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1 Introduction

Let (B, ||.|lzp) be a quasi-Banach space with a countable unconditional basis
B = {e;: j € N}. A main question in Approximation Theory consists in finding
a characterization (if possible) or at least suitable embeddings for the non-
linear approximation spaces A7 (B, B), @ > 0,0 < g < oo, defined using the N-
term error of approximation oy (x, B) (see Sections 2.2 and 2.3 for definitions).
Such characterizations or inclusions are often given in terms of “smoothness
classes” of the sort

o0
b(B:B) == {x=) cie;eB: {lcjeflls), €by .
j=1

where b is a suitable sequence space whose elements decay at infinity, such as
£" or more generally the discrete Lorentz classes £79.

The simplest result in this direction appears when 3 is an orthonormal basis
in a Hilbert space H, and was first proved by Stechkin wheno = 1/2 and g = 1
(see [31] or [8] for general «, q).

Theorem 1.1 [8,31] Let B = {e;}%2; be an orthonormal basis in a Hilbert space
H, and @« > 0,0 < g < co. Then

A(B,H) = ¢-(B; H)

where t is defined by % =a+ %

Many results have been published in the literature similar to Theorem 1.1
when H is replaced by a particular space (say, L?) and the basis 5 is a particular
one (for example, a wavelet basis). We refer to the survey articles [5, 35, 36]
for detailed statements and references.

There are also a number of results for general pairs (B, B) (even with the
weaker notion of quasi-greedy basis [9, 13, 20]). We recall two of them in the
setting of unconditional bases which we consider here. For simplicity, in all the
statements we assume that the basis is normalized, meaning |le;|lg = 1,V j € N.
The first result can be found in [21] (see also [11]).

Theorem 1.2 [21, Theorem 1], [11, Theorem 6.1] Let B be a quasi-Banach
space and B = {e J2a (normalized) unconditional basis satisfying the follow-
ing property: there exists p € (0, 00) and a constant C > 0 such that

S

kel

1
EIFI‘/P < <qr|'/» (1.1)

B
for all finite ' C N. Then, fora« > 0and 0 < g < oo we have

A%(B, B) = £79(B; B)

when t is defined by % =a+ %.
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Democracy and embeddings

Condition (1.1) is sometimes referred as B having the p-Temlyakov
property [20], or as B being a p-space [11, 16]. For instance, wavelet bases in L”
satisfy this property [33]. The second result we quote is proved in [13] (see also [21]).

Theorem 1.3 [13, Theorem 3.1]. Let B be a Banach space and B = {ej}2, a
(normalized) unconditional basis with the following property: there exist 1 <
p < q < oo and constants A, B > 0 such that when x =}, cje; € B we have

A l{citlea~ = llxlle = Bll{c;ler - (12)

Then, for o > 0and 0 < s < oo we have
73 (B; B) — AZ(B,B) — £%7(B; B) (1.3)
where Tl) =a+ % and % =a+ é. Moreover, the inclusions given in (1.3) are

bestposlsible in the sense described in Section 4 of [13].

Condition (1.2) is referred in [13] as (B, B) having the (p, q) sandwich
property, and it is shown to be equivalent to

e

kel

ATV < < B|Ir|Y/? (1.4)

B

for all ' C N finite. Observe that (1.4) coincides with (1.1) when p = ¢q.

The purpose of this article is to obtain optimal embeddings for A7 (B, B) as
in (1.3) when no condition such as (1.4) is imposed. As it may be expected,
the notion of “democracy function” will play a crucial role. More precisely, we
define the right and left democracy functions associated with a basis 5 in B by

hy(N; B.B) = sup | and h(N:B.B)= inf |3 %
rj=N 1| £ ekl lig IC=N{| = llexlls lig
for N=1,2,3,.... These functions are implicit in earlier works on greedy

approximation (see eg [9, 34, 38]) and explicitly defined in [19], page 203. We
refer to Section 5 for various examples where /,(/N) and A,(N) are computed
explicitly (modulo multiplicative constants). As usual, when /,(N) ~ h,(N) for
all N € N we say that B is a democratic basis in B (see [23]).

The embeddings will be given in terms of weighted discrete Lorentz spaces
¢, with quasi-norms defined by

1

el = (2 el 4)

k=1

where {c;} denotes the decreasing rearrangement of {|ci|} and the weight
n = {n(k)}3, is a suitable sequence increasing to infinity and satisfying the
doubling property (see Section 2.4 for precise definitions and references). In
the special case (k) = k'/* we recover the classical definition 7 = €79,
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Theorem 1.4 Let B be a quasi-Banach space and B an unconditional basis.
Assume that hy(N) is doubling. Then if « >0 and 0 < q < oo we have the
continuous embeddings

Clap, @y (B: B) = AL(B,B) = Eloy, 4y (B; B) . (L5)

Moreover, for fixed a and q these inclusions are best possible in the scale of
weighted discrete Lorentz spaces (3, in the sense explained in Sections 3, 4 and 6.

Observe that this theorem generalizes Theorems 1.2 and 1.3. In Theorem
1.2 we have h,(N) ~ hy(N) ~ N'? and in Theorem 1.3, h,(N) < N'/? and
h¢(N) 2 N4, When B is democratic in B, Theorem 1.4 shows that

A5 (B, B) = €l (B B)
with h(k) = h,(k) =~ hy(k), which recovers Corollary 1 in [13, Section 6] for
greedy bases in a Banach space.

Theorem 1.4 is a consequence of the results proved in Sections 3 and 4.
Section 3 deals with the lower embedding in (1.5) and shows the relation
to Jackson type inequalities. Section 4 deals with the upper embedding of
(1.5) and its relation to Bernstein type inequalities. Section 5 contains various
examples of democracy functions and embeddings with precise references;
these are all special cases of Theorem 1.4. In Section 6 we apply Theorem 1.4
to estimate the democracy functions 4, and £, of the approximation space A7.

Finally, the last section of the paper is dedicated to study the “greedy
classes” ¢ (B, B) introduced by Gribonval and Nielsen in [13], and their
relations with the approximation spaces A7 (B, B). The classes &7 are defined
similarly to the approximation spaces, but with the error of approximation
on(x) replaced by the quantity ||x — Gy(x)||p (see Section 2.3 for details).
It is easy to see that ¢¥7(B, B) C A7(B, B); moreover, since any democratic
unconditional basis is greedy (see [23]) if follows that in this case we have
¢, (B,B) = A7(B, B) . One may conjecture that for unconditional bases B the
converse is true, that is (B, B) = A7 (B, B) implies that B is democratic in B.
We do not know how to show this, but we can exhibit a fairly general class of
non-democratic pairs (8, B) for which <7 (B, B) # A7(B, B) for all « > 0 and
q € (0, 00]. This is the case for instance of wavelet bases when B is equal to
LP(log L)Y (y #0)or LP" (p # r). We also illustrate how irregular the classes
¢, (B, B) can be when B is not democratic, showing in simple situations that
they are not even linear spaces.

2 General setting
2.1 Bases

Since we work in the setting of quasi-Banach spaces (B, || - ||g), we shall often
use the p-power triangle inequality

I+ ylig < Ixlg + 11ylg (2.1)
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which holds for a sufficiently small p = pp € (0, 1] (and hence for all u < pp);
see [3, Lemma 3.10.1]. The case pg = 1 gives a Banach space.
A sequence of vectors B = {e f}?il is a basis of B if every x € B can be

uniquely represented as x = ch’il cje; for some scalars c;, with convergence

in || - |g. The basis 5 is unconditional if the series converges unconditionally,
or equivalently if there is some K > 0 such that
o0 o0
ijcjej <K ZC]‘(BJ' (22)
j:l B j:l B

for every sequence of scalars {A;}32, with [1;| <1 (see e.g. [15, Chapter 5]).

For simplicity in the statements throughout the paper we shall assume that
B is a normalized basis, meaning ||e;||zp = 1 for all j € N. We shall also assume
that the unconditionality constant in (2.2) is K = 1. This can be achieved if
necessary introducing an equivalent quasi-norm in B

o0
lxlls =  sup ijxjej , if x = ijej.
Ifinite, | ;|<1 jer —1
B
Observe that with this renorming we still have |le;llg = 1.

With the above assumptions, the following lattice property will be used
often below: if |yy| < |xx| for all k € Nand x = >, | xxex € B, then the series
Yy = po, ykek converges in B and ||y|lg < ||lx||z. Also, using (2.2) with K =1
we see that, for every I' C N finite

(}glcﬂ) Doeil =X oce §<sup|c,|> el 2.3)

jer B jer jer B
2.2 Non-linear approximation and greedy algorithm

Let B = {ej}f]?i] beabasisinB. Let Xy, N=1,2,3,...,bethesetofallye B
with at most N non-null coefficients in the unique basis representation. For
x € B, the N-term error of approximation with respect to B is defined as

on(x) =on(x:B,B) = inf |x—y|g. N=1,273...
YEXN

We also set Xy = {0} so that oyp(x) = ||x||p. Using the lattice property men-
tioned in Section 2.1 it is easy to see that for x = 377, ¢;e; we actually have

on(x) = 1nf X — Z c),ey , (2.4)
yell
that is, only coefficients from x are relevant when computing on(x); see e.g.
[11, (2.6)].
Givenx = Y% j=1 ¢jej € B, let & denote any bijection of N such that

lexpexpll = llcxrnex+nll, forall jeN. (2.5)
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Without loss of generality we may assume that the basis is normalized and then
(2.5) becomes |cx(j| = |cx(j+nyl, forall je N.A greedy algorithm of step N
is a correspondence assigning

00 N
X = ZC/'EJ‘ cBr— G?\/(x) = ZCH(])eﬂ(l)
j=1 j=1

for any 7 as in (2.5). The error of greedy approximation at step N is de-
fined by

yn(x) = yn(x; B, B) = sup |lx — G (0)|B. (2.6)

Notice that oyn(x) < yn(x), but the reverse inequality may not be true in
general. It is said that 3 is a greedy basis in B when there is a constant ¢ > 1
such that

yn(x; B,B) < cony(x; B,B), VxeB, N=1,2,3,...

A celebrated theorem of Konyagin and Temlyakov characterizes greedy bases
as those which are unconditional and democratic [23].

2.3 Approximation spaces and greedy classes

The classical non-linear approximation spaces A7 (3, B) are defined as follows:
fora >0and0 < g < o0

. Y
ASB.B) = {xeB: x|y = lxls + [Z (N“on(x: B, B))qﬁ} <00

n=1
When g = oo the definition takes the form:

A% (B,B) = {x € B: ||x]lax = lIx|ls + sup N¥opn(x) < oo}.
N=1
It is well known that A7 (B, B) are quasi-Banach spaces (see e.g. [29]). Also,
equivalent quasi-norms can be obtained restricting to dyadic N’s:

o0

x4z ~ Ixlls + [Z(z"“azk(x))q}

k=0
and likewise for ¢ = oo. This is a simple consequence of the monotonicity of
on(x) (see eg [29, Proposition 2] or [7, (2.3)]).
The greedy classes %q"‘ (B, B) are defined as before replacing the role of oy (x)
by the error of greedy approximation yy(x) given in (2.6), that is

1

00 | .
gqa(B, By=3{xeB: ||x||g; = ||lx|lg + |:Z (NaVN(XQ B. B))qﬁ] -
N=1

2.7)
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(and similarly for ¢ = c0). We also have the equivalence

1
00 q
Ixllge ~ llxll + [Z(zk“ Vox (x))"] : (2.8)
k=0
since yy(x) is non-increasing by the lattice property in Section 2.1.

Since on(x) < yn(x) for all x € B it is clear that!

G (B, B) <> A%(B,B). (2.9)

When Bis a greedy basis in B it holds that & (B, B) = A7 (B, B) with equivalent
quasi-norms. For non greedy bases, however, the inclusion may be strict, and
the classes &' may not even be linear spaces (see Section 7.1 below).

2.4 Discrete Lorentz spaces

Let n = {n(k)}32, be a sequence so that

(a) 0<nk) <ntk+1)forallk=1,2,...and limg_, n(k) = co.
(b) nisdoubling, thatis, n(2k) < Cn(k) forallk = 1,2, ..., and some C > 0.

We shall denote the set of all such sequences by W. If n € W and 0 < r < oo,
the weighted discrete Lorentz space ¢; is defined as

1

O=1s={sx}iz; €co 1 sl = [Z(n(ms,’;)’%] <00

k=1

(with |[|s]| ¢ = SUPgeN n(k)s; when r = c0). Here {s;} denotes the decreasing
rearrangement of {|sx|}, that is s} = |s;«)| where 7 is any bijection of N such
that |sz)| = |Sz@+| forall k = 1,2, ... (since we are assuming limy_, oo Sx = 0
such 7r’s always exist). When n € W the set ¢} is a quasi-Banach space (see e.g.
[4, Section 2.2]). Equivalent quasi-norms are given by

1/r
00

Islle, ~ | D (nchsi) | (2.10)

j=0

for any fixed integer « > 1. Particular examples are the classical Lorentz
sequence spaces £P" (with n(k) = k'/P), and the Lorentz—Zygmund spaces
£P(log £)? (for which n(k) = k'/?log” (k + 1); see e.g. [2, p. 285]).

Occasionally we will need to assume a stronger condition on the weights 7.
For an increasing sequence n we define

_ n(k)
M) =300 by

m=1,2,73,....

1Here, as in the rest of the paper, X — Y means X C Y and there exists C > 0 such that ||x|y <
C|lx| x for all x € X. The equality of spaces X = Y is interpreted as X — Y and Y — X.
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Observe that we always have M, (m) < 1. We shall say that n €¢ W, when n €
W and there exists some integer « > 1 for which M, («) < 1. This is equivalent
to say that the “lower dilation index” i, > 0, where we let

log M, (m)
m=1 —logm

Iy

For example, n = {k* log? (k + 1)} has i, =a, and hence n e W, iff « > 0. In

general, if 7 is obtained from a increasing function ¢ : Rt — R™ as n(k) =

¢ (ak), for some fixed a > 0, then i, > 0 iff iy > 0, the latter denoting the

standard lower dilation index of ¢ (see e.g. [24, p. 54] for the definition).
Below we will need the following result:

Lemma 2.1 If n € W__ then there exists a constant C > 0 such that
n
> ntch) < Cne™, YneN, (2.11)
=0
where k > 1 is an integer as in the definition of W .
Proof Write 8 = M, (k) < 1. By definition M, (k) > n(kx/)/n/*"), and
therefore
N’y <sn’, ¥ j=01,2,.... (2.12)
Iterating (2.12) we deduce that n(x/) < 8" /n(k™), for j=0,1,2,...,n and

hence

n . n ) 1
J n n—j n
> =0 38" < -
=0 =0
O

Remark 2.2 1f n is increasing and doubling, then {k* n(k)} € W, for all « > 0.
Also, if n € W, then n” € W, for all r > 0.

We now estimate the fundamental function of ¢,. We shall denote the
indicator sequence of I' C N by 1, that is the sequence with entries 1 for j e I’
and 0 otherwise.

Lemma 2.3
(a) Ifn e W then
leH@o =n(I|), Vfinite' C N.

(b) Ifﬂ € W+ and r € (0, 00) then
|1r], ~n(TD, ¥ finite T € N

with the constants involved independent of T.
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Proof Part (a) is trivial since n is increasing. To prove (b) use (2.10) and the
previous lemma. O

Finally, as mentioned in Section 1, given a (normalized) basis 5 in B we shall
consider the following subspaces

EZ(B, B):={x= chej eB: {cj}(]?i1 € E;f ,
=1

endowed with the quasi-norm |x|ls g = [[{c;}ll¢. These spaces are not
necessarily complete, but they are when

e
J

a property which holds in certain situations (see e.g. Remark 3.2). When this is
the case, the space £1 (B, B) is just an isomorphic copy of £1 inside B.

= Cl{c}llg, V finite {c;},
B

2.5 Democracy functions

Following [23], a (normalized) basis 5 in a quasi-Banach space B is said to be
democratic if there exists C > 0 such that

e

kel

<C
B

e

kel

)

B

for all finite sets I', I'" C N with the same cardinality. This is a key notion in
the theory of greedy approximation, as it allows to characterize greedy bases
as those which are both unconditional and democratic (see [23]).

As we recall in Section 5, wavelet bases are well known examples of greedy
bases for many function spaces, such as L”, Sobolev, or more generally, the
Triebel-Lizorkin spaces. However, they are not democratic in some other
instances such as BMO, or the Orlicz L® and Lorentz L?% spaces (when
these are different from LP?). In fact, it is proved in [39] that the Haar basis
is democratic in a rearrangement invariant space X in [0, 1] if and only if
X = L? for some p € (1, 00). An earlier example of non-democratic basis is
the multivariate (hyperbolic) Haar system in L?(R?) for p #2 and d > 1 (see
[34] and Example 5.5 below).

Thus, non-democratic bases are also common. To quantify the democracy of
a (normalized) system B = {¢;}32, in B one introduces the following concepts:

Sa Sa

kel kel

h,(N; B,B) = sup

and /hy(N; B,B) = in
ITI=N !

[|=N

’

B

B

which we shall call the right and left democracy functions of 5 (see also [9, 12,
19]). We shall omit B or B when these are understood from the context.
Some general properties of 4, and A, are proved in the next proposition.
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Proposition 2.4 Let B = {e;}72, be a (normalized) unconditional basis in B with
the lattice property from Section 2.1. Then

(a) 1 <hy(N)<h(N)<NY" VY N=1,2,..,wherep = pgisasin (2.1).
(b) h¢(N) and h,(N) are non-decreasingin N =1,2,3 ...

(¢) h,(N) is doubling, that is, 3 ¢ > 0 such that h,(2N) < ch,(N),V N € N.
(d) There exists ¢ > 1 such that hy(N + 1) < chy(N) forall N =1,2,3...

Proof

(a) and (b) follow immediately from the lattice property of B and the p-
triangular inequality.

(c) Given N €N, choose I'CN with |I'|=2N such that
| > ker ex ||B > h,(2N)/2. Partitioning arbitrarily T'=T"UT"
with || = |I'”| = N, and using the p-power triangle inequality,
one easily obtains

Sa

kel

1h,2N) < <2Y7h,(N).

Dt ) e

kel kel

B B

(d) Given NeN, choose I'CN with |[I'|=N such that
I > ker €kl < 2he(N). Let T =T U {k,} for any k, ¢ I'. Then

p 1/p
Sa s<zek +1)
B B

kel kel
< @Th(N)P + D).
Thus, using (a) we obtain hA,(N+1) < (2 + 1)%}1[(1\,) <2-
210 by (N). o

he(N+1) <

Remark 2.5 We do not know whether property (d) can be improved to show
that 41,(N) is actually doubling. This is however the case in all the examples we
have considered below (see Section 5).

3 Right democracy and Jackson type inequalities
Our first result deals with inclusions for the greedy classes ¥ (B, B).
Theorem 3.1 Let B = {e j}‘]’.il be a (normalized) unconditional basis in B. Fix

a > 0and g € (0, 00). Then, for any sequence n such that {k“n(k)}32, € W, the
following statements are equivalent:

1. There exists C > 0 such that forall N =1,2,3, ...

e

kel

<Cn(N), VT CNwith |T|=N. (3.1)

B
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2. Jackson type inequality for ;7 ;. (B, B):3 Cy > OsuchthatV N =0,1,2...

Y@ < Co(N + D xllz,, 5. ¥ X €20 BB  (32)

3. 4,00 B.B) — GI(B,B).

4. EZ’an(@ (B,B) — 4(B,B).

5. Jackson type inequality for E,‘fan(k)(B,]Eé): 3Cyq >0 such that ¥V N =
0,1,2,...

@) < Cag(N+ D Nxlly, . VXLl (B.B). (33

1(k)

Proof

1=2 Letx=3}yckex € {2, 4, (B, B) and let  be a bijection of N such
that

lextol = lexgrn), k=1,2,3,... (3.4)

For fixed N=0,1,2,..., denote X; = 2/(N + 1). Then, the p-power
triangle inequality and (2.3) give

Z Cr (k) en(k)

k=N+1

|x =GR =

ad o
; HZAjgdem Ca (k) (k) HIB

oo
P
P
= Z iyl HZA,gde, Cx k) HB'
j=0

There are exactly A ; = 2/(N + 1) elements in the interior sum, so using
(3.1) we obtain

|x - Gxw |l < cpz () = CPZ (Agei ()’
j=0

o B »
< Cp||x“€23n(k)<3vlﬂﬂ> (N+ 1)~ Zﬁoz joup

— - P
= Lap (N + 1) “p ”x”Ez?ln(k)(B’B) :
The result follows taking the supremum over all bijections 7 satisfying
(34).
Remark 3.2 The special case N = 0in (3.2) says that
lxlle < Cllxlles, , - (3.5)

which in particular implies €7, (B, B) < B, for all g € (0, oc].

n(k)

2 =3 This is immediate from the definition of 42 (and Remark 3.2), since

Ixlle 8.8) := lIxlle + sup N*yn(x) < Collxlle , 8.5
N>1
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3=1

5=1

1=4

LetI' ¢ Nwith |I'|=N. Choose I'" with |[I'|=N and so that ' N " =,
and consider x = )", 1 ex + Y, 2¢x . Then

yn@) =D er| . (3.6)
kel B
and therefore
N Ter| = Ny < lxllge .- (37)
kel B

On the other hand, call w(k) = k*n(k). By monotonicity, Lemma 2.3
and the doubling property of w we have

¥l @5 < 2] 1o | =20CN) < co(N). (3.8)
Combining (3.7) and (3.8) with the inclusion ¢;%, ; (B, B) — 95(B, B)
gives (3.1).
LetI' ¢ Nwith |T'| = N, and choose I’ and x as in the proof of 3 = 1.

As before call w(k) = k“n(k). Then Lemma 2.3 and the assumption
w e W, give

Il 5.8 < 2| 1rur || ® ©@2N) < co(N).
Since we are assuming 5 we can write (recall (3.6))

e

kel

=yN@) = Cap(N+ D Nxllg 5 S N 0 (N) =n(N),
B

which proves (3.1).

The proof is similar to 1= 2 with a few modifications we indi-
cate next. Given x € Ezan(k)(B, B) and 7 as in (3.4) we write x =
Xl:;;i__l Y 2ick<ai Cr(ky€x(k)- Then arguing as before (with N = 2"") we
obtain

o0
= Gl = Y lexenl | Sarcicam eno]
j=m

where we choose now any p < min{q, pg}. Taking the supremum over
all r’s and using (3.1) we obtain

o0
yan (6 B,BY* < C* )" (c3,n(2))".
j=m
Therefore
(o] % 00 o0 a/n Va
S| se| S Shsemery
m=0 m=0 j=0
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Since g/ > 1, we can use Minkowski’s inequality on the right hand
side to obtain

. : M o 00 w/g VH
S| <o) 3 (Sl e
m=0 _j:O m=0
M o o /g
— C szja;l, Zzeaq[czl r)(zf)]q
= =

/4
< C'lieitle, -

This implies the desired estimate

Iz S Iewdleg,

using the dyadic expressions for the norms in (2.8) and (2.10) (and
Remark 3.2).
4 = 5 Thisis trivial since 4 implies Eqank(B, B) — g;‘ (B,B) — 9% (B, B),and

this clearly gives (3.3).
O

Remark 3.3 The equivalences 1 to 3 remain true under the weaker assumption
{k*n(k)} € W.

Remark 3.4 Observe that if any of the statements in 2 to 5 of Theorem 3.1
holds for one fixed o > 0 and ¢ € (0, co], then the assertions remain true for
all « and ¢ (as long as {k*n(k)} € W), since the statement in 1 is independent
of these parameters.

Corollary 3.5 (Optimal inclusions into ) Let B be a (normalized) uncondi-
tional basis in B. Fix « > 0 and q € (0, oo]. Then

Moreover, if o € W, then, £3(B,B) — %I;‘ (B, B) if and only if w (k) 2 k*h, (k).

Proof For g < oo, the inclusion (3.9) is an application of 4 in the theorem with
n = h, (after noticing that {k*h,(k)} € W, by Proposition 2.4 and Remark 2.2).
The second assertion is just a restatement of 1 < 4 with (k) = w(k)/k*. For
q = oo use 3 instead of 4. O

We now prove similar results for the approximation spaces A7 (B, B).
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Theorem 3.6 Let B = {ej}?i1 be a (normalized) unconditional basis in B.
Fix « > 0 and q € (0, c0]. Then, for any sequence n € W the following are
equivalent:

1. There exists C > 0 such that forall N =1,2,3, ...

Sa

kel

<Cn(N), VT cNwith|l'| = N. (3.10)
B

2. llyuy (B, B) — A%(B,B).
3. Jackson type inequality for K,fan(k)(B,IB%): 3Cqaq >0 such that YN =
0,1,2,...

on(x) < Coyg(N + 1)—“||x||€gamk)(,3’ﬁ), Vxe %n(k) (B,B). (3.11)

Proof 1 = 2 follows directly from Theorem 3.1 and ¥ — A7. Also,2 = 3 is
trivial since A§ < A%, and 3 is equivalent to €., (B, B) < A%,

We must show 3 = 1. Let k > 1 be a fixed integer as in the definition of
the class W (and in particular satisfying (2.11)), and denote 15 = ), _, ex for
a set A ¢ N. For any I',, € N with |I',| = «", we can find a subset I',,_; with
IT,—1| = «"~! such that

ITr, — Ir, I8 < 2041 (11,).
Repeating this argument we choose I'j_; C I'; with |T';| = «/ and so that
Ir;, = 1r, g < 20,1 (1r), forj=1,2...,n.

Setting I'_; = ¢, and using the p-power triangle inequality we see that

P

n n n
e g =D 1, = 1r, | <D M, —1rlIE 27> o (i)’
j=0 j=0 J=0

B

Now, the hypothesis (3.11) and Lemma 2.3 give

o (Ir) Sk Irlles, mm = nk).

n(k)
Thus, combining these two expressions we obtain

lp

e ds S [ Y n6h? | < Cnie™, (3.12)
j=0

where the last inequality follows from the assumption n € W, and Lemma 2.1.
This shows (3.10) when N = «", n = 1,2, ... The general case follows easily
using the doubling property of 1. O
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Remark 3.7 As before, if any of the statements in 2 or 3 holds for one fixed
a > 0 and g € (0, oo], then the assertions remain true for all @ and g, since 1 is
independent of these parameters.

Remark 3.8 Observe also that 1 = 2 = 3 hold with the weaker assumption
{k*n(k)} € W, from Theorem 3.1 (and in particular hold for n = h, as stated
in (1.5)). However, the stronger assumption n € W, is crucial to obtain 3 = 1,
and cannot be removed as shown in Example 5.6 below.

Corollary 3.9 (Optimality of the inclusions into A7) Let B be a (normalized)
unconditional basis in B. Fix « > 0 and q € (0, oo]. Then

Clap, 4y (B, B) = A%(B, B). (3.13)

If for some w € W, we have £},(B, B) — Af]‘ (B, B), then necessarily w(k) 2 k*.
Moreover if w(k) = k*n(k), with n increasing and doubling, then

(a) ifi, > 0, then necessarily n(k) = h,(k), and hence £, — Eza I (-

(b) ifi, =0, then n(k) 2 h,(k)/(log k)" and ¢}, K

= e, oy tog ey

n(k)

Proof The inclusion (3.13) is actually a consequence of (3.9). Assertion (a) is
just 2 = 3 = 1 in the theorem. For assertion (b) notice that in the last step of
the proof of 3 = 1, the right hand inequality of (3.12) can always be replaced
by

n 1p
Il S [Z n(K])p] < n("n'”
j=0

when 7 is increasing. Thus /,(N) < n(N)(log N)'/# holds for N = «", and by
the doubling property also for all N € N. Finally, if £%,(B, B) < Ay (B, B) for
some general w € W, then given I' C N with |[I'| = N we trivially have

o(N) ~ |Irllg Z Mrllag = (N/2)* onp(Ir) = (N/2)%. 0

Remark 3.10 Assertion (b) shows that the inclusion in (3.13) is optimal, except
perhaps for a logarithmic loss. The logarithmic loss may actually happen, as
there are Banach spaces B with /,(N) =~ log N and so that

_ gl — g
AgB) = Le = Clan, o108k

See Example 5.6 below.

4 Left democracy and Bernstein type inequalities
It is well known that upper inclusions for the approximation spaces 4%, as in

(1.5), depend upon Bernstein type inequalities. In this section we show how
the left democracy function of 55 is linked with these two properties.
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We first remark that, for each « > 0 and 0 < g < co, the approximation
classes A7 and ¢ satisty trivial Bernstein inequalities, namely, there exists
Ca.q > Osuch that

Ixllaz.8) < X9z < Caqg N*lIxll, YxeZy, N=12,... (41)

This follows easily from the definition of the norms and the trivial estimates
on(x) < yn(x) = x|

We start with a preliminary result which is essentially known in the literature
(see eg [29]). As usual B = {e;}%2, is a fixed (normalized) unconditional basis
in B.

Proposition 4.1 Let E be a subspace of B, endowed with a quasi-norm ||.||g sat-
isfying the p-triangle inequality for some p = pg. For each a > 0 the following
are equivalent:

1. 3C, > Osuchthat |x||g < Co N¥|x|lg, VX € XN, N=1,2,...
2. AJ(B,B) > E.
3. 97(B,B) — E.

Proof

1 =2 Givenx € Aj (B, B), by the representation theorem for approximation
spaces [29] one can write x = ) ;- xx with x4 € o, k=0,1,2,...,
such that

o0 1/p
ki
(Zz “ﬂnxkng) < Cllx[| 4z 5.5 -
k=0

The hypothesis 1 and the pg-triangular inequality then give

o0 (o]
o P ki P P
el < > xellg < €4 Y- 25 lxells < Clixll s s -
k=0 k=0

2 = 3 This follows from the trivial inclusion %g‘ (B,B) — A% (B,B).
3 =1 Thisisimmediate using (4.1).
O

Theorem 4.2 Let B = {e;}2, be a (normalized) unconditional basis in B. Fix
a > 0 and q € (0, o0]. Then, for any increasing and doubling sequence {n(k)}
the following statements are equivalent:

1. There exists C > 0 such that forall N =1,2,3, ...

S

kel

> Lyp(N), VT cNwith|T| = N. 4.2)

B
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2. Bernstein type inequality for ¢ g"n(k) (B,B): 3 Cy g > 0such that

||x||zga,](k)(5,3) < Cog N lxllg, YxeXy, N=1,2,3,... (4.3)

3. AXB,B) = Ll (B, B).

o q

4. gq (B, B) — eknn(,{)(B, B).

Proof

1=2 Letx=),_ckex € Xy. For any bijection = with |c,)| decreasing,

and any integer m € {1, ..., N} we have
m m
(x| N0m) < Cleauml | D exp| = C | D cxpenn| = Clixlz.
B j=1 B

=1
using (2.3) in the second inequality. This gives

—1/4q

N 1 1/q N 1
Ixles,, , = [Z(m%(m)c?;,)qg} <Clixs [Z m— | s N
m=1 m=1 .

2=1 ForanyI' C Nwith || = N, applying (4.3) to 1Ir = ), ex We obtain
BB = N(N),

where in the last inequality we have used |1t |2 2 @(N),whenw € W.

2 = 3 We have already proved that 1 < 2; since 1 does not depend on ¢, ¢,
then 2 actually holds for all @ > 0. In particular, from Proposition 4.1,
we have

1 —o
Itrlle = = N~ltrlle,

A > E =t 4, (B, B) (4.4)

for a € (5, 37“) and some sufficiently small p > 0. Now, from the
general theory developed in [7], the spaces A7 satisfy a reiteration
theorem for the real interpolation method, and in particular

Ag = (Agg’Agl)l/z,q’ (4.5)

1
when o = (ap + 1) /2 with «; > ¢ > 0, and g, q1, g € (0, co]. On the
other hand, for the family of weighted Lorentz spaces it is known that

(€9, ¢1),, =10, 0<0<1 0<g=os, (4.6)

o’ Twy

when wg, w; € W, and o = 0y’ (see e.g. [25, Theorem 3]). Thus,
for fixed @ and g, we can choose the parameters accordingly, and use
the inclusion (4.4), to obtain

— a q _ g
AG = (A, Az])l/z,q > (Ceo iy ek“lr;(k))l/lq = Lyt (B, B).

3 = 4 This is trivial since 4% — AZ.

4 = 2 This is trivial from (4.1). ]
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Remark 4.3 Observe that 3 = 4 = 2 & 1 hold with the weaker assumption
{k*n(k)} e W.

Corollary 4.4 (Optimal inclusions of A7 into ¢l) Let B be a (normalized)
unconditional basis in B. Fix « > 0 and q € (0, oo].

(a) If he(N) is doubling then A%(B,B) < ([, . (B,B).
(b) If for some w € W we have A (B, B) — L2(B, B) then necessarily w(k) <
k%h,(k), and hence K,fuh[(k) s ¢J

Proof Part (a) is an application of 1 = 3 in the theorem with n = A, (which
under the doubling assumption satisfies {k“h,(k)} € W, for all ¢ > 0). Part
(b) is just a restatement of 3 = 1 in the theorem, setting (k) = w(k)/k* and
taking into account Remark 4.3. O

5 Examples and applications

In this section we describe the democracy functions 4, and 4, in various
examples which can be found in the literature. Inclusions for A7(B, B) and
%" (B,B) will be obtained inmediately from the results of Sections 3 and
4. The most interesting case appears when B is a wavelet basis, and B a
function or distribution space in R¢ which can be characterized by such basis
(eg, the general Besov or Triebel-Lizorkin spaces, B}, and F} . and also
rearrangement invariant spaces as the Orlicz and Lorentz classes, L® and
LP-7). Such characterizations provide a description of each B as a sequence
space, so for simplicity we shall work in this simpler setting, reminding in each
case the original function space framework.
Let D = D(RY) denote the family of all dyadic cubes Q in R?, ie

D={Qjx=27(10. )" +k) : jeZ kezl}

We shall consider sequences indexed by D, s = {sp}pep, endowed with quasi-
norms of the following form

1/r

1 r
> (100 Isol xo()) , (5.1)
QeD
X

where 0 <r < 0o, y € R and X is a suitable quasi-Banach function space in
R4, such as the ones we consider below. The canonical basis B, = {eo}oep
is formed by the sequences ey with entry 1 at Q and 0 otherwise. In each
of the examples below, the greedy algorithms and democracy functions are
considered with respect to the normalized basis B = {eg/|leglls}. Similarly,
when stating the corresponding results for the functional setting we shall write
W for the wavelet basis.
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Example 5.1 (X = LP(R?%), 0 < p <o0) In this case, it is customary to consider
the sequence spaces f), ., s € R, 0 < r < oo, with quasi-norms given by

1/r
Isly, = { 2 (12 Isal xo())
" QeD
LP(R4)
It was proved in [11, 16, 18] that, for all s € Rand 0 < r < oo,
he(N: §,,) ~ by (N §3,,) ~ N'/? (52)
and
A (R =95, = s ¢ (solleally, o € %), (5.3)

if % =a+ %, as asserted in Theorem 1.2.

Itis well-known that §), , coincides with the coefficient space under a wavelet
basis W of the (homogeneous) Triebel-Lizorkin space F; (R9), defined in
terms of Littlewood—Paley theory (see e.g. [10, 22, 26]). In particular, under
suitable decay and smoothness on the wavelet family (so that it is an uncon-
ditional basis of the involved spaces) the statement in (5.3) can be translated
into

AV, Fy (RY) =95 W, F (RD) = BSed(RY)

when é =+ % We refer to [5, 11, 16, 17] for details and further results.

Example 5.2 (Weighted Lebesgue spaces X = LP(w),0 < p < oo) For weights
w(x) in the Muckenhoupt class A (RY), one can define sequence spaces
f, »(w) with the quasi-norm

1/r

Hs“f“p,(m = Z (|Q|_§_%|SQ|XQ('))r

QeD
LP (R4, w)

Similar computations as in the previous case in this more general situation will
also lead to the identities in (5.2) and (5.3), with ), , replaced by f}, ,(w). We
refer to [21, 27] for details in some special cases.

When W is a (sufficiently smooth) orthonormal wavelet basis and w is a
weight in the Muckenhoupt class A (Rd) 1 < p < oo, then §° o(w) becomes
the coefficient space of the weighted Lebesgue space L”(w) (see e.g. [1]). One
then obtains as special case

he(N; W, LP () ~ h(N; W, LP () ~ N7 .
Moreover, if v € A, (R%),
ALV, LP () ~ 92OV, LPw) ~ B2 ™), it L=a+1,

where B‘;" ,(w) denotes a weighted Besov space (see [27] for details).
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Example 5.3 (Orlicz spaces X = L®(R%)) Following [12], we denote by f* the
sequence space with quasi-norm

172

2
— xo(-)
Islls = | { D2 (Isol 452 ) ,

QeD

L®(Rd)

where L? is an Orlicz space with non-trivial Boyd indices. If we denote by
@) = 1/®71(1/1), the fundamental function of L®, then it is shown in [12]
that

DY o inf 9(NS) AL AP @(Ns)
he (N5 %) & b GG and R (NG ) A sup S0,

with the two expressions being equivalent iff ¢(r) = t'/? (ie, iff L® = LP).
Thus, these are first examples of non-democratic spaces, with a wide range
of possibilities for the democracy functions. The theorems in Sections 3 and
4 recover the embeddings obtained in [12] for the approximation classes
AZ (f®) and 54;‘ () in terms of weighted discrete Lorentz spaces. When using
suitable wavelet bases, these lead to corresponding inclusions for A7V, L®)
and %;‘ (W, L®), some of which can be expressed in terms of Besov spaces of
generalized smoothness (see [12] for details).

Example 5.4 (Lorentz spaces X = LP4(R%), 0 < p,q < o) Consider se-
quence spaces [”? defined by the following quasi-norms

172

2
Isla = | { D= (isol 2517 )

QeD
Lra(R4)

Their democracy functions have been computed in [14], obtaining
he(N; 179y ~ Nwsto  and Ay (N; P9) ~ Nwwtra .

These imply corresponding inclusions for the classes A¢ (I77) and ¢ ([7-?) in
terms of discrete Lorentz spaces £7* (as described in the theorems of Sections
3 and 4). The spaces 79 characterize, via wavelets, the usual Lorentz spaces
LP4(R%) when 1 < p < coand 1 < ¢ < oo [32]. Hence inclusions for AY(W, LP9)
and 4% (W, L?7) can be obtained using standard Besov spaces.

Example 5.5 (Hyperbolic wavelets) For 0 < p < oo, consider now the se-
quence space

12
BA%
I, = | (D2 (isl %52 )
R

Lr(Rd)
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where R runs over the family of all dyadic rectangles of R?, that is R =
Iy x ... x Iy, with I; e D(R),i =1, ..., d. This gives another example of non-
democratic basis. In fact, the following result is proved in [38, Proposition 11]
(see also [34]):

(a) fO<p=2,
he(N: fhy) ~ NYPog M) 20 and By (N3 fh) ~ NP
(b) If2<p<oo,
he(N:ff) ~ N2 and  R(N:ff,) ~ N'P(og N)a— @
If H, denotes the multidimensional (hyperbolic) Haar basis, then fﬁyp

becomes the coefficient space of the usual L?(R?) if 1 < p < oo (and
the dyadic Hardy space H”(RY) if 0 < p < 1). In this case, one obtains
corresponding inclusions for the classes A‘; (H4, L?) and gqa (Hgq, LP) (see
also [19, Theorem 5.2]), some of which could possibly be expressed in
terms of Besov spaces of bounded mixed smoothness [6, 19].

Example 5.6 (Bounded mean oscillation) Let bmo denote the space of se-
quences s = {s}7ep With

1/2

1

ISll6mo = sup (- Z |SJ|2|J|) < 0. (5.4)
rep \M1, 750p

This sequence space gives the correct characterization of BMO(R) for

sufficiently smooth wavelet bases appropriately normalized(see [10, 16, 37]).

Their democracy functions are determined by

hy(N;bmo)~ 1, h,(N;,bmo)~ (log N)l/z. (5.5)

The first part of (5.5) is easy to prove, and the second follows, for instance, by
an argument similar to the one presented in the proof of [28, Lemma 3]. Our
results of Sections 3 and 4 give in this case the inclusions:

q o o 9 _ pljeg
Ek«@ — G (bmo) — Ay(bmo) — {;, = ¢ . (5.6)

However, this is not the best one can say for the approximation classes A7. A

result proved in [30] (see also Proposition 11.6 in [16]) shows that one actually
has

Al(bmo) = AZ(L>®) = '/,
forall¢ > 0 and g € (0, oc]. For 0 < r < oo one can define the space bmo, re-

placing the 2 by r in (5.4); it can then be shown that A,(N; bmo,) ~ (log N) v
and A% (bmo,) = /e,

6 Democracy functions for AZ (B, B) and 54;‘ (B, B)

As usual, we fix a (normalized) unconditional basis B = {e j}‘]’.il in B. In this
section we compute the democracy functions for the spaces A7 (B, B) and
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g;t (B,B), in terms of the democracy functions in the ambient space B. To
distinguish among these notions we shall use, respectively, the notations

he(N: AD.  he(N: 9% and  y(N; B),

and similarly for 4, (recall the definitions in Section 2.5). Since we shall use the
embeddings in Sections 3 and 4, observe first that

hy(N; £1(B,B)) ~ h,(N; £1(B,B)) ~ w(N), (6.1)
for all w € W, and 0 < g < oo. This is immediate from the definition of the
spaces £/,(B, B) and Lemma 2.3.

Proposition 6.1 Fix« > 0and 0 < g < oo. If hy(-; B) is doubling then

(@) he(N;9) = N*hy(N; B).
(b) k. (N; %) ~ Nh,(N; B).

In particular, B is democratic in 9} (B, B) if and only if B is democratic in B.
Proof The inequalities “>” in (a), and “<” in (b) follow immediately from the
embeddings

gy (Bi B) <> G (B, B) < €, (B:B)

and the remark in (6.1). Thus we must show the converse inequalities. To
establish (a), given N = 1,2, 3, ... choose " with |[I'| = N and so that || 1r||p <
2hy(N; B). Then, using the trivial bound in (4.1) we obtain

he(N:9)) < Illrllge S N¥l1rlls ~ N“hy(N;B).

We now prove “>” in (b). Given N = 1, 2, ..., choose first I" with |T'| = N
and ||1r|g > %h,(N; B), and then any I'" disjoint with I" with [I''| = N. Then

h2N:9%) = ||1rur| ~ N“h.(N;B).

> N*yn(lrur; B) 2 N* || 1r

g s

The required bound then follows from the doubling property of 4. O
Proposition 6.2 Fix o > 0 and 0 < g < oo, and assume that h,(-;B) is dou-
bling. Then

(a) he(N: A2) ~ N“hy(N; B).
(b) A (N; AY) < N*h(N: B).

In particular, if B is democratic in B then B is democratic in .A‘; (B, B).

Proof As before, “>” in (a), and “<” in (b) follow immediately from the
embeddings
EZuh,<k)(5; B) — A7 (B,B) — Equh((k)(B; B).

The converse inequality in (a) follows from the previous proposition and the
trivial inclusion ¥ < Ag. ]
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As shown in Example 5.6, the converse to the last statement in Proposition
6.2 is not necessarily true. The space B = bmo is not democratic, but their ap-
proximation classes A% (bmo) = ¢!/ 4 are democratic. Moreover, this example
shows that the converse to the inequality in (b) does not necessarily hold, since

h,(N; Al(bmo)) = N* but N%h,(N; bmo) ~ N*(log N)'/%.

Nevertheless, we can give a sufficient condition for #A,(V; Ag) ~
N®h,(N; B), which turns out to be easily verifiable in all the other examples
presented in §5.

Property (H) We say that B satisfies the Property (H) if for each n =
1,2,3, ... there exist I',, C N, with |T",,| = 2", satisfying the property

Il ~ A" B), VI'CT, with |I'|=2""
Proposition 6.3 Assume that B satisfies the Property (H). Then, for all « > 0
and 0 < g < o0

hy(N; A7) ~ N*h.(N; B)
Proof We must show “>”, for which we argue as in the proof of Proposition
6.1. Given N = 2", select T',, as in the definition of Property (H). Then,
h.(N; A2) = |1,

As Z N¥onp(Ir,).

Now, the property (H) (and the remark in (2.4)) give
onp(r,) = inf{|lp|s : IV CT, |IV|=N/2} ~ h(N/2;B) ~ h,(N;B).
Combining these two facts the proposition follows for N = 2". For general N

use the result just proved and the doubling property of 4,. O

As an immediate consequence, the property (H) allows to remove the pos-
sible logarithmic loss for the embedding Ezu h (k) (B,B) — AfI‘ (B, B) discussed in
Corollary 3.9.

Corollary 6.4 (More about optimality for inclusions into A7) Assume that
(B, B) satisfies property (H). If for some a > 0, q € (0, oo] and v € W we have
LB, B) — .AZ(B,IB%), then necessarily w(k) > k*h,(k), and therefore £} —

q
Cean, oy

The following examples show that Property (H) is often satisfied.

Example 6.1 Wavelet bases in Orlicz spaces L®(R?) satisfy the property (H).
Indeed, recall from [12, Theorem 1.2] (see also Example 5.3) that

h,(N; L®) ~ sup @(Ns)/¢(s) . (6.2)
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Moreover, any collection I of N pairwise disjoint dyadic cubes with the same
fixed size a > 0 satisfies

Ilrllze ~ @(Na)/p(a), (6.3)

(see eg [12, Lemma 3.1]). Thus, for each N = 2", we first select a, = 2/¢ so
that 4,(2"; L®) ~ ¢(2"a,)/¢(a,) , and then we choose as I',, any collection of
2" pairwise disjoint cubes with constant size a,. Then, any subfamily I'' C T,
with [I"| = N/2, satisfies

I lize = @((N/2)an)/¢(an) ~ ¢(Nay)/p(an) ~ h(N) ~ h.(N/2),
by (6.3) and the doubling property of ¢ and 4,.
Example 6.2 Wavelet bases in Lorentz spaces L?9(R%), 1 < p, q < oc. These

also satisfy the property (H). Indeed, it can be shown that any set I" consisting
of N disjoint cubes of the same size has

1
ITrllLea =~ N?¥ |
while sets A consisting of N disjoint cubes all having dif ferent sizes satisfy
1
ITallLra &~ Na .

(see [14, (3.6) and (3.8)]). Since h,(N) ~ N'/(P"D we can define the I',’s with
sets of the first type when p < ¢, and with sets of the second type when g < p,
to obtain in both cases a collection satisfying the hypotheses of property (H).

Example 6.3 The hyperbolic Haar system in L?(R?) from Example 5.5 also
satisfies property (H). In this case, again, any set I consisting of N disjoint
rectangles has

1
Irllzr@sy = Nv .

On the other hand, if A, denotes the set of all the dyadic rectangles in the unit
cube with fixed size 27", then

1 1
_ @d-hH(z-=)
||1A,,||LP(]R'1) ~ 2n/11n(d D/2 o |An|1/”(log|An|) 27 p . (6.4)

Moreover, it is not difficult to show that any A"’ C A, with |A’| = |A,|/2 also
satisfies (6.4) (with A, replaced by A’). Hence, combining these two cases
and using the description of /,(N) in Example 5.5, one easily establishes the

property (H).
7 Counterexamples for the classes 54;‘ (B, B)
7.1 Conditions for 4 # A7

Recall from Section 2.3 that 4 (B, B) — A7 (B, B), with equality of the spaces
when B is a greedy basis. It is known that there are some conditional
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democratic bases for which 4 = A7 (see [13, Remark 6.2]). For unconditional
bases, however, one could ask whether non-democracy necessarily implies that
¢, # A;. We do not know how to prove such a general result, but we can show
that the inclusion A7 < ¢ must fail whenever the gap between /,(N) and
h,(N) is at least logarithmic (and even less than that). More precisely, we have
the following.

Proposition 7.1 Let B be an unconditional basis in B and « > 0. Suppose that

there exist integers py > gy > 1, N =1,2, ... such that
h, “
lim 2 = o and () e <p—N) . (7.1)
N—oo gN he(pN)

Then the inclusion A%(B,B) — 9%(B, B) does not hold for any t € (0, co].

Proof For each N, choose I'j, I', € N with |I;| = py, [T'/| = qn, and such that

e < 2he(pa), e = 3 Ae(gn) .- (72)

Set xy = 1["_ +2- lrl_r]nrr . Since #I;,—-IyNT,) > PN — 4N, when ke
[1, pNy — gn] we have

lxny — Ge@xem)lie = Il > 3 h(gn).

Therefore, using py — gy > pn/2 (since py/gn > 2 for N large), we obtain
that

PN/2 T
IxnllgeBm > 3 [Z (kR (qn))" 4 Z h(qn) Py - (7.3)
k=1

On the other hand, we can estimate the norm of x as follows:
lxnlle < I, e + Ir-ror e < A(gn) +2he(pn) S he(gn)  (74)
where the last inequality is true for N large due to (7.1). Thus
or(xn) < llxnlls S Ar(gn) - (7.5)
Next, if k > gn, by (7.2)
ok (xN) < 2l1Ir,-ror e < 201l S he(pn) - (7.6)
Combining (7.4), (7.5) and (7.6) we see that

A=

gn—1 1 PNT4GN
lenllasse S heian) + | Y (Khgw) 2+ D2 k“hz(pN))
k=1 k=gn

< I(qn) + [r@n) (@) + he(p)* (pn)*]*
S he(gn) + R (gn) (@) S he(gn) (@n)” (7.7)
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where in the second inequality we have used the elementary fact Zf:"; kr=1 <
bY if b > a, and the third inequality is due to (7.1). Therefore, from (7.3) and
(7.7) we deduce

XN ll e > h(an)(pw)® (@)“ N

llxn .42 h(gn)(gn)® qn

as N — oo. This shows the desired result. O

Corollary 7.2 Let B be an unconditional basis such that hy(N) < NP and
h.(N) > NP1, for some B, > By > 0. Then, %"‘ + Ag forall @« > 0 and all q €
(0, oo].

Proof Choose r, s € N, such that Ziﬁ? <+t <1. Take py = N’ and gy = N'.
P

Then, limy_, q—z = limy_ o N*7" = oo and

h(gn) o N aimn (ﬁ) _ (p_zv>“
he(pn) = NP N an’

which proves (7.1) in this case, so that we can apply Proposition 7.1. O

Corollary 7.3 Let B be an unconditional basis such that for some B > 0 and
y > 0 we have either

(i) h,(N) > NP(log N)” and hy(N) < NP, or
(ii) h.(N) = NP and hy(N) < NP(log N)77.
Then, G # Ag forall a > 0 and all q € (0, oo].

Proof i) Choose a,b € N such that 0 < § < # Let py = N2V and gy =

b . .
2N Then, limy_ oo 5—2’ = limy_o N = 0o and

N°\B NP b

hr(qN) > (2 ) (logbz )y ~ N°Y — befaﬂ - Naut — (p_N>a
he(pn) = N#QN)E Nab qn

which proves (7.1) in this case, so that we can apply Proposition 7.1 to conclude

the result. The proof of ii) is similar with the same choice of py and gx. ]

7.2 Non linearity of %;‘ (B, B)

We conclude by showing with simple examples that (5, B) may not even be
a linear space when the basis 3 is not democratic.

Let B=1¢7 @, 9,0 < g < p < oo; that is, B consists of pairs (a, b) € £F x
¢, endowed with the quasi-norm ||al|¢;» + ||b||e« - We consider the canonical
basis in B.

Now,set 8 =a + % and x = {(k#,0)}xeny € B. For N =1,2,3, ... we have

| 1/p 1 1/p
yN(X) = (Z kTP) ~ (W) = N “.

k>N
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This shows that x € 4% (B,B). Similarly, if we let y =ao + é, then y =

{(0, j7")}jen belongs to 4% . We will show, however, that x + y ¢ 2. In fact,
we will find a subsequence N, of natural numbers so that

YN, (X +y) = (7.8)

1
Nt;ﬁ/)/
(notice that 8 < y since we chose ¢ < p). To prove (7.8) let A; = {1} and

1 1 1

The number of elements in A is

}, j=2.3,...

Ajl & 1P — (=P j=1,2.3, (7.9)

ForJ=2,3,4,... let Ny = Z;zl |Aj| 4+ J. From (7.9) we obtain

J
NJ%Z]'%_'—}-J%J%-}-]Q:J%,
=1
since y > B. Thus,

ip 1/q
yw A~ [ STkl S| s [y gt
ksJ 7 =t
— Jor/B N e Y S (N])—aﬁ/y,

proving (7.8).
A simple modification of the above construction can be used to show that
the set ¢4 (B, B) is not linear, for any « > 0 and any s € (0, 00).

Note added in Proof C. Cabrelli and U. Molter have pointed out to us that the conditions
in Proposition 7.1 hold for every « > 0 as long as limy_,ooh(N)/hj(N) = oo, or even if one
only assumes lim supy_, ../,(N)/hj(N) = oo and h; doubling. A proof of these facts will appear
elsewhere.
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