfies the differential equation

2uAu —n(1+ ||[Vul* —u*+al) =0 on X. (4.15)

(iii) X has constant scalar curvature Scal = n(n — 1).

Remark 4.9. Notice that we also have that ¥ is trapped if, and only if, 2uAu —
n(1+ ||Vul|> —u*+a2) > 0, and, therefore, 3 is weakly trapped if, and only if,
2uAu —n(1+ [|[Vul|? = u? +a) > 0.

4.2.1 Examples

This subsection is devoted to show some examples of codimension two spacelike
submanifolds which factorize through A}. They have been obtained from [15].

Example 4.10. Let us take ¢ : R? — S C IL° the map given by

Y(z,y) = (1,sin(z), cos(x) cos(y), cos(x) sin(y), 1).
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Notice that 1) factorizes through the light cone with vertex at a = (0,...,0,1).
Consider now v = (v1,v2) € R? and compute,

Az (V) = (0,v1 cos(x), —vy sin(x) cos(y) — va cos(x) sin(y),
— vy sin(x) sin(y) + vy cos(x) cos(y), 0).

Then, if w = (w;,ws) € R?, it is satisfied
(d(a,4) (V), di(ey) (W)) = v1w7 + cos®(x)vaw,

that is,
U*((,)) = da® + cos®(z)dy?.

It means that the induced metric is a warped metric with warping function cos(z).
Defining u(z,y) = —(¢(x,y) — a,e9) = 1, for (z,y) € R?, we can easily check
that Vu = 0 and Au = 0. Consequently, by assertion (ii) in Corollary 4.8, the
submanifold is marginally trapped.

Next example shows a codimension two spacelike submanifold through the light
cone which is trapped.

Example 4.11. Define 1 : R? — S? C IL° the map given by
Y(z,y) = (cosh(z) cosh(y), cosh(x) sinh(y), sinh(z), 1, 1),

which, as in the previous example, factorizes through the light cone with vertex
ata=(0,...,0,1). Take v = (v1,v2) € R? and compute

d(z,4) (V) = (v1 sinh(x) cosh(y) + v, cosh(z) sinh(y),
vy sinh(x) sinh(y) + vy cosh(x) cosh(y), v1 cosh(x), 0,0).

From here, letting w = (wy, wy) € R? we obtain
(A (2.4 (V), (1) (W)) = vywy + cosh?(z)vaws,
that is, the induced metric by v is the warped metric
V*((,)) = dz* + cosh?(z)dy>. (4.16)
We define now the positive function
u(z,y) = —(Y(z,y) — a, ey) = cosh(z) cosh(y)

and, in order to check if it satisfies the differential equation (4.15), we compute
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Vu and Au with respect the metric obtained in (4.16). For this, observe that
the the matrix of the metric is written as

19:] = Ll) cosl?Q(x)]

= o]

cosh?(zx)

and its inverse is

On the other hand, we compute

uo . ou )
il sinh(z) cosh(y) and o cosh(z) sinh(y).

From here, and using formula (2.1), we get

sinh(y)

Vau = (sinh(z) cosh(y), s

)

and

|Vu||* = sinh?®(z) cosh?(y) + sinh?(y)

4.17
= —1 + cosh?(x) cosh?(y) = —1 + u?. (4.17)

In order to obtain the expression of Awu, and taking into account that det(g; ;) =
cosh?(x), we compute

%(gl’l%) = cosh(y)(sinh?(z) + cosh®(z))
and 5 P
9 (229"
o\ gy = osh)

Then, by formula (2.3), it follows

cosh(y)
cosh(x)
= 2 cosh(x) cosh(y) = 2u,

Au = (sinh?(z) + cosh®(z) + 1)

and, finally, we conclude

2ulAu —n(1 + || Vul]* — vu?) = 2ulAu = 4u® > 0.
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Then, taking into account Remark 4.9, the submanifold is trapped.

4.3 Characterization of compact marginally trapped
submanifolds through the light cone

In what follows, and without loss of generality, we may assume that the vertex
of the light cone is the point a = (0,...,0,1) € S7*?, so that

A ={zeSI"? z,5=115>0}.

As all along this chapter, let us denote by u the positive function on X given by
u=—(—a,ey) = —(1,ey) = 1y > 0. Before showing our main results, and
since we will use it again, we recall here Lemma 3.11.

Lemma 4.12. Let (,) be a complete metric on a Riemannian manifold ¥ and
let  denote the Riemannian distance function from a fixed origin o € X. If a
function w satisfies

I pp—— rp) > L, (4.18)

— r(p)log(r(p))’

with C a positive constant, then the conformal metric (,) = w*™=2)({ ) is also
complete.

Now we are ready to prove our first result, which is the equivalent to Proposition
3.12 in the Lorentz-Minkowski spacetime.

Proposition 4.13. Let ¢ : ¥" — AT C SI"? be a codimension two spacelike
submanifold which factorizes through A*. Assume that X is complete and that
the positive function u satisfies

u(p) < Cr(p)log(r(p)), r(p)>1 (4.19)

where C'is a positive constant and r denotes the Riemannian distance function
from a fixed origin 0 € ¥. Then X is compact and conformally diffeomorphic
to the round sphere S™. In particular, this holds if supy, u < 400 and, more

generally, if lim sup < +00.

r—too T 10g(7)

Proof. Observe that, for every p € 3, ¢¥(p) = (u(p), ¥1(p), .-, Ynsr1(p), 1),
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where

n+1

> Wi p) =(p) > 0. (4.20)

i=1
We define the function ¥ : X" — S™ by

1
U(p) = —— e
(p) u(p) (77/}1(]9)’ 7¢n+1(p))7

and then, for every p € ¥ and v € T),> we obtain

1,(3) = =S H o), ) +

Denote by (, ), the standard metric of the round sphere S". Therefore, for every
v,w € T, we have

(V(wl)v s ’V(wn-&-l))'

_ v(u)w(u) an 2 s
(@) vy = TS 0z
v(u)

n+1 , W u) n+1 )
2 (p) <Z¢> 2u°(p) (Z¢>
— u2t ) ( (u)w(u) +ZV(¢¢)W<¢1)>
1

= gy ) dep(w) =

3

In other words, .
\Ij*(<’ >0) - _2<7 >v (421)

u

where recall that by (,) we denote the Riemannian metric on ¥ induced by the
immersion .

From (4.21) it follows that W is a local diffeomorphism. Assume now that X
is complete (that is, (,) is a complete Riemannian metric on X) and u satisfies
(4.19). Therefore, by Lemma 4.12 applied to the function w = u=(""2/2 we
know that the conformal metric
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is also complete on 3. Then, equation (4.21) means that the map

(2" 0)) = (S™(,))

is a local isometry between complete Riemannian manifolds, and following the
same reasoning that in Proposition 3.12, U is a global diffeomorphism and this
ends the proof. O

Example 4.14. In this example we observe that for each positive smooth
function f : S™ — (0,400) we can construct an embedding ¢y : S" — AT C
S"*2 by setting

vr(p) = (f(p), f(p)p, 1).

Clearly, for every v, w € T,,S™ we have

d(@s)p(v) = (v(f),v(flp + f(p)v,0)

and
([d(Wp)p(v), d(Wg)p(W)) = f2(p) (v, W),.
That is,
() =95(() = 0o (4.22)

which means that ¢); determines a spacelike immersion of S” through A™ whose
induced metric is conformal to the standard metric of the round sphere.

In this case w = f and, similarly as we did in Example 3.14 in the Lorentz-
Minkowski spacetime, we can obtain the expression of the second fundamental
form of 9; in terms of the function f and the gradient and the Hessian of f
with respect to the round metric (,),. First of all recall that A = I and 6 = 1.
Now, to compute A,, we use (2.11) and (2.12), and we conclude

1 2 vOf 2 +f4 _ f2
Ay(X) = F - F(Xa V0f>0V0f + H H02f4 X

for every X € X(S™). Thus, tracing (4.23) with respect to (, ), we have

_ 2fAf + (n = DIIVOSIE — nf*(1 - f?)
T 2n f4 ’

\Aave (4.23)

0 (4.24)

and, in particular, ¢; is marginally trapped if, and only if,

2fDof + (n = DV fllg —nf* (L= f) =0 on (S",(,)y)- (4.25)
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The following result is a direct consequence of Proposition 4.13. Here we state
that every codimension two compact spacelike submanifold factorizing through
AT is, up to a conformal diffeomorphism, as in Example 4.10.

Corollary 4.15. Let ¢ : ¥" — A" C S"™ be a codimension two com-

pact spacelike submanifold which factorizes through A™. Then there exists a
conformal diffeomorphism W : (X", (,)) — (S", (,),) such that

with u = —(¢),e0) = ¢y > 0, and ¢ = ¢y o U where f = wo ¥~ ! and
Yy S® — AT C ST is the embedding

Vi(p) = (f(p), f(p)p; 1).

— (0, +00) Yo At C S

Ttv/ Hw/

In particular, the immersion % is an embedding.

To see that, simply consider u and ¥ as in the proof of Proposition 4.13, and recall
that in this situation ¥ : (X", (,)) — (S™, (,),) is a conformal diffeomorphism

with ]
() = ()

Let & : S™ — X" be the inverse of W. Then taking f = uo® one has foV =u
and ¢ = ¢y o ¥, since

YroW(p) = (f(¥(p)), f(¥(p)¥(p),1)
= (u(p), V1(p), ..., Yns1(p), 1) = ¥(p).

Motivated by the above discussion we consider the following example.

Example 4.16. For every fixed vector b € R"™| let fi, : S* — (0, +00) be

the function .

(p.b)g + /14 [Ib|3

where (,), stands both for the Euclidean metric in R"™! and for the induced

fb(p) =
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standard metric on the Euclidean sphere S”. Note that for b = 0 € R"*! we
have fo = 1. We claim that the corresponding embedding

Yy =y, ST — AT C P

is a (necessarily past) marginally trapped submanifold. To see it, it suffices to
check the validity of (4.25) for f = f.

Writting f, = 1/g with

g(p) = (p,b)y + /1 +|[bll§

we know that
0 |2 1 0112 1 2 0 112
V2 fullo = g—4HV gllo, and  Agfp, = —?Aog + EHV glls- (4.26)

Observe that

Vo(p) =b—(p,b)yp and ||V']§ = [Ibl§ — (p,b)g, (4.27)
and then, ,
b5 — (p, b)

v 2 _ Ibllo = (b, bjo 4.28

for every p € S". Furthermore,
VoV = —(p,b)yv

for every v € T,S", so that Agg(p) = —n(p, b),. Substituting this into (4.26)
and using (4.27) we obtain

~ n{p,b)y,  2(IbIE — (p, b>§)
Aofo(p) = 72(p) + 33 (p)

so that

2 fo(p)Aofu(p) = 2”;%?0 W2 (Hb”;;pgp Ph) (4.29)

Finally, from (4.28) and (4.29) we get the validity of (4.25) for f = fy.

We now come to our main classification result, which shows that the above
examples are in fact the only examples of codimension two compact marginally
trapped submanifolds which factorize through A* C S7+2.
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Theorem 4.17. Let ¢ : ¥" — AT C S} be a codimension two compact
(necessarily past) marginally trapped spacelike submanifold factorizing through

A", Then there exists a conformal diffeomorphism W : (X", (,)) = (S, (,),)
such that ¢ = ¢, o ¥, where f;, : S" — (0, 4+00) is
1
(p.b)g + /14 bllg

fo(p) =

for any b € R™*! and ¢y, : S” — AT C S7*? is the embedding

Yu(p) = (fo(p), fu(p)p, 1).

In particular, ¥ is embedded.

Proof. After Corollary 4.8 and Corollary 4.15 (and following the notation therein),
the proof of Theorem 4.17 reduces to solve the differential equation

2uAu —n(1+ ||Vul]* —u*) =0

on (X",(,)). By our previous discussion, this is equivalent to determine the
positive solutions of the differential equation

2fAf —n(1+[IVSIP = f*) =0 (4.30)

on (S™,(,)), where (,) = f?(,),- Here we are denoting by || - ||*, V and A
the norm, the gradient and the Laplacian operator on S™ with respect to the
metric (,). We also know from Corollary 4.8 that (X", (,)) has constant scalar
curvature n(n — 1), and hence the same is true of (S", (,)). From a classical
result by Obata [40], a conformal metric on the Euclidean sphere S has constant
scalar curvature n(n — 1) if, and only if, it has constant sectional curvature 1.
Therefore, (S™, (,)) has constant sectional curvature 1.

Summing up, and surprisingly, the problem of characterizing compact marginally
trapped submanifolds through the light cone of de Sitter spacetime becomes
equivalent to solving the Yamabe problem on the unit round sphere; that is,
determining the positive functions f on S™ for which the conformal metric f2(,),
has constant sectional curvature 1.

This problem was solved by Obata in [40] (see also [41]), who proved that the
conformal metric f2(,), is obtained from (,), by a conformal diffeomorphism
of the unit round sphere. In particular, the conformal factor f is the conformal
factor of a conformal diffeomorphism of the unit round sphere. At this point recall
(see, for instance, [38]) that, up to orthogonal transformations, every conformal
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diffeomorphism of (S™, (,),) is given by

_b + (u{p, C>0 +A)c
AL+ (p, c))

for all p € S, where ¢ € B"*!, denoting by B"*! the open unit ball in R"*!,

Fe(p)

A== el and = (A= 1)lell5.

A direct computation shows that for every point p € S” and any tangent vectors
v,w € T,S™ we have

(AR AF, )y = et v W

Therefore, the conformal factor f is given by

fp) = VIl _ 1

L+(p,cly (p,b)y+/1+]bl3

for any ¢ € B"*!, where

b=—_—° Rl

V1=l ’

completing the proof of the theorem. O

Remark 4.18. Notice that Theorem 4.17 can be also proved directly without
using the explicit solution of the Yamabe problem. Indeed, using the same no-
tation that in the proof, we know that both > and S™ have constant sectional
curvature 1 and constant scalar curvature n(n — 1). In particular, the Ricci
curvature of (S™, (,)) is given by

Ric(X,Y) = (n—1)(X,Y)
and taking into account that (H, H) = 0, it follows from (4.13) that

Hess f — %Afm on (S™, (,)). (4.31)

We can rewrite this equation on S™ with respect to the standard metric (,),,
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obtaining
Hessof = 2af 0 + © (Baf = 2ITSIR) e (432

Summing up, our problem reduces to find the solutions of (4.25) that satisfy
(4.32). To do this, we will follow Obata's ideas in [43]. Considering the function
g =1/f, one has that (4.25) and (4.32) become, respectively,

290809 —n(1+ Vo5 —¢°) =0 (4.33)

and .
Hessgg = EAOg(, Yo (4.34)

on S™ with respect to the standard metric (,),. Equation (4.34) is equivalent to

A
Vvl =~ x
n
for every tangent vector field X € X(S"), which implies that V% is a conformal
vector field on the round sphere. It is well known (see for instance [54, Chapter
1]) that if a vector field Y is conformal on an n-dimensional Riemannian manifold,
then the derivative of the scalar curvature Scal is given by
2(n—1) , 2 .

——=A(div(Y)) — =div(Y)Scal.

n n

Y (Scal) = —

Applying this formula to the conformal field V%g on the round sphere S™ we
obtain that
Ay (dive(V)) = —ndivy(Vg),

that is,
Ag(Aog +ng) = 0.

This implies that
Ayg + ng = constant.

In other words, the Laplacian of g satisfies
Agg = —n(g —¢)

for a certain constant ¢ € R. We define now the function ¢ = g — ¢. From the
previous identity we obtain

A0¢ + TL¢ = 07
what implies that either ¢ = 0 or ¢ € Spec(S", (,),) is a first eigenfunction of
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the round sphere. In the first case g = ¢ is constant and, by (4.33) it must be
g = 1. In the second case, as it is well known, ¢(p) = (p,b), for some fixed
vector b € R™"', b # 0. It then follows that g(p) = (p,b), + ¢ and, by (4.33)

it must be ¢ = /1 + ||b||2, as desired.

Remark 4.19. It is worth pointing out that although all the embeddings 1,
given in Example 4.16 are conformal to the round sphere and have the same
constant sectional curvature 1, they are not congruent to each other. To see it,
assume that 1y, is congruent to ¢y, for by, by € R™™. Then there exists an
isometry A € Iso(S7*?) = O;(n + 3) which makes commutative the following
diagram

¥by

S AT C S’f”
wb2l /
AT C Spt?
Then
d(thb,)(v) = d(A o ¥p,)p(v) = A(d(¥p,)p)(v), (4.35)

and, in particular,

Fo, PIVIG = d(@n,)(VII* = ld(Ww, ) (V)II* = f5, ®)IIVI5

for every p € S" and v € T,S". It follows from here that f,, = fp, or,
equivalently, that b; = bs.

4.4 Marginally trapped submanifolds through the
past infinite of the steady state universe

In this section we will consider another interesting case of null hypersurface of
de Sitter spacetime. It is obtained by intersecting the spacetime with a null
hyperplane of "3 Let us take a null vector a € L"*3, a % 0 and consider the

null hypersurface
L={xeSi?: (ax)=0}.

Without loss of generality we may assume that a is past-pointing, (a,ey) > 0.

The open region
H? ={r €SP (a,2) >0}
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forms the spacetime for the steady state model of the universe proposed by
Bondi and Gold [12] and Hoyle [26], when looking for a model of the universe
which looks the same not only at all points and in all directions (that is, spatially
isotropic and homogeneous), but also at all times (cf. [52, Section 14.8] and
[24, Section 5.2]). The steady state space is a non-complete manifold, being
only half of de Sitter spacetime and having as boundary the null hypersurface L,
which represents the past infinity of H""2, usually denoted by 7. Finally, the
null hypersurface through which the submanifold 3 will factorize is the following.

Definition 4.20. The past infinity of the steady state space H"*? is the null
hypersurface defined as

I~ ={z €SI (a,2) =0},

where a € """ is a past-pointing null vector.

Figure 4.2: Past infinite of H"*2

Remark 4.21. Notice that Example 4.10 is not only contained in the light
cone with vertex at (0,...,0,1), but it is also contained in J~ centered at
a=(1,0,...,0,1).

Let ¢ : X" — J~ C Si"" be a codimension two spacelike submanifold which
factorizes through the past infinite 7~ of the steady state space. In this case

§=-—a
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is a future-pointing null vector field which is normal to the submanifold and hence,
it can be chosen as the first vector field of our globally defined future-pointing

normal null frame. We define the function u : ¥ — R by u = — (¢, €p) = .
As in Section 4.2, Vu = —e/ and v has the expression
ey 1

v = = ey + Vu +uy),
VI+[[VulP+u? 1+ \|Vu|\2+u2< 0 ¥)

satisfying
<av eO>
V14 [[Vul]2 4+ w2

Therefore, from (2.16) we obtain

(& v) =

77__1+||Vu||2—|—u2 N 1 ol
2(a, e;)” (a,eg)

and summarizing we have the following result which corresponds to Proposition
4.5 in the case of the light cone.

Proposition 4.22. Let v : X" — J~ C S} be a codimension two spacelike
submanifold which factorizes through the past infinite J~ of the steady state
space. Then,

L[Vl 4 w? I

=-a and = + e
$ g 2(a, e0>2 (a,ep) ’

are two globally defined normal null vector fields along the submanifold which
are future-pointing and satisfy (£, 7) = —1.

The equivalent result to Proposition 4.6 reads as follows. We omit the proof,
which is similar to the one of Proposition 4.6, using now that in this setting
Vx&=0.

Proposition 4.23. Let ¢ : ¥" — J~ C S7™? be a codimension two spacelike
submanifold which factorizes through the past infinite J~ of the steady state
space. Then, the shape operators associated to £ and 7 are, respectively,

Ae =0 and A, = . e0) (Vzu + u]) )
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In particular,

1
fe =0 and 0, = (Au + nu). (4.36)

From the previous propositions and formula (2.24) we have that the mean cur-
vature vector field is written as
1

H=—
n{a,eg)

(Au+ nu)é =

n{a.og) (Au + nu)a, (4.37)

and then, (H, H) = 0. Thus, we have the following.

Proposition 4.24. Let ¢ : ¥" — J~ C S*? be a codimension two spacelike
submanifold factorizing through J~. Then X is marginally trapped except at
points where u = — (1, eq) satisfies Au + nu =0 on X,

In what follows, and without loss of generality, we may assume that the past-
pointing null vector is a = (—1,0,...,0,—1) . Our next result corresponds to
Proposition 4.13.

Proposition 4.25. Let ¢ : ¥" — J~ C S7*? be a codimension two spacelike
submanifold which factorizes through 7~ and assume that ¥ is complete. Then
¥ is compact and isometric to the round sphere (S”, (,),)-

Proof. Observe that, for every p € ¥ we can write

Y(p) = (u(p), ¥1(p), - -, Yns1(p), ulp))

where
n+1

Zw?@) = 1.

Define the function ¥ : ¥" — S™ by

U(p) = (¥1(p), - - - Yns1(p))-

For every p € ¥ and v € T,> we obtain

dqu(v) = (V(wl)a SR ’V(wn+1>)7
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and therefore, for every v,w € T,% we have

n+1

<d\pr(V),d\pr(W)>o = ZV(¢1)W(¢1)

= Vi) + Y V)W) + V() w(w)
= (A (V). diy(W)) = (v, W),

In other words, U*((,),) = (,), which means that ¥ : (X", (,)) = (S",(,),)
is a local isometry. Since (X", (,) is complete and S" is simply connected, this
implies that W is in fact a global isometry. ]

The result above motivates the following example.

Example 4.26. For each smooth function f : S — R we can construct an
embedding ¢; : S* — J~ C S} given by

or(p) = (f(p),p, f(p))-

For every v, w € T2 we have

d(¢f>P(V) = (V(f)7 \L V(f))

and
(d(Df)p(v),d()p(W)) = (v, W),

That is, ¢3((,)) = (,), and ¢ determines a spacelike isometric immersion of
the round sphere through J~. Moreover, the immersion is marginally trapped
except at points where Agf +nf =0 on S™.

Actually, from Proposition 4.25 we know that every codimension two complete
spacelike submanifold factorizing through 7~ is, up to an isometry, as in previous
example.

Corollary 4.27. Let ¢ : X" — J~ C S"" be a codimension two complete
spacelike submanifold which factorizes through 7~ . Then ¥ is compact and
there exists an isometry ¥ : (X", (,)) — (S™,(,),) such that ¢ = ¢y o ¥,
where f = uo W™ with u = —(1),e9) =1y and ¢y : S* — J~ C S} is the
embedding

o5(p) = (f(p),p, f(p))-

L Y —sJ CSpt?

37 b
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In particular, the immersion ) is an embedding and it is marginally trapped
except at points where Au + nu =0 on X.

As a consequence, we can characterize codimension two spacelike submanifolds
which factorize through 7~ and having parallel mean curvature vector as follows.

Corollary 4.28. Let ¢ : ¥" — J~ C SI'™? be a codimension two com-
plete spacelike submanifold which factorizes through 7~ and having parallel
mean curvature vector. Then X is compact and there exists an isometry W :
(2", (,)) = (S",(,),) such that ¢ = ¢y, .0 ¥, where ¢p,.: S — J~ C S|
is the embedding

Pbe(p) = ({p, b)y + ¢, p, (p, b)y + ©).

for some b € R"™! and ¢ € R. Moreover:

(i) X is minimal if, and only if, ¢ = 0.

(ii) X is future marginally trapped if, and only if, ¢ < 0.
(iii) X is past marginally trapped if, and only if, ¢ > 0.

Proof. Since (a, ey) = 1, it follows from (4.37) that
1
H = —(Au + nu)a. (4.38)
n

Then, H is parallel if, and only if, Au+nu = constant on (X, (,)). Equivalently,
since u = foW with ¥ an isometry between (3, (,)) and (S", (,),), H is parallel
if, and only if, Agf + nf = constant on (S", (,),)-

Therefore, the Laplacian of f satisfies

Aof = —n(f —c)

for a certain constant c¢. Defining now the function ¢ = f — ¢, the previous
identity becomes
Ago +np =0,

which implies that either o = 0 or o € Spec(S™, (,),) is a first eigenfunction
of the round sphere. In the first case f = c is constant (which corresponds to

= 0). In the second case, as it is well known, o(p) = (p,b), for some fixed
vector b € R"*! b #£ 0. It then follows that f(p) = (p,b), + ¢. The last
assertions follow from (4.38) since H = ca, with a past-pointing. O
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In particular, for the case of minimal submanifolds we have the following.

Corollary 4.29. Let ¢ : ¥" — J~ C S7*? be a codimension two complete
spacelike submanifold which factorizes through 7. X is minimal if, and only
if, it is compact and there exists an isometry ¥ : (X", (,)) = (S", (,),) such
that ¢ = ¢y, o U, where ¢p, : " — J~ C S""? is the embedding

¢u(p) = ((p; )y, P, (P, b))

for some b € R**1.

4.5 A uniqueness result for the marginally trapped
type equation on compact manifolds

In this section, motivated by the geometric meaning of the solutions to the partial
differential equation (4.15), we have established the following intrinsic uniqueness
result.

Theorem 4.30. Let (3, (,)) be a compact Riemannian manifold of dimension
n > 2 and Ricci curvature satisfying

Ric > K (4.39)

for some constant K > (n — 1). The only positive solution to the partial
differential equation

2uAu —n(1+ [|[Vu|*> —u*) =0 on ¥ (4.40)
is the constant function u = 1.

Proof. Consider the vector field
1 A
V=D (—V||vu\|2 - —“vu> .
2 n
The divergence of V' is given by

iv =y~ E u 2_ 1 u)? u, Vu
aiv (V) (AIVUI? - 202 + (VAu, ) .

—1 —1
B V| Va2, Vi) + 2 A Va2
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Bochner-Lichnerowicz formula states that
1
§AHVUH2 = [|V2u|]* + (VAu, Vu) + Ric(Vu, Vu),

and putting this into (4.41) we have

n

2
div(V) =y~ =Y <HV2UH2 + Ric(Vu, Vu) — (Au) )

n—1

+ A, ) - T L Va2, vy (442)

n
n —
_|_

1u‘”AuHVuHQ.
Using now (4.40), we have that
Au = gu_l (1 -+ [|Vul?) (4.43)
and from here,
VAu = —gu—m +u? + | Vul?) Vu + gu_IVHVuHQ. (4.44)
Taking into account (4.43) and (4.44), the expression (4.42) becomes
div(V) = u~ "~V <||V2u||2 - (An—“)Q)

4y~ (7D (Ric(Vu, Vu) — (n — 1) Vul]?) .

(4.45)

Then, integrating and using the divergence theorem we obtain

[ (e - B8) .

+ [ (Rie( T, 90) = (0= [Val?) = 0.
P

We know from Cauchy-Schwarz inequality that

(Au)?

IV2ul* — >0,

with equality if, and only if, Vu is a conformal vector field on 3. On the other
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hand, from our assumption (4.39) we also get

Ric(Vu, Vu) — (n — 1)||Vul|?
> (K = (n—1)[Vul* > 0

Therefore, from (4.46) we conclude that

2
| V2ul]* — % =0 (4.47)

and

Ric(Vu, Vu) — (n — 1)[|Vu?

— (K — (n— 1)|Val’ =0. (4.48)

Since K > (n — 1), (4.48) implies that u is constant and, by (4.40) it must be
u=1. ]

Remark 4.31. When K = n—1, if u is non-constant we conclude from (4.47)
and (4.48) that Vu is a conformal vector field on ¥ which is a direction of least
Ricci curvature at points where Vu(p) # 0. This is in fact what happens with
the solutions given in Example 4.16, where

1
(p:b)g + v/ 1+ b3

and X = S™ with the metric (,) = f%(,),.

4.6 Complete, non-compact, weakly trapped sub-
manifolds through the light cone

In this section we consider the more general case of codimension two weakly
trapped spacelike submanifolds which factorize through A™. Recall that

H= _9175 - ‘957]

with | LY H2 )
+ ull* —u
f: =1 d §,=—Au—
¢ an T nu Y 2u2

Y
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where u is the positive function u = — (1), €g). Therefore, X is (necessarily past)
weakly trapped if, and only if, 6, > 0, that is,

2ulAu > n(1+ ||[Vul®* —u?), u>0, on (%,(,)). (4.49)

Considering v = u? this is equivalent to

2
VAV + an —nv > %va”za v > 07 on (Ea <7 >)

In order to prove our result we need the following analytical theorem whose proof
will be obtained as a modification of the proof of Theorem 3.3 in [37]. In what

follows r(p) denotes the Riemannian distance function from a reference point o
of X.

Theorem 4.32. Let (X,(,)) be a complete, non-compact, Riemannian
manifold and let v > 0 be a solution of

vAY + av® — bv > —A||Vo|? (4.50)

on X, with a,b > 0 and A € R. Suppose that ¢ is a positive C?-solution of
the differential inequality

2
Ap + Bayp < —C’M (4.51)
'
on X, and assume
A<B(C+1)-1, C>-1, B>0. (4.52)
Let 3 satisfy
g>—-1, ALSB<B(C+1)—-1. (4.53)
Then .
( / U2(B+1)> € L'(+00), (4.54)
OB,

where B, is the geodesic ball of radius r centered at the origin o0 € X..

Proof. Let v > 0 be a solution of (4.50). Fix £ > 0, let

a=B1B+1)>0
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and set
w. = 7 (07 + ) I,

It follows from (4.50) and (4.51) that

2
w.div(¢®*Vw,) > a(C—a+1)(v* + 6)6“% +(B+ 1) (v + &)’

+a(v? + &) (aB — B+ 1)@21]_7_ 5)

v2+¢

+(B+1)(v* +¢)? (1 - A+ (B-1) v ) [Vol?.

Since aB = 3 + 1, we have

a(v? + )Pt (aB—(B+1) v )

vi4e

=a(v? + &) (5 +1—(8+1) v )

v:+e (4.55)
—a(v? 4+ )Pt v
=a(v® +)"" (B +1) (1 U2+€)
=ac(v? +¢)P (B +1).
On the other hand, from our assumptions,
a(C—a+1)=B(B+1)(C-B*B+1)+1) (4.56)
=B?(B+1)(B(C+1)—(8+1)) >0 '
and also
(B+1)(v? +¢)bv > 0. (4.57)
Thus, using (4.55), (4.56) and (4.57) we have
w.div(p**Vaw,) > (B4 1)(v* + ¢)Pea +
U2
G162 +9° (1= 44 (3 - D) |vol? 055)

=B+ 1) +e)’ (ea + (1 — A+ (8- 1)%) HWH?) .

€

Consider the vector field
7 = w.0** V..
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For fixed t and 0 > 0, let ¥5 be the Lipschitz function defined as
1 if ) <
Us(p) = Tt <r(p) <t 46
0 if  r(p)>t+4.

Then, by (4.58) and the definition of 15 we compute

div(ys2) = sdiv(Z) + (Vips, Z)
= (wediv(¢™*Vwe) + ©**||Vw:|?) vs + (Vis, Z)

> (B+ 1) +e) <€a + (1 A+ (8- 1%;};) \|vv||2) s

. 1
+ @IVl Pxs, = SV Z2)X5,, 0.

where we have used V5 = _%VTXBH»(S\Bt'

Then, integrating and using the divergence theorem and Cauchy-Schwarz in-
equality we obtain

/BM(B +1)(v* +e)’ <8a + (1 — A+ (8- 1)1)20—2% 5) ||W|]2) bst

o 1
[evul<s [ gz,
B; Bi15\Bt

By Holder inequality the integral on the right-hand side is bounded above as
follows

1 1 .
sL 2= weved
Biy5\Bt Byt s\ Bt

Vw,
/B 5\Bi ( ) <\/_H H)
1 2 2 1/ 2 2 :
= w; = e[Vl | -
(5 Bt+6\Bt > <6 Bi15\B:

(4.59)
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Using this in (4.59) and letting § — 0" we have

v2+¢€

/Bt(5+ D(v* +¢)? (ea—i- (1 A+ (B—1)— ) |\Vu\|2) - .

1
2 2
/ gomuwauk(/ ¢2aw3) (/ somuwsw) ,
B 0B 0B

where we have used the co-area formula, that is,

.1
lim 5 O*w? = ©**w?
6=0% 0 JB,, 5\B; 0B,

and
50+ 0

. 1 fe% (6%
im = [ Ve = / S|V
Biys\Bt 9B,

As ¢ — 0, we have w, — wo = @ v+ Therefore, using the dominated
convergence theorem in (4.60) we get

(6+ 1)(5-4) / Vol + / 2V ?
o o ) (4.61)

1 1

2 2

s(/ ¢2“w3> (/ <P2aHVon2> .
8Bt aBt

W) = / oVl
By

then, by the co-area formula, h is Lipschitz and

Define now

OB B
0By

From our assumptions on 3 and A, we know that

(B+1)(3 —A>/ || Vo2 > 0

By

so, from (4.61) we have that

=

h(t) < ( /a ., gﬂawg) W(t)e. (4.62)
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Our aim now is to show that wy = ¢ *v?*! is not constant. If wy is constant,
then we can write v**! = ko® where k is a positive constant, k& > 0. Using
o = B~ +1) we have v/t! = kB ' (5+1) and then

B
p=cv,

where ¢ > 0 constant. We rewrite now equation (4.51) using the previous
expression for ¢ and we obtain

\V4 B2
Av® + Bav® < —C%. (4.63)
v
Computing Vo? and Av? we have
Vo = BvP~ 'V, |VoP|]? = B**P72||Vul|?,

and
AvP = BvP'Av 4+ B(B — 1)vP 73|Vl

Then, equation (4.63) becomes
vAv + (B — 1)||Vv|]* + av* < —CB||Vu|?,
or equivalently
vAv + av® < ||[Vo|*(1 — B(C +1)).

From the assumption (4.52) we have 1 — B(C' 4+ 1) < —A, and then, we have
obtain
—A||Vv|]* > vAv + av® > vAv + av® — by

which contradicts (4.50), and we conclude that wy = ¢~*v”*! is not constant.
This implies that there exists Ry > 1 such that h(t) > 0 for every t > Ry.
Then, dividing in (4.62) by h(t) we have

= ()

or, equivalently,
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Taking Ry < r < R and integrating the previous inequality, it satisfies

(/ T “OQQ"V“’O"Q)l =5 2 W W

Taking into account that @?*w? = v2(**1) we have

R —1 —1
/ (/ U2(ﬁ+1)) S (/ QDQQHVM()HQ) < 400
r OB -

and from here we conclude that

-1
(/ U2(’3+1)) € L' (+o0).
0By

Now we are ready to prove the next result for the non-compact case. Recall
that if X is a codimension two complete, non-compact spacelike submanifold
factorizing through A™ we already know from Proposition 4.13 that « cannot be
bounded above. Moreover,

O

lim sup v 400

r—-+00 TlOg(T)
where 7 is the Riemannian distance from a fixed origin o € ¥. As a consequence
of Theorem 4.32 we prove the following.

Theorem 4.33. Llet ¢ : X" — AT C S’f+2 be a codimension two complete,
non-compact, weakly trapped spacelike submanifold which factorizes through
AT, Suppose that the first eigenvalue \; of the Laplacian A is positive, that

IS
A= Hglzf )\1(9) >0

where € runs over all bounded domains of ¥. Let u = —(1,ep) = 1y > 0.
Then, for any ¢ satisfying

4
0<g< EAI’ (4.64)

(/m uQ)_l € L'(+00). (4.65)

we have
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I In particular, u ¢ LY(X).

Proof. We set v = u? to deduce from (4.49) the validity of

n+ 2

1 Vo> (4.66)

vAv + nv? — nv >

Since A\; > 0, the operator L = A + \; is non-negative, in the sense that
M) =M(Q) =X >0

for every bounded domain €2 C X. Therefore, by a result of Fischer-Colbrie and
Schoen [20] we deduce the existence of p € C*(X), ¢ > 0, satisfying

Ap+Xp=0 on X,

We now apply Theorem 4.32 with the choices a = b = n, A = —(n + 2)/4,
B = X\;/n and C' = 0. Note that in this case assumption (4.52) is satisfied.
Letting 8 = ¢/4 — 1, the validity of (4.64) gives the validity of (4.53). An
application of Theorem 4.32 gives the desired conclusion. O

Corollary 4.34. Let ) : " — AT C S"™ be a codimension two complete,
weakly trapped spacelike submanifold which factorizes through A*. Suppose
that the first eigenvalue A\; of the Laplacian A is positive and let u = — (1, €g) =
o > 0. If u € LI(X), for any ¢ satisfying

4
O<q§_)\17
n

then X is compact.



CHAPTER 5

A correspondence for codimension two spacelike
submanifolds through a light cone

In this chapter we stablish a correspondence for codimension two spacelike sub-
manifolds which factorize through a light cone of the (n + 2)-dimensional de
Sitter or anti-de Sitter spacetime and those which factorize through the light
cone of the (n + 2)-dimensional Lorentz-Minkowski spacetime. From now on,
when we refer either to de Sitter or anti-de Sitter spacetime we will name it as
(anti)-de Sitter spacetime and we will use the notation M., where ¢ = 1 for de
Sitter spacetime and ¢ = —1 for anti-de Sitter spacetime. The study developed
in this chapter is included in our work [13].

5.1 Preliminaries

First of all we should introduce anti-de Sitter spacetime, since we have already
described de Sitter spacetime in Chapter 4. To do this, let us start by considering
R5*3 the (n+3)-dimensional space given by the real vector space R"** endowed
with the metric

<,> = —(d$0)2 — (dﬂ?l)Q + (d.%'g)z + -+ (d.%'n+2)2,

where (2o, ..., 7,,2) are the canonical coordinates of R">. In this setting we
have the following standard definition for anti-de Sitter spacetime.

Definition 5.1. The (n + 2)-dimensional anti-de Sitter spacetime is defined
by the subset
H'? = {2z e R} : (z,2) = -1}
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endowed with the induced metric from Ry *3

Now we intend to construct a globally defined timelike vector field T € X(H""?)
in order to consider the time orientation on anti-de Sitter spacetime given by
such T. With this aim in mind, for a fixed a € H}*? let us consider b € H}*
such that (a,b) = 0 and we define T' € X(H}*?) by

T(z) = (a,z)b — (b,z)a

for every x € H}2. Now we compute

(T(z),T(z)) = —(a,z)? — (b,z)> < =1 < 0.
Notice that every 2 € R} can be decomposed as
r=—(a,x)a— (b,z)b+z*
where z* is spacelike. Then, if we take z € H’f”, it follows
1= (z,2) = —(a,2) — (b,x)? + [|o"|

and, since ||z*[|> > 0, we have that (a,z)* + (b,z)* = 1 + |[z*||* > 1 > 0 for
every x € H"™. At this point, we have obtained that we can consider on H?
the time orientation given by

T(2) = T(m) _ (a,z)b — <b,x)a’ (5.1)

T ()] \/<a, ) + (b, z)”

which is a globally defined unit timelike vector field on H*2.

As well as we denote by M, both de Sitter and anti-de Sitter spacetime, from
here on we will use the notation E"™ when we are referring to the (n + 3)-
dimensional Lorentz-Minkowski spacetime, L"*3. or to the (n + 3)-dimensional
real vector space of index 2, R "2, In this way we have M"*2 C E"*3. Now, we
present the notion of light cone in M..

Definition 5.2. Let a € M. be a fixed point of (anti)-de Sitter spacetime.
The light cone of M. with vertex at a is the subset

Aa={zeM.:(zx—a,z—a)=0,xz+#a},

which corresponds to the set of all the vectors x € M, such that x — a is null.
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Figure 5.1: Light cone of anti-de Sitter spacetime

Remark 5.3. Recall that, from Remark 4.3 this definition of the light cone
for the case of de Sitter spacetime is equivalent to the one given in Definition
5.2. On the other hand, for anti-de Sitter spacetime it is satisfied A, = {z €
H2 : (z,a) = —1,2 # a}. Then, in the general case of M., Definition 5.2 is
equivalent to B

Aa={zeM.:(a,z) =¢,x #a}.

5.2 Light cones in (anti)-de Sitter and Lorentz-
Minkowski spacetimes

As we have already mentioned, our main goal here is to stablish a correspon-
dence between codimension two submanifolds through a light cone of (anti)-de
Sitter spacetime and those which factorize through the light cone of the Lorentz-
Minkowski spacetime L""2.

Lety : X" — /~Xa C M”*2 be a codimension two spacelike submanifold which fac-
torizes through the light cone A, of (anti)-de Sitter (n+2)-dimensional spacetime
M.. Every such immersion determines the Lorentz-Minkowski space at C E"+3
and so the light cone in a’t ~ LL"*2 with vertex at the origin

A={rca':(x,z)=0,2%#0}
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Then, the translation

F M2 — B

(5.2)
r—r—a

induces an isometry from Aa to A. By means of this isometry we have a one-to

one correspondence between codimension two spacelike immersions ¢ : X" —

M2 through A, and codimension two spacelike immersions ¢ : X" — L"+?

through A. This correspondence can be summarized in the following proposition.

Proposition 5.4. Let ¢y : X" — Ka C M2 be a codimension two spacelike
submanifold which factorizes through the light cone A,. Then, there exists a
spacelike immersion ¢ : ¥™ — A C a' such that ¥ factorizes through the light
cone A and that makes commutative the following diagram,

AcCat ’ En+3 (5.3)
¢ ]F

n A n-+2
D ; Ay C MY

where F(z) = z — a induces a (totally umbilical) isometry from A, to A and
J is the totally geodesic inclusion. In particular, the intrinsic geometries on 3
induced by ¢ and ¢ are the same.

Remark 5.5. As a consequence of [18, Corollary 7.6] (see also [9]) and the
previous proposition, we can deduce that any Riemannian manifold M™, n > 3,
is locally conformally flat if, and only if, it can be locally isometrically immersed
in the light cone A,.

We fix now w € a’ a unit timelike vector. We can consider the future light
cone A* C at and the past light cone A~ C a’ with repect to this vector w.
Observe that, using the isometry I defined in Proposition 5.4, we are able to
define the future and the past components of the light cone A, with respect to
w in natural way. As usual in previous chapters, since X is always conected, we

can suppose () C AL
Once we have fixed w € a' we can also define the height function on ¥ as
hw : X" = R

v = —{6(2), W) = —((a), w). 54)
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Note that hy(z) # 0 for every x € ¥ and, if ¢(X) C A™, then hy, > 0.

At this point we wonder what we can say about the extrinsic geometries of v
and ¢. Let us denote by H with a subscript the mean curvature vector field
corresponding to each given immersion. With this notation we can state next
result.

Proposition 5.6. Let ¢ : ¥" — Aa C M""2 be a codimension two spacelike
submanifold which factorizes through the light cone A,. Then

(Hy, Hy) = (Hy, Hy) — ¢, (5.5)

where ¢ : ¥ — A C a® is the corresponding immersion given in Proposition
54.

Proof. By the commutative diagram (5.3) we have H;.,, = Hroy, and, since
T is totally umbilical, it follows Hpo, = Hy + ¢ where ¢ is the outward unit
normal vector field to 7 : M. — E""3, (¢, () = . Finally, taking into account
that j is a totally geodesic immersion we obtain (H,, H,) = (Hy, Hy) — ¢, as
we wanted to prove. O]

In the next corollary, as a direct consequence of equation (3.5) and previous
proposition, we obtain an expression for the scalar curvature of .

Corollary 5.7. Lety : X" — Aa C M"*2 be a codimension two spacelike sub-
manifold which factorizes through the light cone Ka. Then, the scalar curvature
of X is given by

Scal = n(n — 1)((Hy, Hy) +¢).

On the other hand, by the commutative diagram (5.3) we know that every
codimension two spacelike submanifold ¢ : 3" — Aa C M2 is totally umbilical
if, and only if, ¢ : ¥ — A C al is totally umbilical. Then, the following result
is a direct consequence of Theorem 3.9.

Proposition 5.8. Let v : ¥" — Aa C M”*2 be a codimension two spacelike
submanifold which factorizes through the light cone A,. If ¢ is totally umbilical,
then there exist v € E""3 and 7 > 0 such that

WE)CB(v,7)={zehy: (x—a,v) =1}
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Finally in this section we obtain a result for the compact case which follows from
Proposition 3.12 and that, when € = 1, it is nothing but Proposition 4.13.

Proposition 5.9. Let ¢ : ¥" — An C M"*2 be a codimension two com-
pact spacelike submanifold factorizing through the light cone Ka. If the height
function hy defining in (5.4) is bounded from above, then X is conformally
diffeomorphic to the Euclidean sphere S"*2.

Remark 5.10. Actually, in Proposition 5.9 it is enough to assume that h.,
satisfies condition (4.19), as we did in Proposition 3.12 and Proposition 4.13.

5.3 Spacelike surfaces through a light cone of
(anti)-de Sitter spacetime

In this section we focus on~the case n = 2, that is, X is now a spacelike surface
which factorizes through A, C M. From Corollary 5.7 we immediately obtain
next identity.

Corollary 5.11. Llet¢: ¥ — Aa C M? be a spacelike surface with factorizes
through the light cone A,. Then, the Gauss curvature of 3 can be written as

K = <Hw,Hw> + €.

On the other hand, taking into account the definition of the height function hy,
in (5.4) and [45, Corollary 3.7] we obtain the following expression for the Gauss
curvature of 3.

Corollary 5.12. Letvy : Y — Aa C M be a spacelike surface which factorizes
through the light cone A,. Then, for every unit timelike vector w € a*, the
Gauss curvature of X is given by

C1+|VA> A,

K
h2 h

(5.6)

w

In particular, when ¢ factorizes through the future light cone A* C a' with
respect to w, we have

L Alog(h,,).

K:h_2
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Remark 5.13. For example, the vector P = —ce; + (e, a)a satisfies P € at

and it is not difficult to show that P is timelike in de Sitter case (¢ = 1). Then,
. - o 1 . -

the height function A for w := —\/THP is given by,

() = ————(0(2) — a,00),
1+ ¢e(ep,a)

for every x € X..

Now we can relate the sign of the Gauss curvature K with the existence of local
extreme points of the function h, using [45, Proposition 3.11] as follows.

Proposition 5.14. Let ¢ : X — /~\a C M be a spacelike surface that factorizes
through the future (resp. past) component of the light cone A, with respect
to w € at and with Gauss curvature K < 0. Then, the function h,, does not
attain a local maximum (resp. minimum) value.

5.3.1 Compact spacelike surfaces through a light cone of
(anti)-de Sitter spacetime

This part of the section is devoted to the case when the spacelike surface X
which factorizes throguh the light cone of (anti)-de Sitter spacetime is compact.
In this instance, and even irrespective of Proposition 5.8, we can characterize the
totally umbilical surfaces in M. through the light cone A, using Proposition 5.9
and [45, Theorem 5.4].

Proposition 5.15. Let ¢ : ¥ — A C M? be a compact spacelike surface
which factorizes through the light cone A, . If K is constant, then X is a
totally umbilical round sphere.

As a direct application of previous proposition, we have the following.

Corollary 5.16. Let ¢ : ¥ — Aa C M? be a compact spacelike surface which
factorizes through the light cone A,. The following assertions are equivalent:

(i) K is constant.
(i) ¢ is totally umbilical.
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(ii) There exist 7 > 0 and v € a* with (v,v) = —1 such that

() =X(v,7)={z € Ay (x,v) =T}

Taking now into account Proposition 5.9, Corollary 5.11 and the Gauss-Bonnet
formula, the total mean curvature of compact spacelike surfaces through the
light cone A, C M. may be expressed as

/ <Hw, Hw>dA =47 — 8AI’€3(Z). (57)

Formula (5.7) shows that, for compact spacelike surfaces that factorize through
a light cone in M2, the identity in [51, Theorem 1] holds.

In order to analyse the spectrum of the Laplacian operator of (X, (,)), formula
(5.7) proves to be very useful. First, let us recall that for an arbitrary Riemannian
metric g on S?, the minimum non zero eigenvalue of the Laplacian operator \;
of g satisfies Hersch inequality [27], which states

8

M —
"= Area(S?,g)’

and the equality holds if, and only if, (S% g) has constant Gauss curvature.
Therefore, taking into account formula (5.7), Hersch inequality may be written

for a compact spacelike surface ¥ through A, as

A\ < 2f2 (Hy,H,)dA
Area(X)

+ 2¢, (5.8)

and the equality holds if, and only if, ¢ : ¥ — /~\a C M is totally umbilical. This
formula gives an extrinsic bound of the first non trivial eigenvalue of the Laplacian
operator of (¥, (,)), and, in some sense, it corresponds to the well-known Reilly’s
inequality in the Euclidean space, although it is known that Reilly’s inequality is
not true in general in a Lorentzian ambient (see for instance [45]).

In the compact case, Corollary 5.12 gives the following integral formula for a
compact spacelike surface X through A,,

1
/ﬁmz% (5.9)
3

for every unit timelike vector w € a. Now, from Schwarz inequality and Theo-
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rem 5.8 we come to the following result.

Proposition 5.17. Llet ¢y : ¥ — Aa C M? be a compact spacelike surface
that factorizes through the future component of the light cone A, with respect
to the unit timelike vector w € a'. Then, we have the following upper bound

for the area of X,
Area(X) < 2y/7|| — hwll,

where || - || is the usual L? norm. Moreover, the equality holds for some w if,
and only if, ¥ is the totally umbilical round sphere ¥(w, ) with r = 1/hs,.

Finally, from formula (5.7), Hersch inequality and Corollary 5.16 we get the next
theorem.

Theorem 5.18. Let ¢ : ¥ — Aa C M2 be a compact spacelike surface which
factorizes through the future component of the light cone Aa with respect to
the unit timelike vector w € a*. Then, for every unit timelike vector w € at
with (w, w) < 0, we have

2

M —
b= miny, (h%)’

and the equality holds for some w if, and only if, ¥ is immersed as a totally
umbilical round sphere in M.

U






CHAPTER 6

Trapped submanifolds in generalized
Robertson-Walker spacetimes

In this chapter, and following the terminology introduced in [7], our ambient
space will be an (n+2)-dimensional generalized Robertson-Walker (GRW) space-
time with n > 2. In this case our research is developed in the case of codimen-
sion two spacelike submanifolds which are trapped, marginally trapped or weakly
trapped. The content shown here corresponds essentially to that of our publica-
tion [3].

6.1 Preliminaries

As we shall see, GRW spaces are part of a bigger family, the family of the well
known warped products. Let us start by defining a warped product of arbitrary
dimension in order to introduce the GRW spacetimes later.

Definition 6.1. Let (B, (,)5) and (NN, (,),) be two semi-Riemannian mani-
folds and let o : B — (0,400) be a smooth positive function called warping
function. The warped product denoted by M = B x N is the product manifold
B x N endowed with the metric

<7> = 7T*B(<7 >B) + (Q © 7TB>27T;6V(<7 >N)7

where g and 7wy stands for the canonical projections onto B and N respec-
tively.

Observe that when g is the constant function ¢ = 1 then (,) is nothing but the
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metric of the product manifold B x N. For simplicity, in what follows we are
going to write the warped metric as

<’> = <>>B+92<7>N‘

Following the usual notation, if B xp N is a warped product, we will call B
its basis and N its fiber. In this way, any vector field Z on a warped product
B xp N can be decomposed as

7=27"+7, (6.1)

where Z* is the component tangent to the fiber, Z* € X(N), and Z, is the
component tangent to the basis, Z, € X(B).

Next proposition shows how the Levi-Civita connection of a warped product acts.
Here the sets of all lifts on B and N are denoted respectively as £(B) and L(N).
Typically we use the same notation for a vector field and for its lift, as we have
already done in formula (6.1).

Proposition 6.2. Let B xy N be a warped product. Let X,Y € £(B) and
V,W € L(N) be four vector fields. Then,

(i) VxY = V%Y, where V* denotes the Levi-Civita connection of B.

(i) VxV =VyX = 22V

(V. W)
0

(iv) (VyW)* = VW where V is the Levi-Civita connection of N

(i) (VyW), =1(V,W) = — Vo.

Now we have the tools to start our study in a GRW spacetime, which we present
below.

Definition 6.3. Let (V,(,),) be a Riemannian manifold and I an open
interval of R. The generalized Robertson-Walker (GRW) spacetime denoted
by —1I xp N™"1is the product manifold I x N endowed with the Lorentzian
warped metric

<>> = _dt2+Q2<7>N’ (62)

where ¢ : I — (0,400) is a positive smooth function on .

In other words, —1 Xy N™"!is nothing but a Lorentzian warped product with
Lorentzian base (I, —dt?), Riemannian fiber (N"** (.} ), and warping function
0. As usual, when the fiber has constant curvature we will refer to —1 x, Nt
as a Robertson-Walker (RW) spacetime .
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We will choose the time orientation on —1 X N™"1 given by the globally defined
timelike unit vector field

o = (0/01) (t,z) € =1 x o N™*1.

‘(t,z)7

If we take Z a vector field on —1 X N™! we can decompose it as in formula
(6.1), Z = Z*+ Z., with Z* € X(N) and Z, € X(I). Since X(I) has dimension
one and 0; € X(I) we have that

Z, = A0

for a certain funcion A € C>(—1I x o N™™"). From this identity we obtain that
(Zy,0r) = —X and hence, A = —(Z,,0;) = —(Z,0;). Therefore, every vector
field Z € X(—1 x o N"*') can be written as

where Z* € X(N).
Let us now consider the vector field given by
K(t,x) = f(1)(0/0) 1z, (t,x) € —I xo N*™, (6.4)

It determines a non-vanishing future-pointing conformal vector field on —1 %
N™ 1 which is also closed, in the sense that its metrically equivalent 1-form is
closed. In fact, for every vector field Z € X(—1 x o N"*1),

VK =V K —{(Z,0)VsK
= K(0)oZ" —(Z,0:)0d'0;
= Q,<Z* - <Zv at>at)
=07,

(6.5)

where we are using Proposition 6.2 and the fact that V5,0, = 0. In particular,
GRW spacetimes are conformally stationary spacetimes. This conformal field K
will be an essential tool in our subsequent computations.

As we will see later, the hypothesis (log 0)” < 0 will be assumed in some of the
results that we present in this chapter. To end this subsection, let us dedicate a
few words concerning this condition and its relation with the so called timelike
convergence condition (TCC). Recall that a spacetime obeys the TCC if its Ricci
curvature is non-negative on timelike directions. It is not difficult to see that a
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GRW spacetime —1 X N obeys TCC if, and only if,

Ricy > nsup(ed” — (¢)°)(, )y = nsup(=H'()e(t)*){.)y ~ (6.6)

tel tel

and
o'(t) <0, (6.7)

where Ricy and (, ), are respectively the Ricci and metric tensors of the Rie-
mannian fiber N"*!. In particular, the sole condition (6.7) implies (log 0)" < 0,
which is enough, in many cases, to guarantee rigidity of constant (higher order)
mean curvature spacelike hypersurfaces (see for instance [6], bearing in mind
that the convention for the second fundamental form is the opposite to ours).

6.1.1 Slices in GRW spacetimes

Now we focus our study on the slices, a distinguished family of hypersurfaces of
a GRW spacetime which we start introducing in the definition below. Concretely
we will compute the induced metric, the shape operator and the mean curvature
of such a hypersurface.

Definition 6.4. Let —I x, N"" be a GRW spacetime. For a fixed 7 € I,
the slice N, is the hypersurface {r} x N C —I xo N"*',

Any slice N, of a GRW spacetime is an embedded spacelike hypersurface, in
the sense that the induced metric on N, from the Lorentzian metric (6.2) is
Riemannian. Actually, the induced metric on N is given by o(7)%(,) . that is,
N is homothetic to N with scale factor o(7).

The restriction of J; to N, gives its future-directed Gauss map and it follows
from (6.5) that

_ —_ /1 1 1,
Vv, = Vy (EK) ==V VAE sV (69)

for every vector field V' on —1 x, N"t! where Vp denotes the gradient of
o(t,z) = o(t) on —I x o N"*'.
Observe that the gradient on —1 X N"*1 of the projection 7;(t, z) = t is given
by

vﬂ'[ = —<v7T],at>at = —(9t. (69)
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Thus, writing 0 = p o 7y we get

Vo= 0d{t)Vr; =0 ()0,

and (6.8) becomes

= 5 _ 0
Vo, = (V +(V,0:)0,), (6.10)
o(t)
for every vector field V on —I x o N™*'. In particular,
v at — QI(T)V
()

for every tangent vector v € T(; ,yIN.. This means that IV, is a totally umbilical
hypersurface in —1I X N"*1 with shape operator (with respect to the future-
directed Gauss map 9;) given by

o'(7)
o(7)

Av=V,0 = A

for every v € T(; )N .

Therefore, 7 € I — N, C —I X, Nt determines a foliation of —I X0 N
by totally umbilical spacelike hypersurfaces with future constant mean curvature

given by

H(r) = —— tr(AT):—g((Z)).

n+1
The choice of the negative sign in our definition of the mean curvature is mo-
tivated by the fact that, with this approach, the mean curvature vector field of

N is given by H(7)04|(ra). Therefore, H(r) > 0 (that is, ¢'(7) < 0) if, and
only if, the mean curvature vector of V.. is future-pointing.

6.2 Marginally trapped submanifolds contained
in slices

In this section we will see the n-dimensional manifold X from two different points
of view. On the one hand, we will consider it as an immersed hypersurface in
the Riemannian manifold (N"*! (,),). In other words, there exists a smooth
immersion ¢ : ¥ — N™"'. We will denote by {,);, the Riemannian induced
metric on X via ¢, that is, (, )y, = ¢*((,) x)-
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On the other hand, X will be a spacelike codimension two submanifold on
—1I Xy N1 which is contained in a slice N, thatis, ¢ : ¥ — —1 X g N s
a spacelike immersion such that ¢(X) C N,.

First, for a fixed 7 € I, we define ¢, : & — —I x o N"*! the map given by

o-(p) = (1,9(p)), for every p € 3.

A straightforward computation shows that ¢, is a spacelike immersion of X into
—1 Xy N™! which is contained in the slice N, and that the metric induced on
¥ via ¢, from the Lorentzian metric (6.2) is simply

() =07(()) = o(7)*( )5 (6.11)

Conversely, it is not difficult to see that the projection ¢ = Ty ot : ¥ — Nt
is an immersed hypersurface for which

U(p) = (1,9(p)) = ¢-(p).

Moreover, 1 : & — —I x o N"*! is an embedding if, and only if, ¢ : & — N"**
is an embedding.

It follows from (6.11) that, intrinsically, (X, (,).) is homothetic to (X, (, )y,) with
scale factor o(7). Our objective now is to express the extrinsic geometry of
the codimension two spacelike submanifold ¢, : ¥ — —I xp N™in terms
of the extrinsic geometry of the hypersurface ¢ : ¥ — N"'. In order to
compute the second fundamental form I1, of the immersion ¢, let ( denote the
(locally defined) unit normal vector field of the hypersurface ¢ : ¥ — N,
with (¢, () = 1. Notice that

(¢, 0) = o(1)*(¢, Q) y = ol7)%. (6.12)
Then,
1
o(T
defines a local orthonormal frame of vector fields along the immersion ¢.., with

<§T;§T> = _17 <77T7T]T> =1 and <7]7'7§7—> =0.

The second fundamental form 1L, of the immersion ¢, is then written as

& (D) = Ol (rowy, and  n-(p) = —)C(p), peEY,

HT(X7 Y) = <HT(X7 Y)7777>777 - <HT(X7 Y)7£T>€T

6.13
= <A777—X7 Y>T777 - <A§7—X> Y>T€‘r? ( )
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for every tangent vector fields X, Y € X(X). Observe that, for every X € X(X),

1 — 1 ~
mvxg = MVXC;

where V denotes the Levi-Civita connection of (N"*1, (| )n)- Therefore, taking
into account that

vXnT =

AX = %XC7

where A : X(X) — X(X) stands for the shape operator of the hypersurface
¢: ¥ — N""! with respect to (, it follows from here, using the Weingarten
formula (2.5), that V%7, = 0 and

_ 1
A X =Vyn, = —AX
”T X =)

for every X € X(X). On the other hand, since (X, ;) = 0 for every X € X(X),
by (6.10) we have

Vxé, = 20X,
o(7)
which yields V¢, = 0 and
Ao x=? (7)
o(7)

for every X € X(X). Putting this into (6.13) we obtain that

1 _d(7)
IL(X,Y) = ROk (AX,Y) ¢ o) (X,Y). &, (6.14)

for every tangent vector fields X,Y € X(X). Thus, the mean curvature vector
field of ¢, is given by
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where {E1, ..., E,} is a local orthonormal frame on 3, with respect to the metric

<7 >7"
On the other hand, by (6.11) we have that

<AEi7 Ei>7 = Q(T)2<AEi7 Ei>2 = <Aeiv €i>2

foreveryi =1,...,n, where ¢; = o(7)E; and {ey, ..., e,} is a local orthonormal
frame on X with respect to the metric (,)y.. Observe that the mean curvature
function of the hypersurface ¢ : ¥ — N™"! is given by

1 1 & 1 &
H = ~tr(4) = — ; (e, €)=~ ; (AE;, E;)...

Putting this into (6.15) we conclude that

__H , ¢
G AC (19

and, in particular, using (6.12), it follows

H2 — Q/(T)z

(Hr Ho) = o(7)?

This means that ¢, is a weakly trapped submanifold of —1 x N™1if, and only
if, the mean curvature function H of the hypersurface ¢ : ¥ — N""! is bounded
by

H?* < J(1)%
Specifically, the immersion ¢ is marginally trapped if, and only if, ¢ : ¥ — N™*!
is a hypersurface with constant mean curvature H = +¢'(7) # 0. Moreover,

o'(7)
o(7)

Therefore, when causal, H, is future-pointing if, and only if, ¢'(7) < 0.

(H.. &) =

= constant.
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6.3 Weakly trapped submanifolds in GRW space-
times

In this section we present the main results of this chapter, which hold for the
case of a weakly trapped submanifold. Nevertheless, before that we develop some
computations which will be key to the proof of such results.

Let us start by considering ¢ : 3 — —1 X N™1 an immersed spacelike sub-
manifold of codimension two. We define the height function of X as follows.

Definition 6.5. The height function of X, denoted by h, is the restriction of
the projection m;(t,z) =t to ¥, that is,

I

h:¥ 2 —Ixo N LR
p = ()15 (p) = (w1 0 4)(p)

for every p € 3.

Recall from equation (6.9) that the gradient of m; on —I x o N"*' is given by
Vr; = —0,.Then, the gradient of h on ¥ is given by

Vh=(Vr)" =-09/, (6.17)

where

0 =0, + 0.

Here 9, € X(X) and 9} € X*(X) denote, respectively, the tangential and the
normal components of 0;.

In our computations, we will also consider the function v = g(h), where g : I —
R is an arbitrary primitive of g. Since ¢’ = ¢ > 0, then u = g(h) can be thought
as a reparametrization of the height function. In particular, the gradient of u on
Y s

Vu = o(h)Vh = —o(h)d] = —KT, (6.18)
where KT denotes the tangential component of the closed conformal vector field
K given at (6.4) along the submanifold,

K=K+ K" (6.19)
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Using (2.4) and (2.5), it follows from (6.19) that
VxK=VxK" —II(X,K") + Ag. X + V3 K+ (6.20)
for every X € X(X). Therefore,
(VxK) =VxK' + Ag. X (6.21)
and
(VxK)" = —I1(X,K") + Vi K" (6.22)
On the other hand, equation (6.5) implies Vx K = ¢'(h)X, so that
(VxK) ' =d(h)X (6.23)
and
(VxK)" =0. (6.24)
Then, from (6.21) and (6.23), we see that
VxK" =0d(h)X — AgL X, (6.25)
and, therefore, from (6.18) we get that
VxVu=-VxK" =~ (h)X+Ax1 X. (6.26)
Finally, tracing this expression we get
Bu= —nd () +ir(Ag) = n(@ (LK) oo

= —n(d'(h)—o(h)(H, )).

6.3.1 Non existence of weakly trapped submanifolds

At that point we proceed to present some non-existence results for a weakly
trapped submanifolds. As a first application of (6.27) we have the following

consequences for the particular case of closed submanifolds.

Lemma 6.6. Let —1 xp N be a GRW spacetime, and let
Y — =1 Xp N™"! be a codimension two closed spacelike submanifold im-
mersed in —1 X N™". Then, the mean curvature vector field of ¥ satisfies

(6.28)
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and

mzin (H,0;) < —H(h") = (6.29)

where h, = miny h and A* = maxy h.

Proof. Let X be a closed spacelike submanifold of —1 x Nt and consider
the function u = g(h). Since ¥ is closed, the function w attains its minimum
and maximum at some points pi, and puax. Since ¢ = o > 0, g is strictly
increasing and, at Py, it holds

U(Prmin) = Us = mzinu = g(h),

where h, = h(ppin) = ming h, and

Au(pmin) = _n<gl(h*)_9(h*)<H7 8t>‘pmin) > 0.

It follows from here that

mgx <Haat> Z <Huat>‘pmin Z = _H(h*)

The proof of (6.29) is similar, working at ppax- O]

As an immediate outcome we can state the next corollary.

Corollary 6.7. Let —I xo N"*' be a GRW spacetime.

(i) If H(t) > 0, there exists no closed weakly past trapped submanifold in
—1I XQ NnJrl.

(i) If H(t) <0, there exists no closed weakly future trapped submanifold in
—I xo N™*1,

In particular, if H = 0 Corollary 6.7 implies that there exists no closed weakly
trapped submanifold in —1 x N Actually, this case corresponds to the case
where K is a timelike Killing vector field, which was already consider by Mars
and Senovilla in [36, Theorem 1] in a more general context.

For a proof of Corollary 6.7, simply observe that for any weakly past trapped
submanifold ¥ into —I x o N"*! one has (H,8;) > 0 on X and, in particular,
miny, (H, 9;) > 0. Therefore, by (6.29) it must be
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H(h") < —mzin (H,0;) < 0.
Similarly, for the case of weakly future trapped submanifolds, one has

max (H,0,) <0

and (6.28) implies
H(hy) > — max (H,0;) > 0.

In order to extend these results to the non-compact case, and following the
terminology introduced in [2], we define the following.

Definition 6.8. We say that a spacelike submanifold ¢ : ¥ — —1 X N
is bounded away from the past infinity at height 7, € I if

Y(E) C{(t,x) € —I xog N"*' ¢t > 1.}

In a similar way, we say that a spacelike submanifold ¢ : 3 — —1 X N™tis
bounded away from the future infinity at height 7* € I if

Y(B) C {(t,z) € =1 xpg N""" ¢ < 77}

When, in the previous definition, the height 7, (or 7*) is not relevant, we will say
simply that X is bounded away from the past infinity (or from the future infinity).
Finally, ¥ is said to be bounded away from the infinity of —I x o N"" if it is
bounded away from the past and future infinity; that is, if there exist 7,,7* € I,
T, < 7%, such that ¢(3) is contained in the slab Q(7., 7*) bounded between the
slices N, and N -.

We are now ready to give the following result, which extends Lemma 6.6 to the
non-compact case under the assumption of stochastically completeness.

Lemma 6.9. Let -1 xp N™! be a GRW spacetime, and let ¢ : ¥ —
—IXQN”+1 be a codimension two stochastically complete spacelike submanifold
immersed in —I x o N"*.

(i) If ¥ is bounded away from the past infinity, then the mean curvature
vector field of X satisfies

sup (H, 0;) > —H(h,) = (6.30)
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where h, = infs, h € 1.

(ii) If X is bounded away from the future infinity, then the mean curvature
vector field of X satisfies

(6.31)

inf (H,0;) < —H(h") =
where h* = supy, h € I.

Proof. Let ¥ be a stochastically complete spacelike submanifold of —1 x N
and assume that ¥ is bounded away from the past infinity at height 7, € I; in
particular, h, = infy h > 7, € I. We start by applying the weak maximum
principle (see Subsection 2.3.2) on ¥ to the function u = g(h), which satisfies
u, = infgyu = g(hy) > —oo. Therefore, there exists a sequence of points
{pk}kEN in X such that

1

1
u(pr) < us + —,  Au(pg) > —

k?

Observe that limy_, 1 h(pr) = h. because g is strictly increasing. Using equa-
tion (6.27) we obtain that

1 1

- < EAu(pk) = —0'(h(pr))+o(h(px)) (H, 9;) (pr)-

That is, X 1
(H, 9) (px) > o) <Q/(h(pk)) — E)

Therefore,

1 1
H.0,) > (H,9,)(pr) > ———— ( o' (h(ps)) — — ).
sup (H,0) 2 (L0 >~ (o (hip) — )
Making k — 400 here we get (6.30), since

lim o(h(px)) = o(h.) and lim o'(h(py)) = ¢'(h:).

k—+o00

The proof of the case where ¥ is bounded away from the future infinity is similar.
O

The following non-existence result for weakly trapped submanifolds holds directly
from Lemma 6.9.
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Corollary 6.10. Let —I x o N"™" be a GRW spacetime.

(i) Let 7* € I and assume that H(t) > 0 for t < 7*. Then there exists no
stochastically complete weakly past trapped submanifold bounded away
from the future infinity at height 7*.

(ii) Let 7. € I and assume that H(t) < 0 for ¢t > 7.. Then there exists no
stochastically complete weakly future trapped submanifold bounded away
from the past infinity at height 7,.

To prove this, simply observe that for any weakly past trapped submanifold ¥
into —I x o N"*' one has
(H,0;) >0

on X, which yields infy, (H, 9;) > 0. Therefore, if X is a stochastically complete
weakly past submanifold bounded away from the future infinity, by (6.31) it must
be

H(h") < —inf (H,0,) < 0.

Similarly, for the case of weakly future trapped submanifolds, one has supy, (H, 9;)
< 0. Therefore, if X is a stochastically complete weakly future submanifold
bounded away from the past infinity, (6.30) implies

H(h.) > —sup (H,0;) > 0.
2

6.3.2 Rigidity of marginally trapped submanifolds

In this subsection we derive some rigidity results for marginally trapped subma-
nifolds under the hypothesis that H'(¢) > 0; equivalently (log)” < 0. This
hypothesis has been widely used by several authors to obtain rigidity results for
spacelike hypersurfaces with constant mean curvature in GRW spacetimes and,
as we have seen in Section 6.1 it is closely related to the TCC.

The first of our rigidity results holds for closed marginally future trapped sub-
manifolds and states as follows.

Theorem 6.11. Let —1 xp N be a GRW spacetime such that H'(t) > 0
(equivalently (log 0)” < 0), and let ¢ : £ — —I x o N™™" be a codimension
two closed marginally future trapped submanifold immersed in —1 x N
Then

min |[H | < H(h.) < H(h") < max [|[H || (6.32)

where h, = miny, h, h* = maxy, h, and Hj stands for the spacelike component
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of the lightlike vector H which is orthogonal to J;. As a consequence, if || Ho||
is constant then (X)) is contained in a slice {7} x N with ¢(7) <0, and
Y = {1} x Xy with ¥g C N a closed hypersurface of constant mean curvature
|H|=—d(7) > 0.

Proof. The mean curvature vector H of > decomposes as
H - HO - <H, 8t>8t7 (633)

and then
(H,H) = ||[H,|*> — (H,0,)". (6.34)

Assume that X is marginally future trapped. In that case (H,H) = 0 and
(H,0;) = —||Ho|| < 0.
Therefore, it follows from Lemma 6.6 that

max |Hol|| = —min (H,0;) > H(h") (6.35)

and
mzin |Ho|| = — max (H, 0y) < H(hy). (6.36)

Since H'(t) > 0, the function H(t) is non-decreasing and H(h.) < H(h*), which
jointly with (6.35) and (6.36) gives (6.32).

As a consequence, if |[Hyl| is constant we know from (6.32) that
H(h.) = H(h*) = ||[Hp|| = constant.

Since H(t) is non-decreasing, it follows from here that H(t) = ||Hy|| = constant
on [h,, h*]. That is,

H(h) = |[Holl = —(H,d,) on ¥.

In other words, ¢'(h)—o(h)(H, ;) = 0 on X, which by (6.27) implies Au = 0
on Y. That is, uw is a harmonic function on X, which is a closed manifold. Hence,
u = g(h) is constant on 3, and since g(t) is increasing this means that & itself
is constant on X; that is, ¥(X) is contained in a slice {7} x N. As we have
already seen in Subsection 6.1.1, since ¥ : X — —1I X N™1is a marginally
future trapped submanifold it then follows that ¢/(7) < 0 and the projection
¢ = mnot 1 ¥ — N" is a hypersurface with constant mean curvature
|H| = —0(1) > 0. O
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In the same way, for the case of closed marginally past trapped submanifolds we
have the following.

Theorem 6.12. Let — x o N"*' be a GRW spacetime such that H'(t) > 0
(equivalently (log 0)” < 0), and let ¢ : & — —I x o N™™" be a codimension
two closed marginally past trapped submanifold immersed in —1 X, N
Then

min [H|| < ~H(h*) < ~H(h) < max [y

where h, = miny, h, h* = maxy, h, and Hj stands for the spacelike component
of the lightlike vector H which is orthogonal to ;. As a consequence, if | Hyl|
is constant then (X) is contained in a slice {7} x N with ¢(7) > 0, and
Y = {7} x Xy with ¥y C N a closed hypersurface of constant mean curvature
[H| = ¢/(7) > 0.

The proof of Theorem 6.12 is similar to that of Theorem 6.11 simply by observing
that since X is marginally past trapped, then (H,0,) = ||[Hg|| > 0 on X.

In particular, we obtain the following consequence.

Corollary 6.13. Let —I xo N"*! be a GRW spacetime such that H(t) # 0
and H'(t) > 0 (equivalently (logp)” < 0), and let ¢ : ¥ — —I xo N
be a codimension two closed marginally trapped submanifold immersed in
—I xo N™".

(i) If H(t) > 0, then X is necessarily marginally future trapped and

min [Hy| < #(h.) < H(h") < max [Hy.

(ii) If H(t) <0, then X is necessarily marginally past trapped and

min[Hy|| < ~H(h) < ~H(h.) < max [H||

Therefore, if |Hy|| is constant then (X)) is contained in a slice {7} x N with
H(7) #0, and ¥ = {7} x Xy with Xy C N a closed hypersurface of constant
mean curvature |H| = |¢/(7)| > 0.

Proof. In case (i), using Corollary 6.7, we obtain that ¥ is necessarily future
trapped and we may apply directly Theorem 6.11. Similarly, in case (ii) X is
necessarily past trapped by Corollary 6.7 and the result then follows from Theorem
6.12. O
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The next result extends Theorem 6.11 to the case of stochastically complete
submanifolds.

Theorem 6.14. Let —I xy N be a GRW spacetime such that 7'(¢) > 0
(equivalently (log)” < 0). Let 1:3% — —I xo N™*' be a codimension
two stochastically complete marginally future trapped submanifold which is
bounded away from the infinity. Then

inf [ | < #(h.) < H(h*) < sup || (6.37)
2

where h, = infy, h, h* = supy, h, and Hj stands for the spacelike component
of the lightlike vector H which is orthogonal to 0;. As a consequence, if
||Ho|| is constant and #(t) is not locally constant (in other words, the equality
H'(t) = 0 holds only at isolated points of I'), then ¢)(X) is contained in a slice
{r} x N with H(7) > 0 and X = {7} x Xy with ¥g C N a hypersurface of
constant mean curvature |H| = —¢/(7) > 0.

Proof. The proof of (6.37) is similar to that of (6.32) in Theorem 6.11, but using
now Lemma 6.9 instead of Lemma 6.6. As a consequence, if ||Hy|| is constant
we know from formula (6.37) that

H(h*) = H(hs) = |Ho|| = constant.

The hypothesis on the function H(¢) implies now that it is strictly increasing
on I. Therefore h, = h* and h is constant on X; that is, ¢)(X) is con-
tained in a slice {7} x N. As we have already seen in Subsection 6.1.1, since
Y% — —I xo N™™" is marginally future trapped it then follows that #(7) > 0
and the projection ¢ = my o1 : ¥ — N™"!is a hypersurface with constant mean
curvature |H| = —¢'(7) > 0. O

Similarly we have the next results, which extend Theorem 6.12 and Corollary
6.13 to the stochastically complete case.

Theorem 6.15. Let — xp N be a GRW spacetime such that 7'(¢) > 0
(equivalently (log 0)” < 0). Let ¢ : ¥ — —I x o N be a codimension two
stochastically complete marginally past trapped submanifold which is bounded
away from the infinity. Then

inf [ Hol| < —H(h") < —H(h.) < sup [[Holl,

where h, = infy h, h* = supy, h, and Hj stands for the spacelike component
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of the lightlike vector H which is orthogonal to 0;. As a consequence, if
|Hy|| is constant and #(t) is not locally constant (in other words, the equality
H'(t) = 0 holds only at isolated points of I), then 1)(X) is contained in a slice
{r} x N with H(7) < 0 and X = {7} x 3 with ¥q C N a hypersurface of
constant mean curvature |H| = ¢'(7) > 0.

Corollary 6.16. Let —I xy N"*' be a GRW spacetime such that #(t) # 0
and H'(t) > 0 (equivalently (log 0)” < 0), and let ¢ : & — —I x o N"*! be a
codimension two stochastically complete marginally trapped submanifold which
is bounded away from the infinity.

(i) If H(t) > 0, then X is necessarily marginally future trapped and

inf |[Ho|| < #(h.) < H(P") < Sup [ Ho|].

(ii) If H(t) < 0, then X is necessarily marginally past trapped and

inf |[Hof| < —#(h") < —H(h.) < Sup [[Hol].

As a consequence, if ||Hy|| is constant and #(¢) is not locally constant (in other
words, the equality #'(t) = 0 holds only at isolated points of I) then ¥(X) is
contained in a slice {7} x N and ¥ = {7} x ¥, with ¥y C N a hypersurface
of constant mean curvature |H| = |¢/(7)] > 0.

Remark 6.17.  Recall from Subsection 2.3.3 that every parabolic Rieman-
nian manifold is stochastically complete. Under the assumption of parabolicity,
our previous results for stochastically complete submanifolds can be improved
by removing the hypothesis on the non-locally constancy of the function H(t).
Observe that this extra hypothesis was not assumed in the case of closed sub-
manifolds. For instance, in Theorem 6.14, to see why in the parabolic case
we do not need this extra hypothesis neither, observe that once we know that
H(h.) = H(h*) = ||Hy|| = constant we can conclude, as in the closed case,
that o'(h)—o(h)(H,d;) = 0 on ¥ and, from (6.27), u is a bounded harmonic
function on . But ¥ being parabolic, this implies that u must be constant and,
equivalently, h must be constant.
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6.4 Applications

Finally in this chapter, we apply the results of previous section to some specific
GRW spacetimes. Let us consider first the case where the Riemannian fiber is
the (n 4 1)-dimensional Euclidean space. When n = 2 we have the following
rigidity result for immersed topological 2-spheres in —1 X R3.

Theorem 6.18. Let —1 xp R® be a RW spacetime whose fiber is the
Euclidean 3-space and such that #'(t) > 0 (equivalently (log 0)” < 0). The
only marginally trapped topological 2-spheres which are immersed in —1 XQR?’
with ||[Hjl|| constant are the embedded spheres given as {7} x S*(r;), with
r. = 1/|¢'(7)]| for every 7 € I with ¢'(7) # 0.

Proof. Let X be a marginally trapped topological 2-sphere immersed in —IXQR3
with ||Hg|| constant. By Theorems 6.11 and 6.12, we know that ¥ = {7} x ¥,
where ¢/(7) # 0 and ¥ is an immersed topological 2-sphere in R? with constant
mean curvature H? = ¢/(7)?> > 0. By Hopf's theorem [25], it is well known
that when n = 2 the only immersed topological 2-spheres in R? with constant
mean curvature are the embedded round spheres S?(r) of radius r > 0, with
H? = 1/r* > 0. Therefore ¥y = S?(r,) with 7. = 1/]¢/(7)|, and this finishes
the proof. ]

Theorem 6.18 includes some cases of physical relevance. For instance, it is not
difficult to see that the Lorentzian warped product —R x. R™"™! models the
(n 4 2)-dimensional steady state spacetime, defined in Section 4.4. To see it,
choose, for instance, a = (1,0,...,0,1) € L™ Then the map ® : RxR"*! —
S"*2 given by

e'pl?
)

o epl?
(t,p) = (= sinh(t) — —=, e'p, cosh(t) — —

defines an isometry between —R x. R™"! and the (n + 2)-dimensional steady
state spacetime. Using this and Theorem 6.18 we obtain the following.

Corollary 6.19. Let —R x. R? be the steady state 4-spacetime. The only
marginally trapped topological 2-spheres which are immersed in the steady state
4-spacetime with ||Hg|| constant are the (necessarily marginally past trapped)

embedded spheres given as {7} x S*(r,), for every 7 € R, where r, = ¢ 7.

On the other hand, when I = (0, +00) and o(t) = t?/3, —(0, +00) X,2/3 R3
is called the Einstein-de Sitter spacetime and it corresponds to the Friedmann
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cosmological model with flat Riemannian fiber.

Corollary 6.20. Let —(0,+00) X;2/s R?® be the Einstein-de Sitter spacetime.
The only marginally trapped topological 2-spheres which are immersed in the
Einstein-de Sitter spacetime with ||Hj|| constant are the (necessarily marginally
past trapped) embedded spheres given as {7} x S*(r,), for every 7 > 0, where
r, = 37432,

The general n-dimensional version of Theorem 6.18 is based on the well-known
Alexandrov's theorem which states that the only closed embedded hypersurfaces
in R™*! with constant mean curvature are the embedded round spheres S™(r) of
radius r > 0, with H? = 1/7’2 > 0. Then, as a consequence of Theorems 6.11
and 6.12 we have the following n-dimensional version of Theorem 6.18.

Theorem 6.21.  Let —/ xp R"*" be a RW spacetime whose fiber is the
Euclidean (n 4 1)-space and such that H'(t) > 0 (equivalently (log 0)” < 0).
The only closed marginally trapped n-submanifolds which are embedded in
—I xo R™1 with ||Hy|| constant are the embedded n-spheres given as
{7} x §"(r;), with r, = 1/]0'(7)| for every 7 € I with ¢'(7) # 0.

The proof of Theorem 6.21 is similar to that of Theorem 6.18, observing now that
Y is a closed embedded hypersurface in R"™! with constant mean curvature.
In particular, Corollary 6.19 and Corollary 6.20 have the following n-dimensional
version.

Corollary 6.22. Let —R x. R""! be the steady state spacetime. The
only closed marginally trapped n-submanifolds which are embedded in the
steady state spacetime with ||Hj|| constant are the (necessarily marginally past
trapped) embedded n-spheres given as {7} x S"(r,), for every 7 € R, where
rr=e".

Corollary 6.23. Let —(0, +00) X,2/s R"*! be the Einstein-de Sitter spacetime.
The only closed marginally trapped n-submanifolds which are embedded in the
Einstein-de Sitter spacetime with ||Hj|| constant are the (necessarily marginally
past trapped) embedded n-spheres given as {7} x S"(r;), for every 7 > 0,
where 7, = 371/ /2.

Remark 6.24. In the results given for closed marginally trapped n-submanifolds
in the steady state (n + 2)-dimensional spacetime (Corollary 6.19 for immersed
topological 2-spheres and Corollary 6.22 for embedded closed n-submanifolds)
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we obtain as a consequence that they are necessarily past trapped. The same
happens for the case when the ambient space is the Einstein-de Sitter spacetime.
Actually, since in theses examples H(t) < 0 for every t € I, we know from
Corollary 6.7 that there exists no closed weakly future trapped submanifolds in
such ambient spaces. Even more, from Corollary 6.10 we know that there exists
no stochastically complete weakly future trapped submanifolds bounded away
from the past infinity neither in the steady state spacetime nor in the Einstein-de
Sitter spacetime.

On the other hand, Hopf's theorem holds also for topological 2-spheres in the
3-dimensional sphere S* and in the 3-dimensional hyperbolic space H?, yielding
the following results.

Theorem 6.25. Let —1 xp S? be a RW spacetime whose fiber is the 3-
dimensional sphere and such that H'(t) > 0 (equivalently (log 0)” < 0). The
only marginally trapped topological 2-spheres which are immersed in —1 XQS3
with ||[Hj|| constant are the embedded spheres given as {7} x S*(r;), with

r, = 1/3/1+ o(7)2 for every T € I with ¢(1) # 0.

The proof of Theorem 6.25 is similar to that of Theorem 6.18, observing now
that the only immersed topological 2-spheres in S* with constant mean curvature
H # 0 are the round spheres S*(r) W|th 0 <r <1, having H? = (1 — r?)/r%.

Therefore in this case r, = 1/1/1 + ¢/(

On the other hand, Hopf's theorem in IHI3 implies that the only immersed topo-
logical 2-spheres in H? with constant mean curvature are the round spheres S?(r)
with 7 > 0, having H? = (14 r?)/r* > 1. Therefore in this case it must be

od(t)?>1and r, =1/1/0(7)? — 1, and we obtain the following.

Theorem 6.26. Let —1 xp H? be a RW spacetime whose fiber is the 3-
dimensional hyperbolic space and such that H'(¢) > 0 (equivalently (log o0)”

0). The only marginally trapped topological 2-spheres which are immersed in
—I'x oH? with ||Hp|| constant are the embedded spheres given as {7} x S*(r;),

with r, = 1/4/0'(17)? — 1 for every 7 € I with o/(7)? =1 > 0.

Theorem 6.26 includes the case where I = (0, 4+00) and o(t) = sinh(t). In this
case —(0, +00) X sinh(t) H? models the open region of the 4-dimensional de Sitter
space S{ given by

{r €S} :{(x,a)>1}

where a € R? is a unit spacelike vector. To see it in general dimension n > 2,
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choose, for instance, a = (0,...,0,1) € R}** and consider
H*' = {p e L"": (p,p) = —1}.
Then the map ® : (0, +00) x H™*! — S7*2 given by
d(t,p) = cosh(log(1 + v2) — t)(p, vV2) — sinh(log(1 + v2) — t)(v2p, 1)

defines an isometry between the Lorentzian warped product —(0, +00) Xginn()
H"! and the open region of S7*? defined by

{r €SI (r,a) >1}, a=(0,...,0,1).

Therefore, Theorem 6.26 gives the following.

Corollary 6.27. Let —(0,400) Xgnn) H® be the open region of the 4-
dimensional de Sitter space defined by {z € S : (z,a) > 1}, wherea € L” is a
unit spacelike vector. The only marginally trapped topological 2-spheres which
are immersed in this region with ||Hy|| constant are the (necessarily marginally
past trapped) embedded spheres given as {7} x S*(r;), with 7, = 1/sinh(7)
for every 7 > 0.

As in the case of Theorem 6.18, Theorem 6.26 also has an n-dimensional version
which is based in the corresponding Alexandrov's theorem. Actually, when the
Riemannian fiber is the hyperbolic space, Alexandrov's theorem states that the
only closed embedded hypersurfaces in H"*! with constant mean curvature H are
the embedded round spheres S™(r) of radius r > 0, having H* = (1+7r%)/r? > 1.
Therefore, the n-dimensional versions of Theorem 6.26 and Corollary 6.27 are as
follows.

Theorem 6.28. Let —Ix o H"*! be a RW spacetime whose fiber is the (n+41)-
dimensional hyperbolic space and such that H'(t) > 0 (equivalently (log 0)” <
0). The only closed marginally trapped n-submanifolds which are embedded
in —I xo H"™ with |[Hy| constant are the embedded n-spheres given as

{7} x S"(r;), with r. = 1//0'(1)? — 1 for every 7 € I with ¢/(7)* =1 > 0.

Corollary 6.29. Let —(0, +00) Xginn() H" ™ be the open region of the (n+2)-
dimensional de Sitter space defined by {z € S}*?: (z,a) > 1}, where a € L""?
is a unit spacelike vector. The only closed marginally trapped n-submanifolds
which are embedded in this region with ||Hg|| constant are the (necessarily
marginally past trapped) embedded n-spheres given as {7} x S"(r,), with r, =
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1/ sinh(7) for every 7 > 0.

Remark 6.30. Similarly as in Remark 6.24, when the ambient spacetime is the
open region of de Sitter space modeled as — (0, +00) X ginn@ H"*?, since H(t) < 0
for every t € (0,+00), we also obtain there exists no stochastically complete
weakly future trapped submanifolds bounded away from the past infinity.
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