J. Math. Anal. Appl. 524 (2023) 127072

Contents lists available at ScienceDirect

Journal of Mathematical Analysis and Applications

journal homepage: www.elsevier.com/locate/jmaa

Regular Articles

Representation of weakly maxitive monetary risk measures and n

Check for

their rate functions

José M. Zapata, '

Centro Universitario de la Defensa, Universidad Politécnica de Cartagena, ¢/ Coronel Lépez Pena S/N,
80720 Santiago de La Ribera, Murcia, Spain

ARTICLE INFO ABSTRACT
Article history: This article provides a representation result for monetary risk measures (i.e.,
Received 11 July 2022 monotone translation-invariant functionals) satisfying a weak maxitivity property.

Available online 31 January 2023

This result can be understood as a functional analytic generalization of the Gartner-
Submitted by S. Geiss

Ellis large deviations theorem. In contrast to the classical Gartner-Ellis theorem, the
rate function is computed on an arbitrary set of continuous real-valued functions

ﬁiﬂfiﬁ;onetary risk measure rather than the dual space. As an application of the main result, we establish a
Large deviations large deviations result for sequences of sublinear expectations on regular Hausdorff
Rate function topological spaces.

Laplace principle © 2023 The Author(s). Published by Elsevier Inc. This is an open access article

under the CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

The theory of large deviations studies the asymptotic tail behavior of sequences of random variables.
The earliest developments of this theory arose in the context of ruin theory in actuarial science [10,11],
while Varadhan and Donsker [13,27] systematically developed the modern framework of this field. First, we
recall the basic principles of large deviations theory; we refer to the excellent monograph by Dembo and
Zeitouini [12] for further details and the historical background.

Let E be a regular Hausdorff topological space and let (X, )n,en be a sequence of E-valued random
variables defined in a common probability space (2, F,P). The sequence (X,),ecn is said to satisfy the
large deviation principle (LDP) with rate function I: E — [0, oo] if

— inf I(z) <liminf 1 logP(X,, € A) < limsup ! logP(X,, € A) < — inf I(z)

z€int(A) n—oo N n—soo N zEcl(A)
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for all Borel sets A C E.? Varadhan’s integral lemma asserts that a sequence (X, ),ecn that satisfies the
LDP with rate function I(-) also satisfies the Laplace principle (LP) with rate function I(-); that is,

P(f) = sup{f(z) — I(x)}

zeE

for all f € Cy(E).> We denote by ¥(f) = lim,_ = log Ep[e"/(X»)] the asymptotic entropy of f.! The
converse of Varadhan’s integral lemma also holds true under additional regularity conditions; Bryc [4]
established this statement assuming that I(-) has compact sublevel sets, and Comman [6] proved the same
assuming that F is normal. In addition, Bryc’s theorem states that both the LDP and the LP hold with
the rate function I(x) = sup e, m{f(x) — ¥(f)} if the sequence (Xp)nen is exponentially tight.” The
functional t: Cy(E) — R has some properties that are crucial in this theory. First, ¢ is a monetary
risk measure; that is, it is monotone (i.e., ¥(f) < ¥(g) whenever f < g) and translation invariant (i.e.,
W(f +¢) = ¥(f) + ¢). Second, the asymptotic entropy ¢ has the remarkable property of being maxitive
(i.e, ¥(f V g) < ¥(f) V(g)). The properties of a maxitive monetary risk measure are sufficient to prove
generalized versions of all the basic results mentioned above covering this type of functional, striping away
any probabilistic aspect of the theory. Bell and Brye [3] introduced and studied a general LP for monetary
risk measures® on Cy(E) and, more recently, Kupper and Zapata [20] formulated a general LDP for this
kind of functional and extended to this general setting the Varadhan-Bryc equivalence between the LDP
and the LP, and Bryc’s theorem.

As a continuation of the research in [20], in the present article we aim to identify new situations where a
monetary risk measure satisfies the LP and the LDP and, in particular, how to compute the rate function
I(-). While our main result applies to general monetary risk measures satisfying a weak form of maxitivity, we
explain it now for easier readability for the case of the asymptotic entropy ¥ (f) = lim,_ o % log Ep[en/(Xn)])
where for simplicity in the exposition we assume that the latter limit exists for all real-valued continuous
functions f. In the following we fix an arbitrarily given non-empty set H of continuous real-valued functions
on E, and consider the corresponding conjugate v3,, which is defined by ¢3,(x) = sup ey {f(z) — ¥(f)}
We wish to establish sufficient conditions so that (X,),en satisfies the LDP with rate function v3;,. We say
that a point € E is H-exposed for 93, if there exists a function f € H such that

V() — fy) > by () — f(z)  forally # . (1.1)

The interpretation of the exposing condition (1.1) is that, for a certain constant ¢, the curve y — f(y) + ¢
lies strictly below the curve 15, on E'\ {x}, and agrees with it at z. Denote by & the set of all H-exposed
points of E. In the special case of the asymptotic entropy, the main result of this article reads as follows.

Theorem 1.1. Suppose that the sequence (X, )neN S exponentially tight. Then

(i) for every closed set C C E, we have the upper bound

1
li “logP(X,, € C) < — inf % (z);
im sup —log P( ) < —inf g3, (2)

n—00

We denote by int(A) and cl(A) the topological interior and closure of A C E, respectively.
We denote by Cy(E) the set of all bounded continuous real-valued functions on E.
The limit in ¢ (f) exists for all f € Cy(E) if (X, ) satisfies the LDP.
That is, for all positive numbers M, there exists K C E compact such that limsup,, , % logP (X, € K°) < —M.

Bell and Bryc [3] use the term Varadhan functional rather than monetary risk measure. Here, we use the term monetary risk
measure to build a bridge toward risk analysis.

NS S U V)



J.M. Zapata / J. Math. Anal. Appl. 524 (2023) 127072 3

(ii) for every open set O C E, we have the lower bound

1
— inf 3 < lim inf —log P( X, ;
2Bh V() < i 7 log P(X,, € O);

(iii) 4f, moreover,

leglgle (x) = welg%gwﬂ(x) for all O C E open,

then (X )nen satisfies the LDP and the LP with rate function 5,

Of great importance, the Géartner-Ellis theorem provides the LDP for sequences of random variables with
values on a topological vector space by testing the rate function on the dual space. This well-known result
turns out to be a particular instance of Theorem 1.1 for the special case when F is a topological vector space
and the particular choice H = E*; see [12, Theorem 4.5.20]. One of the novelties of Theorem 1.1 is that it
allows for different options for the testing set #, instead of limiting us to the dual space. Moreover, it is well
known that the Gartner-Ellis theorem does not cover all cases in which an LDP exists; there are examples
for which the LDP holds but it does not follow from this basic result; see [12, Remarks(d), p. 45] and [8]. In
contrast, Theorem 1.1 allows for arbitrary choices of H, covering situations where the Géartner-Ellis theorem
fails. This is illustrated in Example 5.5, where we have a situation where an LDP is not covered by the
Gértner-Ellis theorem but is captured by our choosing a family H of inverted V-shaped functions.

Our main result for the particular functional 1(f) = lim,_, = log Ep[e"/ (Xn)] as stated above applies
to very general functionals, allowing us to cover some nonstandard setups as those in [2,9,14,16,17,22,26,29].
For instance, in situations with model uncertainty, one may be interested in considering a set P of probability
measures rather than a single probability measure P; see [9,26]. This situation is covered by our main result
by considering the robust asymptotic entropy ¢¥»(f) = limsup,,_, ., % logsupgep Eq [e"f(Xn)]. In particular,
we extend to infinite-dimensional spaces the version of the Géartner-Ellis theorem for sequences of sublinear
expectations on R? proven in [26] with the advantage that the rate function is now tested on arbitrary sets
of continuous functions.

The present approach fully relies on topological and order properties and, in particular, an underlying
probability space is not needed. We emphasize that the existing proofs of the Géartner-Ellis theorem are
based on probability concepts such as the Radon-Nykodym derivative that are not needed here; see [12,
Theorem 4.5.20]. In line with [21,23], the machinery is taken from maxitive integration. More specifically, as
in [21] we use the convex integral introduced by Cattaneo [5], which is conceptually related to the idempotent
integral in tropical mathematics [19] and can be obtained as a transformation of the Shilkret integral [25].
In particular, we rely on the duality bounds for convex integrals and the convex integral representation of
weakly maxitive monetary risk measures provided in [21].

This article is organized as follows. In Section 2 we give some preliminaries on maxitive integration. In
Section 3 we focus on the integral representation of weakly maxitive monetary risk measures. In Section 4
we state and prove the main result of this article. Finally, in Section 5 we apply the main result to obtain
a large deviations result for sequences of sublinear expectations on regular Hausdorff topological spaces.

2. Preliminaries on maxitive integration

Throughout this article, let E be a regular Hausdorff topological space with Borel o-algebra B(E). We
always use the convention that —oo - 0 = 0. Then, given a function f: E — R U {—co}, the function
fla — ool 4c takes the same values as f on A C E and the value —oo on A°€.

A set function J: B(E) — [—00, 0] is said to be a concentration if
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We say that J is mazitive if
(8.3) Jaup < JaV Jp.

Denote by B(E) the set of all Borel measurable functions f: E — RU{—o00}. We define the convex integral
of f € B(E) with respect to the concentration .J as’

¢s(f) =sup{c+ Jiser }- (2.1)
ceR

Properties (b1)—(b4) below are provided in [5], and their proofs easily adapt to the present setting. The
proof of (b5) can be found in [21, Lemma 4.1].

(b1) ¢j(—00lye) = Jy for all A € B(E).

(b2) ¢5(0) =0.

(b3) ¢s(f +c) = ¢s(f) + c for all constant ¢ € R.

(b4) ¢5(f) < ¢s(g) whenever f < g.

(b5) lim ¢;(f An)=¢;(f) and lim ¢,(fV —n) = ¢,(f).

If J is maxitive, then the following hold:

(b6) ¢ is maxitive; that is, ¢ (f V g) < ¢s(f) V ds(9).
(b7) ¢y is convex; that is, ¢ (Af + (1 — A)g) < Aods(f) + (1 —=N)gps(g) forall 0 < A < 1.

The proofs of (b6) and (b7) can be found in [5] in Corollary 5 and Theorem 7, respectively. Denote by
L(FE) the set of all lower semicontinuous functions f: £ — R U {—oo} and by U(F) the set of all upper
semicontinuous functions f: E — R U {—o0}. The following duality bounds were proved in [21, Theorem
3.4].8

Theorem 2.1. Let J be a concentration and let I: E — [0,00] be a function. Then the following equivalences
hold. First,

fxirelgf(zc) <Jo for all open sets O C E (2.2)
if and only if
¢s(f) = ilelg{f(ﬂf) —I(z)}  for all f € L(E). (2.3)
Second,
Jo < 7III€1£I((£) for all closed sets C C E (2.4)

7 It is not difficult to show that ¢s(f) = sup.egr {c + J(f>c}} = SUP.cR {c + J{ch}}3 that is, we obtain an equivalent definition
of ¢ 5(f) if the strict inequality in (2.1) is replaced by a nonstrict inequality.

8 Theorem 3.4 in [21] deals with functions that are increasing with respect to a given preorder. To apply Theorem 3.4 in [21]
here, we consider the trivial preorder (i.e., < y whenever z = y).



J.M. Zapata / J. Math. Anal. Appl. 524 (2023) 127072 5

if and only if

oy(f) <sup{f(z) —I(x)} forall f € U(E). (2.5)

zeEE

The minimal rate function I, F — [0, 00] associated with a concentration J is defined as

Inin(2) := sup {f(x) = ¢s(f)}. (2.6)

fEL(E)

Proposition 2.2. Let J be a concentration and suppose that Iy is defined as in (2.6). Then Iy, is the
smallest mapping I: E — [0, 00] that satisfies the equivalent inequalities (2.2) and (2.3).

The minimal rate function has the following representation; see [21, Lemma 3.5].

Proposition 2.3. Let J be a concentration and suppose that Iy, is defined as in (2.6). For all x € E it holds
that

—Inin(z) = UinfmJU’
where Uy is a base of open neighborhoods of x € E.
The following notion was introduced in [21].
Definition 2.4. A concentration J is said to be weakly mazitive if
Jo < VY, Jo, for all C C E closed, O1,0,,...,0x C E open, N € N, such that C c UY,0;.
Notice that every maxitive concentration J is also weakly maxitive.

Definition 2.5. We say that a concentration J is tight if for every n € N there exists a compact set K C F
such that Jg. < —n.

The following result was provided in [20, Theorem 4.1] (see [20, Remark 4.2]) and [21, Corollary 3.10]
under slightly different assumptions. For completeness, we provide a short proof.

Proposition 2.6. Let J be a concentration and suppose that Iy is defined as in (2.6). If J is tight and
weakly mazitive, then Ly satisfies (2.2), (2.3), (2.4), and (2.5).

Proof. In view of Theorem 2.1 and Proposition 2.2, it is enough to show (2.4). Suppose that C' C FE is
closed. Fix ¢ > 0. Since J is tight, there exists a compact set such that —Jge > e~ 1. From Proposition 2.3
and by compactness, there exists z1,...,2xy € K N C and open sets Uy, ...,Uy such that z; € U; C F for
alli e {1,2,...,N} and

—Ju, > (I(z;) —e)Ae™' foralli=1,2,...,N.
Set in addition Uy := K¢. We have C C UY  U;. Since J is weakly maxitive, we have
—Jo > Ao (=Ju) > A o(I(z) —e) Ae ! > (ugfcl(x) - 5) net

Letting € | 0, we obtain the result. O
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3. Integral representation of maxitive monetary risk measures
A monetary risk measure’ is a function ¢: B(E) — [—o0, o0| satisfying the following:

o Normalization: ¢(0) = 0.
o Monotonicity: ¢(f) < ¢(g) whenever f < g.
o Translation invariance: ¢(f + ¢) = ¢(f) + ¢ for all c € R.

We say that a monetary risk measure ¢ is maxitive if it satisfies

o(fVyg) <e(f)velg) forall f,g € B(E).

From (b2)—(b4) in Section 2, the convex integral (2.1) is a monetary risk measure that is maxitive if the
corresponding concentration is maxitive. In the following, we focus on the converse direction and analyze

when a monetary risk measure can be represented as a convex integral. Denote by B(E) the set of all
f € B(FE) such that f is bounded from above. The following result was obtained in a slightly different
setting in [5, Corollary 6]. We provide a short proof in the present setting.

Theorem 3.1. Let ¢: B(E) — [—00, 00| be a mazitive monetary risk measure and let Jy = ¢p(—o0lge) for
all A € B(A). Then J is a maxitive concentration, and

o(f) = s(f)
for all f € B(E).
Proof. For every function f: E — R U {—oc} that is bounded from above and every set A C E, we define

o(f) = gEB(iEH)f: f§g¢(9) and  Ja = ¢(—00lac).

Inspection shows that ¢ is finitely maxitive and additively homogeneous in the sense of [5]. By Corollary 6
in [5], we have

o(f) = supfe+ Jypoey}
ceR
for all f that are bounded from above. In particular, for f € B(FE), we have
o(f) = ¢(f) = sup{c + Jryzey } = sup{c+ Jyy=cy } = ba(f).
ceR ceR
This completes the proof. O

By relaxing the maxitivity condition, we may still represent a monetary risk measure on continuous
functions. The following notion was introduced in [21].

Definition 3.2. A monetary risk measure ¢: B(E) — [—00, x] is said to be weakly maxitive if

o(f) < \/ij\ilé(gi) for all f €e U(E), g1,92,...,9n € L(E), N € N, such that f < \/i]\ilgi.

9 Here we use the terminology of [15] up to a sign change.
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Define C(E) = U(E)NL(E) and C(E) = C(FE)N B(E). The following result was shown in [21, Theorem
4.2].10

Theorem 3.3. Let ¢: B(E) — [—o00, 0] be a weakly mazitive monetary risk measure and let Jy = ¢(—o0l 4¢)
for all A € B(A). Then J is a weakly mazitive concentration, and

o(f) = ds(f)
for all f € C(E).
Given a function ¢: B(E) — [—00, 0], we define the following sets:

By(E) :={f € B(E): there exists t > 1 such that ¢(tf) < co}.

Cy(E) :={f € C(E): there exists t > 1 such that ¢(¢f) < oo} .

Lemma 3.4. Let ¢: B(E) — [—00,00] be a monetary risk measure. If f € By(E), then

lim ¢ (fligzm) = 00liremy) = Hm & (flirsmy =00l (<m)) = —o0.

m—0o0

Proof. Suppose that f € B(E), and take ¢t > 1 such that ¢(tf) < co. Fix m € N and define g = exp(f —m).
By translation invariance and monotonicity, we have

—m+ ¢ (fligzmy = 00lgramy) = & (=m+ fligzmy — 0L{r<m})
= ¢ (log(g)1{g>1} — 00l{g<1y)
< ¢ (log(g"))
= ¢ (t(f —m))
=-—mt+ o (tf).

Therefore, it follows that
dim ¢ (flipsmy — 0Lipemy) £ 1 ¢ (flirsm) — 0L{r<m))
< lim (m(1=6)+6(tf)) = —o0,
where the latter limit is —oo since t > 1 and ¢ (¢f) < —oo. This completes the proof. O
We next extend Theorems 3.1 and 3.3 to unbounded functions as follows.

Theorem 3.5. Let ¢: B(E) — [—o00,00] be a monetary risk measure and let the concentration Jy =
d(—o0l ac) for all A € B(E). Then

(1) if ¢ is maxitive, then ¢(f) = ¢y (f) for all f € By(E);
(2) if ¢ is weakly maxitive, then ¢(f) = ¢s(f) for all f € Cy(E).

10 To apply Theorem 4.2 in [21] here, we consider the trivial preorder (i.e., z < y whenever x = y).
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Proof. We prove (2). Suppose that ¢ is weakly maxitive. Fix f € Cy(E) and n € N. We have

F<(FAR)Y (flgrsny — 00l r<ny) -

Since f is upper semicontinuous, and the functions in the maximum on the right-hand side are lower
semicontinuous, it follows from the weak maxitivity of ¢ that

O(f) SO (FAN)V & (flisny — 00l(r<ny)
=¢s (FAN)V & (flifsny —0Lir<ny), (3.1)

where we have applied ¢ (f An) = ¢ (f An) by Theorem 3.1. On the other hand,

o(f) z ¢(f An) = ¢ (f An). (3.2)

Then, (3.1) and (3.2) yield

Gs(f An) <O(f) < du (FAN)V G (Flipsny — c0lis<ny) -

We have limnﬁoogb(fl{fwl} —ool{fgn}) = —oo by Lemma 3.4. By letting n — oo, we get ¢(f) =
¢s(f). O

4. Main result

Throughout this section we consider two monetary risk measures ¢, ¢: B(E) — [~0o0, 00| that satisfy the
following.

Assumption 4.1.

(1) For every f € B(E), ¢(f) < o(f).

(2) ¢ is weakly maxitive.
(3) o(f) < o(g1)V (\/ﬁ\;Q a(gz)) for all f € U(E), and g1, g2,...,9y € L(E), N € N, such that f < VYN g;.

Remark 4.2. Assumption 4.1 covers the case of a single (weakly) maxitive monetary risk measure ¢ by our
taking ¢ := ¢ := ¢. In that case, (1)-(3) are automatically satisfied. In the application in the next section,
we deal with lower/upper large deviations bounds, which is the reason why we consider a pair of monetary
risk measures rather than a single monetary risk measure.

We consider the concentrations J,J: B(E) — [~00,0] given by J, = ¢(—oolac) and Ja = ¢(—o00l 4c).

In addition, we denote by I and I the respective minimal rate functions defined as in (2.6). As in [20], we
introduce the LDP and the LP for monetary risk measures.

Definition 4.3. Suppose that I: E — [0, 00] is a rate function.

e We say that the pair Q,E satisfies the LDP with rate function I(-) if

— inf T < J < Ja<— inf I for all A € B(E).
seint(A) @) sdasJas seel(A) (z) forall A€ B(E)



J.M. Zapata / J. Math. Anal. Appl. 524 (2023) 127072 9

o We say that the pair @,5 satisfies the LP with rate function I(-) if

¢(f) = o(f) = :gg{f(m) —I(z)} forall f e Cy(E).

Remark 4.4. In [20, Proposition 5.2] the equivalence between the LDP and the LP is proven under the
hypothesis that E is normal (the normality is needed only to prove that the LP implies the LDP). Notice
that in [20], the LP is defined on Cy(E). Here we consider the larger space C5(E). That the LDP implies
the LP as defined above is a simple consequence of the duality bounds proven in [21] (see Theorem 2.1).
We give the argument in the Appendix.

In the following, let H be a distinguished nonempty set of continuous real-valued functions on E. We
define the conjugate E; E — [~00, 0] of ¢ with respect to H as

Gy () = sup{f(z) — 6(f)}-

feH

Definition 4.5. We say that « € E is an H-exposed point of 5; if there exists f € H such that

fy) = El(y) < f(z) - 6;(30) for all y # x.

In that case, we say that f is an exposing function for . We denote by & the set of all H-exposed points
x € F of 5; that admit an exposing function f € H such that

o(f)=9¢(f) and [fe Bg(E). (4.1)
Remark 4.6. If = is an H-exposed point, then 5; () < 00 and f(z) > —c0.
We now present the main result of this section.

Theorem 4.7. Suppose that J is tight. Then

(i) for allz € &, I(x) = T(x) = by (z);
(ii) for every closed set C C E, we have the upper bound

Jo < —inf ¢y (2):
c < ylrelc%{(x%

(iii) for every open set O C E, we have the lower bound

— inf ¢y (2) < Jp;
yelgﬂ£¢ﬂ(x) - lo’

(iv) if, moreover,

;Ie%(bﬂ (x) = mégqubﬂ(m) for every O C E open, (4.2)

then the pair Q,a verifies the LDP and the LP with rate function E;

Remark 4.8. Given a sequence of E-valued random variables (X, ),en defined in a probability space
(Q, F,P), we define the lower and upper asymptotic entropies by
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1 — 1
O(f) == liminf = log E,[e"/ X)), %(f) := lim sup— log E,, [e™f (X»)].

- n—oo N n—soo N

We prove in Section 5 (see also [21]) that ¢ and 1) satisfy Assumption 4.1. In addition, we also have that
the respective concentrations .J and .J are given by

1 — 1
J 4 =liminf—logP (X, € 4), J4 =limsup—logP(X, € A).

n—oo N n—soo N

Moreover, the tightness of J is exactly the exponential tightness of the sequence (X, )n,en. Then we have
that Theorem 1.1 is a direct consequence of Theorem 4.7.

To prove Theorem 4.7, we need some preliminary results.
Lemma 4.9. E;(aj) <I(x) <I(x) forallz € E.

Proof. Given x € E, we know from their respective definitions that I(z) < I(x). Fix now f € H and n € N.
Since ¢ is weakly maxitive and f An € C(E), by Theorem 3.3 we have

¢7(f An)=o(f An).

By monotonicity, we have
From (b5), letting n — oo results in
Thus, we have

Since f € H was arbitrary, it follows that

Pu(@) = sup{f(z) = &(f)} < I(x).

feH

The proof is complete. O

Lemma 4.10. Let K C E be compact and let x € E be an H-exposed point of @; with exposing function
f € H. Then for every open set U C E such that x € U, there exists an open set W C E such that

(1) KnUccCcWw,
() swp {f() - Fuly)} < F(@) = Fule).

yEcl(W)

Proof. For each ¢ > 0, define

Vor={y € E: f(y) — op(y) +e < f(z) — by (x)}.
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Since the mapping y — f(y) — E;t (y) is upper semicontinuous, we have that V; is open. We claim that there
exists € > 0 such that K NU® C V.. Indeed, by contradiction, assume that for every e > 0 we can pick up
ye € K NU® such that

Fe) — Gay(ye) + & > f(x) — Gy().

Then (y:)e>o is a net in the compact set K.'' We can take a subnet (y._) such that y., — y € K NU°.
Taking the limit superior on «, and using the property that y — f(y) — 5;(3/) is upper semicontinuous, we
get

F() = Ba(y) > () — fog).

Besides, we have y # x as y € U¢ and = € U. This contradicts = being an H-exposed point. We have that
K NUF¢ is a compact set contained in the open set V.. Since E is regular, we can find an open set W C FE
such that K NU*° C cl(W) C V;. Finally, the set W meets the required conditions. O

Proposition 4.11. Suppose that v € & and that f € H is an exposing function for x satisfying (4.1). If J is
tight, then for every open set U C E with x € U it holds that

O(fly — colye) = ¢(f) = ¢(f) = ¢(fly — colye).

Proof. Let f € H be an exposing function for x satisfying (4.1). Fix n € N. Since J is tight, there exists a
compact set K C F such that

Jge < —2n. (4.3)
From Lemma 4.10, we can find an open set W C E such that

KnUscW,  sup {fy) = duly)} < f(z) - o). (44)

yEcl(W)

Since

E=KUK®
C(KﬂU)U(KﬂUC)U(Kcﬂ{f<n+1})U(Kcﬂ{f>n})

CUUWU(Kcﬂ{f<n+1})U{f>n}7

from Assumption 4.1 we have

o(f) = ¢(f)
< Q(flU — OOlUc) V 6(]611/[/ — OOch) V 6((71 + l)ch — OOIK) V 6 (fl{f>n} — OOI{fSn}) . (45)

In addition, by the definition of 5;7 we have

Wf) = f(z) = by ). (4.6)

On the other hand, J is weakly maxitive and tight. From Theorem 3.5 and Proposition 2.6, we have

' Here {e: e > 0} is regarded as a downward-directed set.
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¢(f1W — ooch) < ¢
= ¢7 (flagw) = oolaw))
< sup {f(y) - 1(y)}

yEcl(W)

< sup {f(y) — dn(y)}

yecl(W)

< f(@) = (),

(flaw) — oolaw)e)

where we have used 5; (y) < I(y) from Lemma 4.9 in the second inequality and (4.4) in the third inequality.
The last inequality is strict. Then in view of (4.6), we can drop the second member of the maximum in
(4.5), obtaining

O(f) < ¢ (fly —oolye) Vo ((n+1)1ge —00lk) V d (flifsny — 00lfr<ny) - (4.7)
By monotonicity and translation invariance, we get

d((n+1)1ge —oolg) = ¢(—oolg)+n+1
Jre+n+1

<-2n+n+1=-n+1,
where we have used (4.3) in the last inequality. Therefore,

lim ¢ ((n+ 1)1ge — oolf) = —oo. (4.8)

n—00

On the other hand, f € Bz(E) by (4.1). Applying Lemma 3.4, we have
JHim 6 (flipony = 00lir<ny) = 00, (4.9)
Consequently, letting n — oo in (4.7) results in
o(f) <o (fly —oolye).
Finally, by monotonicity we have
& (fly —oolye) < ¢ (fly — oolye) < ¢(f) < ¢ (fly — ocolye),
and the desired equalities follow. O
We now turn to the proof of Theorem 4.7.

Proof. Let x € &, and take an exposing function f € H for x satisfying (4.1). Fix an open neighborhood U
of z and € > 0. Since f is upper semicontinuous, we can find an open neighborhood V' C U of z such that

fly) < f(x)+e forallyeV. (4.10)

From Proposition 4.11,
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o(f) = ¢(fly — oolye)

=9
< o((f(x) +e)ly —oolye) =Jy + f(z) +e < Jy + f(x) +e. (4.11)
On the other hand, from the definition of 6; we have

Af) = f(x) = Py (). (4.12)
Combining (4.11) and (4.12), we get

—g;i(x) <Jy+te.
Letting € | 0, we obtain
—u(x) < Jy.

Since U was arbitrary, it follows from Proposition 2.3 that
Pp(@) = I(x).

Finally, by Lemma 4.9 we have 5; (r) < I(z) < I(x), obtaining (i).
Suppose that C' C E is closed. Since .J is tight and weakly maxitive, by Proposition 2.6 we have

Jo < —inf I(z) < — inf ¢,
Jo = = pfl@) <~ Joboulw)

where we have used ¢, () < T(z). This proves (ii).
Suppose now that O C FE is open. It follows from Proposition 2.2 that

V

Jo > —inf I(z)

z€O

> — inf I(z)
zeON&

= — inf &,
I’Eerlﬂgde(x)’

where we have used I(x) = ¢y, (z) for all 2 € & by (i). Then (iii) follows.

Finally, we obtain that the pair ¢, ¢ satisfies the LDP with rate function 5; as a consequence of (ii) and
(iii) taking into account (4.2). In turn, from Proposition A.l the pair Q,a also satisfies the LP with rate
function 8; O

Example 4.12.

(1) Topological vector spaces: Every topological vector space is regular. Then Theorem 4.7 applies to (Haus-
dorff) topological vector spaces. In that case, we can consider H := E*, the set of all linear continuous
real-valued functions on E. Define A := ¢|p-. Since ¢ is weakly maxitive because of Assumption 4.1, we
have that ¢ is maxitive on the set C'(E). It follows from [20, Proposition 2.1] that ¢ is convex on C(F)
and, in particular, A is a convex function. Then we have that A* := ¢7}. is the convex conjugate of A.

(2) Finite dimension: Suppose now that £ = R? and H = (RY)* = R?. Consider the following conditions:
(a) Aly) = o(y) = d(y) for y € R B
(b) 0 belongs to the topological interior of {y € R%: ¢(y) < oc}.
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(¢) A is lower semicontinuous.
(d) A is essentially smooth in the sense of [12, Definition 2.3.5].
Under conditions (a)—(c) above, the condition (4.2) in Theorem 4.7 holds. This is proved by following
word by word the argumentation in the proof of (¢) in [12, Theorem 2.3.6]. We conclude that, in the
present situation, we can replace (4.2) in Theorem 4.7 by conditions (a)—(c) above.

(3) Exposing families of functions: A family (f,)aecr of functions in C5 is said to be an ezposing family for
¢, ¢ if for every x € E we have ¢(f,) = ¢(f.) =0 and

fo(y) < supf.(y) forall y# .
aclE

If J is tight and H = {f,: a € E} for an exposing family (f,).ck, then & = E,

I(z) = I(z) = ¢py(x) = supfa(z) forall z € E,
acE

and the pair Q,$ satisfies the LDP and the LP with rate function $; This can be proven as follows.
First, since ¢(f,) = 0 for all a € E, it follows that

by (z) = sup fu(z) forall z € E.
acE

Then, given = € E, for each y # z we have

DY) — fo(y) = sup fuly) — fuly) >0

ackE

On the other hand,

67—[,(‘%) - fz(x) = SuIE) fa(x) - fa:(x) < 0
ac
It follows that = is H-exposed. Since x was arbitrary, we conclude that & = E. Thus, the condition
(4.2) is trivially satisfied, and we get the conclusions as a consequence of Theorem 4.7.

5. Large deviation principle for sequences of sublinear expectations

We finally apply Theorem 4.7 to study large deviations for sequences of sublinear expectations. Denote
by Bi(E) the set of all Borel measurable functions f: E — [0,00). A function £: B4 (E) — [0,00] is called
a sublinear expectation if

(1) &(¢) = c for all constant ¢ > 0,

(2) E(f) < E(g) whenever f < g,

(3) E(f +9) < E(f) +E(9),

(4) E(af) = a&(f) for all constant a > 0.

A functional that satisfies properties (1)—(4) is also called an upper expectation in robust statistics [18], an

upper coherent prevision in the theory of imprecise probabilities [28], or (up to a sign change) a coherent
risk measure in mathematical finance [1].

Example 5.1. Suppose that X is an E-valued random variable defined on a probability space (92, F,P).
Consider a nonempty set P of probability measures on F. Then the mapping £: B, (E) — [0, o0] given by
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E(f) == supEq[f(X)]
QeP

is a sublinear expectation.

In the following, we consider a sequence (&, )nen of sublinear expectations. We define the lower and
upper asymptotic entropies Q,E: B(E) =R as

»(f) —hmlnf log £, (e™),  (f) := limsupllogé’n(e"f).

— n—oo M n—soo N

Straightforward inspection shows that 1) and 1) are monetary risk measures. The following lemma is well
known in large deviations theory and is often referred to as the principle of the largest term; see, for
example, [12, Lemma 1.2.15] for (5.1) and [24, Exercise 14.8] for (5.2).

Lemma 5.2. Suppose that (al)nen, (a2)neN, - - -, (@Y )nen are [0, 00]-valued sequences. Then
1 N
lim sup— logZa <Vl 1hm sup log al, (5.1)
n—oo i=1
hnrgloréfnlog;a < (lhrglcgfn logal ) ( o hrILILSoLipn log ay, ) (5.2)

As a consequence, we have the following lemma.
Lemma 5.3. ¢ and W) satisfy Assumption 4.1.

Proof. We prove that

d)(f) < \/N 11/}(91)

for f € U(E) and ¢1,92,...,9, € L(E) with f < VI ,g;. Indeed, as a consequence of Lemma 5.2, we have

»(f) <hmsup log &, ( l:lgz:)>

n—oo

< lim sup logE <Z e"g‘>

n—oo

< limsup— loch‘: endi)

n—oo T
1=1

<Vl 1hmsup log &, (€"9%)

n—oo

= vi]\ila(gi)' o

Adopting the usual terminology of standard large deviations theory [12], we introduce the following:

o We say that the sequence (&, ),en is exponentially tight if for every n € N there exists a compact set
K C FE such that

lim sup log wun(K°) <

n—oo
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Here p,: B(E) — [0, 1] is the capacity associated with &,, which is given by p,(A) = &£,(14).
o We say that (&,)nen satisfies the LDP with rate function I: E — [0, oo] if

1
— inf I(z) <liminf —log u,(A)
n

z€int(A) n— 00

1
<limsup —log pn(A) < — inf I(x)

n—oo T z€Ecl(A)

for all A € B(E).
o We say that (£,)nen satisfies the LP with rate function I: E — [0, oo] if

lim 1 log &, (e™) = sup{f(z) — I(z)} (5.3)

n—oon, zcE
for all f € C7(E).

Notice that the exponential tightness of (£,)nen is equivalent to the tightness of J in the sense of
Definition 2.5.

We turn next to the main result of this section. Let H be a distinguished nonempty set of continuous
real-valued functions on E. Denote by & the set of all H-exposed points of E; that admit an exposing
function f € H such that

O(f) =¢(f) = lim llog(fn(e"f) and f € By(E).

- n—oon

In view of Lemma 5.3, we have the following result as a direct consequence of Theorem 4.7.
Theorem 5.4. Suppose that the sequence (E,)nen of sublinear expectations is exponentially tight. Then

(i) for every closed set C C E, we have the upper bound

1 .
li —log 1, (C) < —inf ;
imsup —log pin (C) < — inf 1h3 ()

n—o0

(ii) for every open set O C E, we have the lower bound

s 1
— inf < liminf —1 ;
yégmgwﬂ(@ < lim inf — log 165, (O);

(iii) if, moreover,

;Ielgwﬂ(ar) = welgfwwﬂ(x) for all O C E open, (5.4)

then (E,)neN satisfies the LDP and the LP with rate function E;

In the special case when H = E* is the dual space of a topological vector space E, Theorem 5.4 amounts
to the well-known Gértner-Ellis theorem; see [12, Theorem 4.5.20], and [26, Theorem 3.1] for a version for
sublinear expectations. We have that Theorem 5.4 is more flexible as it allows for arbitrary choices for H.
In the following example we show a case where the LDP and the LP follow from Theorem 5.4 but it is not
covered by the Gértner-Ellis theorem.
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Example 5.5. For each n € N, let X,, be a real-valued random variable with a (centered) Laplace distribution
of parameter 1/n; that is, X, has density h,(z) = Ze "Il for all € R.!? Consider the lower and upper
asymptotic entropies

1 — 1
Y(f) = liminf—log Ep[e™/ X)), 9 (f) = limsup— log Ep[e"/ (X)].

- n—oo M n—0o0

For every m € N, define the compact set K,, := [-m,m]. Then 7Kfn = —m. Hence, (X, )nen is exponen-
tially tight. Consider H; = R* = R as in the Gértner-Ellis theorem [12, Theorem 4.5.20]. In that case, for
every y € H1 =R,

o0

— o1 n _ 0 if |yl <1,
U(y) =(y) = lim 510g/ nervr il dy — .
n—oo oo if |y] > 1.

—o0

Hence,

G, (2) = sup{yz — P(y)} = |=].
yeR

The only exposed point of E; , 18 0. Then for every open set O C R that does not contain the origin,
the classical Gértner-Ellis theorem gives only a trivial lower bound —inf,conoy E;l(y) = —o0, and the
condition (5.4) is not satisfied.

Now consider the set of continuous functions

Ho :={fs: a € R},
where
fa(z) = |a| — 2|z — al.
Direct verification yields ¥(f,) = (fa) = 0 for every a € R. Consequently, we have
Ve, () = supfu(a) = |a].
acR
This shows that Hs is an exposing family as in Example 4.12(3). Therefore, the set of all Ha-exposed points
is R, and @;2 trivially verifies the condition (5.4) (Fig. 1).
Then (iii) in Theorem 5.4 gives the LDP

— inf [y| <liminfllogP (X, € A) <limsupllogP(X, € A) < — sup |yl
y€int(A) n—oo n—00 y€Ecl(A)

where the lower bound is not trivial whenever int(A) # (). Moreover, we obtain the LP

U =) = Jim S og [ e @D — sup(f(a) - o)

for all f € CE(E). The present example illustrates that the Géartner-Ellis theorem does not capture the
lower bound in the LDP when the rate function has large parts that are not exposed by hyperplanes. In

12 Equivalently, X,, is the difference of two independent random variables with exponential distribution parameter n.
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Fig. 1. Every point a is exposed with exposing function f,. In this case, we can see the exposing function for a = 1.

contrast, by considering other types of exposing functions (e.g., inverted V-shaped functions as in this case),
we can produce richer classes of exposing points and prove an LDP by means of Theorem 5.4.

Although the Gértner-Ellis theorem does not capture the lower bound in the LDP, we may try other
known methods to prove it. Next we briefly discuss some of these methods. We note that in this simple
one-dimensional case the limit representation [12, Theorem 4.1.18] yields the rate function I(x) = |z|, but
we would still need to prove the existence of an LDP to apply this result. Since (X,,),en is exponentially
tight, we may apply Bryc’s theorem [12, Theorem 4.4.2]. However, we need to verify that ¢ (f) = P(f) for
all f € Cp(R) to derive the lower LDP bound, which is not straightforward. Alternatively, as proven in [7],
one can replace C,(R) in Bryc’s theorem by an algebra A of continuous functions separating the points of
R, or any well-separating class A (i.e., A contains the constant functions, is closed under finite infima, and
separates points of R). However, this method leads again to rather intricate classes of functions where we
need to verify ¥(f) = ¥(f). In contrast, our method leads to a family of inverted V-shaped functions for
which it is directly checked that ¢ (f) = 1(f) = 0.

Remark 5.6. The main result in [26] is a version of the Gértner-Ellis theorem for sequences of sublinear
expectations in a finite-dimensional setting, which is proven by adapting the proof of the standard case. This
result is a particular instance of Theorem 5.4 for the special choices E = R? and H = (R%)* = R, taking
into account (2) in Example 4.12. As illustrated in Example 5.5, this setting does not cover all R? cases
in which an LDP exists. In addition, Tan and Zong [26] consider sublinear expectations of the particular
form &, (f) = supgep Eq[f(Xy)] for some set P of probability measures and a sequence of random variables
(Xn)nen- In particular, this implies that the sublinear &, is continuous from below because of the monotone
convergence theorem. Such a continuity condition is not needed in the present approach. Also, among other
restrictions, it is assumed in [26, Assumption 3.1]) that the limit lim,, o + log &, (exp(nf)) exists for all

n

f € E*, which was not needed here. Furthermore, in [26] the LP is not derived (5.3).
Appendix A. Pairs of monetary risk measures

As a consequence of the duality bounds provided in [21] (see Theorem 2.1) and in line with [20, Proposition
5.2] we have the following.
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Proposition A.1. Suppose that Q,E is a pair of monetary risk measures such that ¢ is weakly mazitive and
O(f) < o(f) for all f € B(E). If the pair ¢, satisfies the LDP with rate function I(-), then the pair ¢, ¢
satisfies the LP with rate function I(-).

Proof. Suppose that the pair ¢, ¢ satisfies the LDP with rate function I(-), and fix f € C3(E). Since ¢ is

weakly maxitive, from Theorem 3.5 we have ¢5(f) = ¢(f). By Theorem 2.1, we have

o(f) = ¢7(f) = sup{f(z) — I(2)}. (A.1)

zeE

Givenz € F and 6 > 0, since f is upper semicontinuous, there exists U € U, such that infycy f(y) > f(x)—9.
By monotonicity and translation invariance

o(f) = ¢(fly —oclye) > f(x) =6+ Jy
> f(x) =0 — inf I(y) > f(z) — 6 — I(z).

yeU

Letting § | 0 and taking the supremum over all x € E yields

o(f) = sup{f(z) — I(x)}.

- z€EE

This along with (A.1) shows that the pair ¢, ¢ satisfies the LP with rate function I(-). O

References

[1] P. Artzner, F. Delbaen, J.-M. Eber, D. Heath, Coherent measures of risk, Math. Finance 9 (3) (1999) 203-228.

[2] J. Backhoff-Veraguas, D. Lacker, L. Tangpi, Nonexponential Sanov and Schilder theorems on Wiener space: BSDEs,
Schrodinger problems and control, Ann. Appl. Probab. 30 (2020) 1321-1367.

[3] H. Bell, W. Bryc, Variational representations of Varadhan functionals, Proc. Am. Math. Soc. 129 (2001) 2119-2125.

[4] W. Bryc, Large deviations by the asymptotic value method, in: M.A. Pinsky (Ed.), Diffusion Processes and Related
Problems in Analysis, vol. 1, Birkhéduser, Boston, 1990, pp. 447-472.

[5] M. Cattaneo, On maxitive integration, Fuzzy Sets Syst. 304 (2016) 65-81.

[6] H. Comman, Criteria for large deviations, Trans. Am. Math. Soc. 355 (2003) 2905-2923.

[7] H. Comman, Stone-Weierstrass type theorems for large deviations, Electron. Commun. Probab. 13 (2008) 225-240.

[8] P.-N. Chen, Generalization of Gartner-Ellis theorem, IEEE Trans. Inf. Theory 46 (7) (2000) 2752-2760.

] Z. Chen, X. Feng, Large deviation for negatively dependent random variables under sublinear expectation, Commun. Stat.

45 (2) (2015) 400-412.

0] H. Cramér, Sur un nouveau théoreme-limite de la théorie des probabilités, Actual. Sci. Ind. 736 (1938) 5-23.

1] H. Cramér, Historical review of Filip Lundberg’s works on risk theory, Scand. Actuar. J. (Suppl. 3) (1969) 6-12.

2] A. Dembo, O. Zeitouini, Large Deviations Techniques and Applications, Springer-Verlag, Berlin, 2010.

3] M.D. Donsker, S.R.S. Varadhan, Asymptotic evaluation of certain Markov process expectations for large time I, Commun.
Pure Appl. Math. 28 (1975) 1-47.

[14] S. Eckstein, Extended Laplace principle for empirical measures of a Markov chain, Adv. Appl. Probab. 51 (2019) 136-667.

[15] H. Féllmer, A. Schied, Stochastic Finance. An Introduction in Discrete Time, extended edition, Walter de Gruyter & Co.,

Berlin, 2011.
[16] H. Follmer, T. Knispel, Entropic risk measures: coherence vs. convexity, model ambiguity, and robust large deviations,
Stoch. Dyn. 11 (2011) 333-351.

[17] F. Hu, On Cramér’s theorem for capacities, C. R. Math. 348 (17-18) (2010) 1009-1013.

[18] P.J. Huber, Robust Statistics, John Wiley & Sons, New York, 1981.

[19] V.N. Kolokoltsov, V.P. Maslov, Idempotent Analysis and Its Applications, Springer, Dordrecht, 1997.

[20] M. Kupper, J.M. Zapata, Large deviations built on max-stability, Bernoulli 27 (2) (2021) 1001-1027.

[21] M. Kupper, J.M. Zapata, Weakly maxitive set functions and their possibility distributions, arXiv preprint arXiv:2103.

15102v2, 2022.

[22] D. Lacker, A non-exponential extension of Sanov’s theorem via convex duality, Adv. Appl. Probab. 52 (2020) 61-101.

[23] A. Puhalskii, Large Deviations and Idempotent Probability, Chapman & Hall/CRC Monographs and Surveys in Pure and
Applied Mathematics, vol. 119, CRC Press, Boca Raton, 2001.

[24] F. Rassoul-Agha, T. Seppéldinen, A Course on Large Deviations with an Introduction to Gibbs Measures, Graduate
Studies in Mathematics, vol. 162, American Mathematical Society, Providence, 2015.

[25] N. Shilkret, Maxitive measure and integration, Indag. Math. 33 (1971) 109-116.


http://refhub.elsevier.com/S0022-247X(23)00075-6/bib76DC2FC62FBA26132398D55C6175A1C7s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib1F9FC0F6553DB84038AD265FFE582362s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib1F9FC0F6553DB84038AD265FFE582362s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib8D45C85B51B27A04AD7FDFC3F126F9F8s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib97C4EE9558520544D4D8AA1788ED8C7Bs1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib97C4EE9558520544D4D8AA1788ED8C7Bs1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib960F03B0D0F3D088C1CC11FB765A0516s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib9446C579F6A3618B4113F8E08ABC845Ds1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bibB6B01F997E54A6ADE0ACB80F9138CD6Bs1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib93C163328AA7878796FC91D6E55EB442s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bibA1A8887793ACFC199182A649E905DAABs1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bibA1A8887793ACFC199182A649E905DAABs1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib8490DFCAA370C5CF36E292EF7F16F6D6s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib123CF54E4DA36BCC53289D290F5599DEs1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bibE1241497B6E9E1FB52B5735BFD128640s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bibC9A47F9433F2AED5C79E1DD74A6D8E0Fs1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bibC9A47F9433F2AED5C79E1DD74A6D8E0Fs1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib91788BB42C8276AE3CEA9A6283688D82s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bibE91D7EDB1FAAD47E98DE5BA2A22A395As1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bibE91D7EDB1FAAD47E98DE5BA2A22A395As1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bibB58E17DC285C52E6B8CB9E6568704BD6s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bibB58E17DC285C52E6B8CB9E6568704BD6s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib18BD9197CB1D833BC352F47535C00320s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib3291AAAC20F3D603D96744C1F0890028s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib8907EE2A50FEC98EDA198625F26780B1s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib18CCA48F53FF8ECB763969E63E262B84s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib92F37A5ADAD1B196C4FCF56DA0B63F63s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib92F37A5ADAD1B196C4FCF56DA0B63F63s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib7C2F0756497D41913D85CF0956D83225s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib8F2EF0E1482417288572A87446EFD3C1s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib8F2EF0E1482417288572A87446EFD3C1s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib0652838475FCEA3A3BCCF75E6861F768s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib0652838475FCEA3A3BCCF75E6861F768s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bibF440B6BC3D93595D37F994C7F4A0349Cs1

20 J.M. Zapata / J. Math. Anal. Appl. 524 (2023) 127072

[26] Y. Tan, G. Zong, Large deviation principle for random variables under sublinear expectations on R?, J. Math. Anal. Appl.
488 (2) (2020) 124110.

[27] S.R.S. Varadhan, Asymptotic probabilities and differential equations, Commun. Pure Appl. Math. 19 (1966) 261-286, MR
203230.

[28] P. Walley, Statistical Reasoning with Imprecise Probabilities, Monographs on Statistics and Applied Probability, vol. 42,
Chapman and Hall, London, 1991.

[29] J. Yan, Deviations and asymptotic behavior of convex and coherent entropic risk measures for compound Poisson process
influenced by jump times, Stat. Probab. Lett. 125 (2017) 71-79.


http://refhub.elsevier.com/S0022-247X(23)00075-6/bib5B2D4484498235E80D61A233A7C04991s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib5B2D4484498235E80D61A233A7C04991s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bibDFC4BF321459ECE350A378ABD1201F97s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bibDFC4BF321459ECE350A378ABD1201F97s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib92152ABAF81F8281677D99C2AFDF0412s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib92152ABAF81F8281677D99C2AFDF0412s1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib911F6332E7F90B94B87F15377263995Cs1
http://refhub.elsevier.com/S0022-247X(23)00075-6/bib911F6332E7F90B94B87F15377263995Cs1

	Representation of weakly maxitive monetary risk measures and their rate functions
	1 Introduction
	2 Preliminaries on maxitive integration
	3 Integral representation of maxitive monetary risk measures
	4 Main result
	5 Large deviation principle for sequences of sublinear expectations
	Appendix A Pairs of monetary risk measures
	References


