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Abstract

The Shilkret integral with respect to a completely maxitive capacity is fully determined by a possibility distribution. In this paper,
we introduce a weaker topological form of maxitivity and show that under this assumption the Shilkret integral is still determined
by its possibility distribution for functions that are sufficiently regular. Motivated by large deviations theory, we provide a Laplace
principle for maxitive integrals and characterize the possibility distribution under certain separation and convexity assumptions.
Moreover, we show a maxitive integral representation result for weakly maxitive non-linear expectations. The theoretical results
are illustrated by providing large deviations bounds for sequences of capacities, and by deriving a monotone analogue of Cramér’s
theorem.
© 2023 The Author(s). Published by Elsevier B.V. This is an open access article under the CC BY license (http://
creativecommons.org/licenses/by/4.0/).
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1. Introduction

Non-additive set functions, fuzzy measures and capacities play an important role in the theory of decision making
under risk and uncertainty. They appear in possibility theory, idempotent/tropical mathematics and related fields,
where maxitive measures and their maxitive integrals are studied; see, e.g., [11,12,19,30,33]. In this article we focus
on the Shilkret integral introduced in [30]. An extension of this integral to functions taking negative values and its
complete characterization was given in [6,7]. On the one hand, if IT is a possibility measure [33], then the Shilkret
integral is given by

S

/fdl'l = sup f(x)7 (x),

where 7 denotes the corresponding possibility distribution. In this case, both the set function IT and the Shilkret inte-
gral [ 5 f dIT are completely maxitive. On the other hand, for the particular set function 4 := limsup,_, ., P(X, €
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A" where (X,),cN is a sequence of random variables, the Laplace principle from the theory of large deviations
ensures under reasonable assumptions that

S

/ fdll= sup f(x)e_l("),

where I denotes the rate function; cf. Puhalskii [28]. Although the two representations for the Shilkret integral are
very similar, in general, the second one is only valid for certain continuous functions. Thus, the set function IT satisfies
only a weaker form of maxitivity, and consequently is not a possibility measure. Nevertheless, 77 (x) = e~/ ®) can still
be viewed as a corresponding possibility distribution. In this article, we characterize the class of set functions which
admit a possibility distribution in a weaker topological sense by means of different notions of maxitivity.

In Section 2, we introduce some basics on possibility distributions and motivate our results. Section 3 includes the
key bounds on maxitive integrals and their connection to weakly maxitive set functions. In Section 4, we focus on
a maxitive integral representation result for weakly maxitive non-linear expectations. The results are then applied in
Section 5, where we show that the basic results of large deviations theory are valid for general maxitive integrals; in
particular, the equivalence between the monotone large deviation principle and the monotone Laplace principle. In
Section 6, we provide conditions ensuring that the rate function is convex and study the corresponding representation.
Finally, in Section 7, the theoretical results are illustrated with two examples. On the one hand, we study the asymptotic
behavior of a sequence of capacities by providing some large deviations bounds, on the other hand we establish
a monotone analogue of Cramér’s theorem for the sample mean of i.i.d. sequences. The paper concludes with an
appendix, where we provide some separation results in preordered topological groups.

2. Background and motivation

Let E be a non-empty set and .A be a collection of subsets of E such that ¢, E € A. A set function IT: A — R
is called a capacity, if Iy =0, T1g = 1, and 14 < I[1p whenever A C B.! Among the most important examples
of capacities, we find probability measures in standard probability theory [18], possibility measures in possibility
theory [11], and upper/lower probabilities in the theory of imprecise probabilities [32]. A capacity IT is called a
possibility measure [33], if there exists a possibility distribution = : E — [0, 1] such that

My =supn(x) forall Ae A 2.1)

X€eA

A capacity IT which admits a possibility distribution is automatically completely maxitive, i.e.,
My < Viezlly, whenever A C U A;, 2.2)

for all A € A and every family (A;);cz C A. Conversely, if A is closed under arbitrary unions and complements,
then any supremum preserving capacity IT admits a possibility distribution which is uniquely determined by 7 (x) =
InjaeA: xeay for all x € E; cf. [10]. Under additional continuity on the capacity and the assumption that A is rich
enough,” the existence of a possibility distribution is guaranteed if IT is only finitely maxitive, i.e., [Ty < Vi Mg,
forall A, By,...,B, € A, ne N, with A C U?leiQ cf. [1,24].

The Shilkret integral of a function f: E — [0, oo] with respect to a capacity I1 is defined by

N

/ fdIl:= sup clljfsq)- (2.3)
c€(0,00)

Originally, the Shilkret integral was introduced for supremum preserving capacities, also called maxitive probabilities

or idempotent probabilities [30]. However, this definition is valid for general capacities (not necessarily maxitive)

provided that f is A-measurable, i.e., {f > ¢} € A for all ¢ € R. In case that [T admits a possibility distribution 7,

then the Shilkret integral takes the form

! Typically A is endowed with some algebraic structure. Here, for the sake of generality we do not assume any structure on A.
2 E.g. the collection A forms a o -algebra on a separable metric space which contains all Borel sets.
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S
/ fdIl =sup f(x)m(x) 2.4)

xeE

for all A-measurable functions f: E — [0, c0].

In this article, we analyze to what extent a capacity is still determined by a possibility distribution if the repre-
sentation (2.4) only holds for a certain class of .4-measurable functions, e.g., all continuous, continuous bounded,
or continuous increasing functions.’ We will see that this exactly holds when the capacity satisfies a weaker form of
maxitivity.* To do so, we will provide bounds for the Shilkret integral with respect to general capacities. For a capacity
IT and a function 7 : E — [0, 1], a key result of this work states that

S
/fdl'[ >sup f(x)m(x) ifandonlyif IIp > supm(x), (2.5)

xeE xe0
where the first inequality holds for all (increasing) lower semicontinuous functions f, and the second inequality holds
for all (upwards closed) open sets O. Likewise,

S
/fdl'[ <sup f(x)w(x) ifandonlyif TII¢ <supm(x), (2.6)

xeE xeC
where the first inequality holds for all (increasing) upper semicontinuous functions f, and the second inequality holds
for all (upwards closed) closed sets C. Instead of assuming the rather restrictive assumption (2.1), the relation between
the capacity and its possibility distribution is relaxed to inequalities which are required only for certain nice topological
sets. As a consequence, if the capacity I satisfies both the upper and lower bound, then the Shilkret integral has the
representation (2.4) for all (increasing) continuous functions.

The Shilkret integral is only defined for non-negative functions. In order to deal with real-valued functions, we
present and prove our results in terms of the maxitive integral introduced by Cattaneo [7], which is obtained as a
transformation of the Shilkret integral. We say that a set function J: A — [—00, 0] is a concentration if Jg =0,
Jy = —o0, and J4 < Jp whenever A C B. In other words, J is a concentration if and only if e’ is a capacity. The
maxitive integral of an .A-measurable function f: E — [—00, 0c0) with respect to the concentration J is defined as

S

¢7(f) :=log / e de? = sup{c + Ji=e))- (2.7)
ceR

As discussed in [7], the functional ¢; shares the properties of a monetary risk measure [13], and satisfies in particular

the translation property ¢ j (f +c¢) = ¢y (f) +c for all ¢ € R. In contrast, the Shilkret integral (2.3) fails the translation

property unless the capacity IT only assumes the values O and 1; cf. [9]. In particular, aside from this degenerate

case, the Shilkret integral is neither a coherent prevision, nor a monetary risk measure. By defining the rate function

I: E— [0,00] by I(x):=—logm(x), the bound (2.5) takes the form

¢7(f) =sup{f(x) —I(x)} ifandonlyif Jo > — inf I(x), (2.8)

xeE xe0
for all (increasing) lower semicontinuous functions f, and all (upwards closed) open sets O, and the bound (2.6)
translates to

¢7(f) <sup{f(x) —I(x)} ifandonlyif Jc<-— ingl(x), (2.9)
xekE xe

for all (increasing) upper semicontinuous functions f, and all (upwards closed) closed sets C.

Similar type of bounds appear in the theory of large deviations, where the capacity has the special form IT4 :=
limsup,_, .. P(X, € A)!/" for a sequence (X,),eN of random variables with values in a completely regular topo-
logical space E. In that case, the corresponding concentration is given by J4 = limsup,,_, o, %log]P(Xn € A) with

3 Here, we assume that E is a topological preordered space.
4 Ie. Iy < V?:l I p; for (upwards closed) closed sets A and (upwards closed) open sets By, ..., Bn,ne N, with A C U;’Zl B;. We emphasize
that no additional continuity on IT is required.
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respective maxitive integral ¢; (f) = limsup,,_, o, % log Ep[exp(nf (X,))] for all bounded continuous functions f on
E. Then the equivalences (2.8) and (2.9) amount to the well-known equivalence between the large deviation principle
(LDP) and the Laplace principle (LP); cf. [5,28]. In this article, we will show that the key concepts of large devia-
tions theory can be understood and extended to the framework of weakly maxitive concentrations and their maxitive
integrals; e.g., the equivalences (2.8) and (2.9) establish the equivalence between the LDP and the LP for general
concentrations. This covers situations that are not captured by the standard setting of large deviations theory. For
instance, in the theory of imprecise probability [32], we may be interested in large deviations bounds for upper prob-
abilities of the form P(A) = suppcp P(A) for a set P of probability measures. Then we consider the concentration
Ja =limsup,_, o % logIP(X, € A), for which we will show in Subsection 7.1 that its maxitive integral is given by

oo
¢, (f) =limsup 1 log / P (exp(nf (X,)) > x) dx.
n— o0 0

Standard large deviations theory provides conditions such that the usual upper bound limsup,_, o, %logIP’(Xn €
C) < —infyec I (x) is valid for all closed sets C C E, and the usual lower bound liminf,_, o %log]P’(Xn € 0) >
—infycp I (x) holds for all open sets O C E. However, one may be interested in finding bounds on certain smaller
classes of sets. One of the features of the presented framework is that, by considering a preorder relation < on E,
we may restrict ourselves to the class of upwards closed sets for which we characterize large deviation bounds. As a
result, we obtain a monotone version of Cramér’s theorem which provides new large deviations bounds for the sample
mean of i.i.d. sequences.

3. Bounds for maxitive integral and weak maxitivity

In this section, we introduce the basic concepts and provide the key bounds for concentrations and the respective
maxitive integrals. These bounds ensure a weak form of maxitivity which allows to connect concentrations and their
maxitive integrals with rate functions.

3.1. Setting and notation

Let (E, <) be a topological preordered space.” Let U be a base of the topology, and define U, := {U e U: x € U}
for all x € E. Moreover, for A C E, we define the upser and the downset as

PA:={yeE:x<yforsomexe€ A} and |A:={yeE:y<xforsomexecA}.

We say that A C E is upwards closed if A =1 A, and downwards closed if A = | A. Let O' denote the collection of
all subsets A C E which are open and upwards closed, and C" be the collection of all subsets A C E which are closed
and upwards closed. In addition, let CCT be the set of all C € C* which are compactly generated, i.e., C = 1K for some
compact K C E. Similarly, we define the corresponding collections O and CV of downwards closed sets, which are
open and closed, respectively.

Throughout this section, we work under the following assumption.

Assumption 3.1. For every x, y € E with x < y, we assume that

(A) for every Uy € U, there exists Uy € Uy such that U, C 1Uj.
(B) for every Uy € U, there exists Uy € Uy such that U, C | U,.

In case that the preorder is trivial, i.e., x < y if and only if x = y, then O and C" coincide with the collections of
all open and closed subsets of E, respectively, and the previous assumption is trivially satisfied.

5 Recall that a preorder is a reflexive and transitive binary relation. We do not assume any relations between the topology and the preorder.
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Remark 3.2. Let £ be a Hausdorff topological abelian group. Suppose that £ is a subset of E such that £, 4+ E C
E4 and 0 € E.. Then the binary relation defined by

x <y ifandonlyif y—xeE;

is a translation invariant preorder on E. Direct verification shows that (E, <) satisfies Assumption 3.1.

On a functional level, the sets O" and C? correspond to the following spaces. We denote by LT the set of all
increasing® lower semicontinuous functions f: E — [—00, 00), by U the set of all increasing upper semicontinuous
functions f: E — [—o0, 00), and by UCT the set of all f € U such that { f > ¢} is compactly generated for all ¢ € R.
We first collect some basic topological properties.

Lemma 3.3. The following assertions hold.

() A e O ifand only if A€ €CV.
(i) A eC"ifand only if A€ € OV,
(iii) If f € LT, then {f > ¢} € O forall c e R.
(v) If f €U, then {f > ¢} €C" forall c e R.
(v) IfU C E is open, then 1U € O'.
(vi) If A is upwards closed, then cl(A) is upwards closed.”

Proof. (i) Suppose that A € OT. We show that A€ is downwards closed. By contradiction, assume that A€ # | (A°),
that is, there exists x € | (A¢) such that x ¢ A€ (or equivalently x € A). Since x € | (A°), there exists y € A such
that x < y. Since x € A and x <y, it follows that y € 1 A. By assumption 1A = A, so that y € A. But this is a
contradiction to y € A°.

(ii) follows along the same line of argumentation as (i).

(iii) Fix f € L". We prove that {f > ¢} is upwards closed. By contradiction, assume that x < y for x € {f > ¢}
and y ¢ {f > c}. Since x € {f > c}, it follows that f(x) > c. Since y ¢ {f > c}, we have that f(y) < c. Hence
f(y) < f(x), in contradiction to f(x) < f(y).

(iv) follows by similar arguments as in (iii).

(v) Let y € U, so that x <y for some x € U. Since U is open, there exists Uy € Uy, such that U, C U. By
Assumption 3.1, there exists Uy € U, such that Uy C 1U, C tU. This shows that 1U is open.

(vi) Suppose that x < y with x € cl(A). We have to show that y € cl(A). Fix Uy € U,. By Assumption 3.1 there
exists Uy € U, such that U, C | Uy. Since x is in the closure of A, there exists X € U, N A. Therefore, it follows that
X € LUy, which shows that there exists y € U, with x < y. Since y € 1A = A, we conclude that Uy NA # 0. O

3.2. Bounds for maxitive integrals

In accordance with Section 2, we next introduce the key concepts of this article. Let J be a concentration on
oct :=0tuct,ie., aset function J: OCT — [—o0, 0] which satisfies Jy = —o0, Jg =0, and J4 < Jg whenever
A C B. The respective maxitive integral ¢p; on LU := LT U U is defined by

sup{c + J{ >} ), iffGLT,

ceR
= 3.1
(/) sup{c + Jir>¢}}, otherwise. G-D
ceR
J

As discussed in the previous section, e” is a capacity and ¢, is a transformed version of the Shilkret integral;
c_f. Cattaneo [7]. Notice that ¢; is well-defined due to Lemma 3.3. By considering the extended concentration
Ja:=inf{Jg: Be OC', A c B} forall A C E, it follows by direct verification that for all f € LU,

6 A function f: E— [—o00, 00] is called increasing if f(x) < f(y) whenever x < y.
7 As usual, cl(A) denotes the topological closure of a subset A.
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¢ (f) = sup{c + Jif>¢} = sup{c + Jif>c)}-
eR ceR

c

This shows that definition (3.1) is consistent with that in (2.7).% The functional (3.1) shares the properties of a non-
linear expectation, i.e., it is constant preserving ¢;(c) = ¢ for all ¢ € R, and monotone ¢;(f) < ¢;(g) whenever
f < g. Also, the maxitive integral has the translation property ¢;(f +c¢) =¢;(f) +c forall c e R.

Next, we show that the concentration can be recovered from the maxitive integral by the evaluation at indicator
functions. We always make the convention that —oo - 0 = 0, so that the indicator function —oo1 4c assumes the value
—oo on A€ and zero on A.

Proposition 3.4. Let J be a concentration. Then, for every A € OCT,

Ja=¢ (—00lyge) = ril<1£¢J(V1Af).

Proof. Suppose, for instance, that A € O1. Then, A€ € C¥ due to Lemma 3.3, and therefore —oo1 4c € LT. We obtain

¢y (=00l pc) = sup{c + J{—col 4e>c}} = sup{c + Jy} V sup{c + Ja} = Ja.

ceR 0<c c<0

Now, let r < 0, so that r14c € LT. Then,

@ (rlye) =sup{c+ J{rlAc>c}}

ceR
= SUP{C + J{rlAc>c}} V. sup {c+ J{rlAr>c}} \% SUP{C + J{rlAc>c}}
c<r r<c<0 <c

=rvJaVv(—oo)=rvVvJa.

Hence, by letting r — —o0, we conclude in’(f)qﬁj (rlge)=Jy. 0O
r<

In accordance with Section 2, we say that a concentration J admits a rate function if there exists a function
I1: E — [0,00] such that J4 = —infyc4 I (x) forall A € OC 1. In that case, the concentration is completely maxitive
in the sense that J4 < V;czJ4, for every family (A;);ez C OC" and A € OC" with A C U;c7A;, and the maxitive
integral ¢; (/) admits the representation sup, g { f (x) — I (x)} forall f € LU 1. In the following, we relax the relation
between concentrations and rate functions. As a first main result, we obtain that the maxitive integral satisfies the
following upper and lower bounds.

Theorem 3.5. Let J be a concentration and 1: E — [0, o0] be a function. Then, the following equivalences hold.
First,

—inf I(x)<Jo forall O € ot (3.2)
if and only if

¢s(f)= j:g{f(") —1(x)} forall feL". (3.3)
Second,

Je=—infI(x) forallCe ct (3.4)
if and only if

¢1(f) < suplf(0) — 1)} forall f € ut. (3.5)

Third,

8 In particular, for f € L'nu T, it follows that the two definitions in (3.1) coincide.

6
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Je=—infI(x) forallCe ¢! (3.6)
xXe
if and only if
¢1(f) S Sup{f(0) = 1)} forall f € ul. (3.7)

Proof. Suppose that inequality (3.2) holds. Let f € LT and & > 0. Using the definition of the maxitive integral ¢
and the inequality J{f,} > —infye(fsr) [ (x) forall r € R,
¢s(f) = sup{r— inf I(x)}
reR

xe{f>r}

=sup sup {r—1I1(x)}
reR xe{f>r}

>sup  sup  {f(x)—e—T(y)}
x€E ye{f>f(x)—¢}
> sup{f(x) —e —I(x)}.
xeE
Since & > 0 was arbitrary, we obtain ¢;(f) > sup, g {f(x) — I (x)}.
Conversely, suppose that inequality (3.3) holds. Let O € O7, so that —ool e € L. Then, by Proposition 3.4,

Jo = (—00lpe) = sup{—oolpe(x) — I (x)} = — inf I (x).
x€E x€0
Now, suppose that inequality (3.4) holds. Let f € U". Using the definition of the maxitive integral ¢; and the
inequality J{f>,) < —infye(f>,) I (x) forall r e R,

¢s(f) <sup{r— inf I(x)}

reR xe{fzr}
=sup sup {r—1I(x)}
reR xe{f>r}

<sup sup {f(x)—1(x)}
reR xe{f>r}

= sup{f(x) — I ()}
xek
Conversely, suppose that inequality (3.5) holds. Let C € C1, so that —ocol¢ce € U'. It follows from Proposition 3.4
that

Je = ¢ (—00lce) < sup{—oolce(x) = I(x)} = —ingl(x).
xeE xe

Finally, the equivalence between the inequalities (3.6) and (3.7) follows along the same line of argumentation by
replacing C1 by CLT and U' by UCT , respectively. O

Notice that the upper/lower bound in the previous result is specified by upper/lower semicontinuous functions. In
the same spirit, in the context of the Hausdorff moment problem [22], the natural extension of the moment sequence
is also determined by semicontinuous functions.

Given a concentration J, our goal now is to find a rate function /: E — [0, oo] which satisfies the lower bound
(3.2) and upper bounds (3.4) or (3.6). We first focus on the lower bound. From the previous theorem, we immediately
see that

Imin(x) := sup (f(x) —¢;s(f)) forallx € E
feL?

satisfies Imin(x) > f(x) — ¢ (f) forall x € E and f € L7, and therefore the inequalities (3.3) and (3.2). We refer to
Inin as the minimal rate function. Notice that Iy, is minimal in the class of functions /: E — [0, oo] which satisfy

7
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the inequalities (3.2) and (3.3). By definition, the function Iy, is lower semicontinuous and increasing. Moreover, it
is determined through the concentration function as follows.

Lemma 3.6. Let Iy be the minimal rate function associated to a concentration J. Then, for every x € E,

— Imin(x) = UiSZEXJTU'

Proof. Let x € E and U € U,. By Lemma 3.3, we have (1U)¢ € CY, and therefore —oolyye € Lt Using the
definition of the minimal rate function /i, and Proposition 3.4, we obtain I (x) > —¢;(—0olpyy) = —Jyu.
Hence, by taking the supremum over all U € U,,

Imin(x) > —Uiélzifw-

As for the other inequality, let f € LT and & > 0. Since f is lower semicontinuous, there exists U € U, such that
f(z) = f(x) — e for all z € U. In particular, f(z) > f(x) — ¢ for all z € U because f is increasing. Then, by
monotonicity and the translation property of ¢; and Proposition 3.4,

Gy (f) =y ((f(x) —e)lry — o0lryye)
= f(x) —e+ ¢ (—o0l1y)e)
= f(0) — e+ Ju.
Since ¢ > 0 was arbitrary, we get ¢y (f) > f(x) + Jyu = f(x) +infy ey, Jyu. This shows that for all f € L,

Uingliw <—f)+és0.

By taking the infimum over all f € L?, we conclude ian{ Jyu £ —Inin(x). O
Ueld,

For the minimal rate function to satisfy the upper bound (3.4) or (3.6), additional assumptions on the concentration
are required. We will see that the concentration must necessarily fulfill a certain form of maxitivity if the lower and
upper bounds simultaneously hold. This is the context of the next subsection.

3.3. Weak maxitivity

As discussed in Section 2, a capacity which admits a possibility distribution in the sense of (2.4) (respectively a
concentration which admits rate function) is completely maxitive. In case that inequality (2.2) is only assumed for
sequences or finite sets, then the capacity is called countably maxitive or finitely maxitive, respectively. For a detailed
discussion on different maxitivity concepts, we refer to [7]. In case that a concentration satisfies only upper and lower
bounds, we obtain a weaker form of maxitivity.

Definition 3.7. A concentration function J is called weakly maxitive if

Ja<V'_  Jp forallAeC'and By,...,B, €O, neN, suchthat A C U B;.

Likewise, a function ¢p: LU T — [—o00, 00] is called weakly maxitive if

O(f) <Vi_ ¢(gi) forall f e ut and g1,..., & el neN, such that f < VI_, g;.

As a direct consequence of Theorem 3.5, we obtain the following result.

9 In fact, if /: E — [0, oc] is another function for which inequality (3.3) holds, then I (x) > f(x) — ¢ (f) forall x € E and f € LT, and
therefore I (x) > SUP pept (fx) —dg(f)) = Ipin(x) forall x € E.
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Proposition 3.8. Suppose that a concentration J satisfies the inequalities (3.2) and (3.4) for a function I: E —
[0, o0]. Then, J and ¢ are weakly maxitive.

Proof. Let AcC' and By,...,B, € O, n e N, with A C U;‘lei. Then, by monotonicity of J and the inequalities
(3.4) and (3.2),

Ja<—infI(x)<— inf I(x)=—Al_, inf I(x) <V'_,Jp.
X€EA xeU? X€EB;

i=101
Furthermore, let f € U and gl,---,8n € LT, neN, with f< V?zlg,-. Then, it follows from Theorem 3.5 that
ds(f) <sup{f(x) —1(x)}

xeE
< sup{Vi_;gi(x) — I (x)}

xeE
< Vi_;sup{gi(x) — I (x)}

xeE

<Vi_10s(g). O

We now turn to the converse question and provide bounds for weakly maxitive concentrations. Thereby, we focus
on the upper bound.

Proposition 3.9. Suppose that J is weakly maxitive. Then, J satisfies the upper bound (3.6) for the minimal rate
function Inin.

Proof. Let C € CLT . By definition, C € C" and C = 1K for some compact K C E. Fix & > 0. Then, by Lemma 3.6
and compactness, there exist x; € K and U; e Uy, fori =1, ..., n such that K C U;l:l U; and

—Jyu; = Umin(Xi) — &) A el foralli=1,...,n.
Consequently, since 1U; € Ot foralli=1,...,n duetoLemma 3.3, C C U?=1 1U;, and J is weakly maxitive,
—Jc > /\;1:1 —Jyu; = A?;[(Imin(xi) —&)A e! = (inlt;lmin(x) —&)A el
Xe
Since ¢ > 0 was arbitrary, we obtain that
—Jc = inf Inin(x) = inf Ipin(x),
xekK xeC
where the last equality holds because Iy is increasing. O

For the minimal rate function to satisfy the stronger upper bound (3.4), we need an additional tightness assumption.

Definition 3.10. A concentration J is called tight, if for all C € C' and ¢ > 0, there exists K C E compact with
MCNK) el such that

Je < (Jpenk) +€) v (=), (3.8)

Notice that C N K is compact. In typical situations, 1(C N K) is closed, see Lemma A.2 in Appendix A.

Corollary 3.11. Let J be an weakly maxitive concentration which is tight. Then, J satisfies the upper bound (3.4)
with minimal rate function Ipin.

Proof. Let C € CT and & > 0. Since J is tight, there exists K C E compact with }(C N K) € CcT such that inequality
(3.8) holds. Hence, we can apply Proposition 3.9 to obtain

9
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Je < (Jrenk) +€) vV (—ehH< (- inf  Iin(x) +8> V(=&
xef(CNK)

< (— inf Iyin (x) + 8) \Y, (—8_1).
xeC
Since ¢ > 0 was arbitrary, we conclude that Jo < —infycc Ipin(x). O

The results achieved so far can be summarized as follows. For a weakly maxitive concentration J there exists a
function I : E — [0, oo] such that

—inf I(x) <Jp and Jc <—inf I(x) 3.9
xe0 xeC

forall 0 e Ot and C € CCT , respectively C e C' if the concentration is in addition tight. In this case, the respective
maxitive integral is given by ¢ (f) = sup,x(f(x) — I(x)) forall f € L' NUJ and f e LT N U", respectively.
Moreover, the function I can be replaced by the minimal rate function Ipi,. In other words, the class of weakly maxi-
tive concentrations (capacities) can be connected with a rate function (possibility distribution), which fully determines
the associated maxitive integral for sufficiently regular functions. To what extent the rate function is unique will be
discussed in Section 5, and how it can be determined by means of convex duality arguments in Section 6.

4. Representation of weakly maxitive non-linear expectations

As remarked in the previous section, the maxitive integral (3.1) has the same properties as a non-linear expectation
which satisfies the translation property. In the following, we focus on the converse direction and investigate when a
non-linear expectation with the translation property can be represented as a maxitive integral. To do so, the following
continuity condition is necessary.

Lemma 4.1. For every f € LUT,

Jim ¢, (fAN)=¢s(f) and  lim ¢;(f Vv (=N))=d;(f).

Proof. Let f € L7, the other case follows with similar arguments. By definition of the maxitive integral, for each
N eN,

¢y (f AN) =sup{c+ Jyran)>c)} = sup{c + Jr>¢)} V sup{c + Jy} = sup{c + Jir>¢},
ceR c<N N<c c<N

and therefore,
lim ¢;(f AN)= sup@;(f AN)= sup sup{c+ Jif>c}} = sup{c+ Jig=c}} = s (f).
N— o0 NeN NeNc<N ceR
As for the second statement, for each N € N,

d(fV(=N))= SU]E{C + I rv=N)>ep)

= sup {c+ J{rv(=N)>c}} V sup {c+ Jirv(=N)>c}}

c<—N —N=c
= sup {c+ Jg}V sup {c+ Jir>c)}
c<—N —N=<c

< (=N) Vsup{c+ Jir>¢)}
cR

=(=N)Vos(f).

Hence, by monotonicity of ¢,
ds(f) < ngnoo(bl(f V(=N)) =< 1v1£noo(_N) Voi(f)=¢s(f). O

10
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As shown in [7, Corollary 6], every finitely maxitive non-linear expectation with the translation property admits
a representation in terms of a maxitive integral; see also [7, Corollary 7] and [20, Proposition 2.2]. We next provide

a related representation result for weakly maxitive non-linear expectations. Let ZT, UT, and LU t denote the sets of

all functions in LT, U™, and LU, respectively, which are bounded from above. Moreover, let C 2 be the space of all
increasing bounded continuous functions f: E — R.

Theorem 4.2. Suppose that V : U - [—o0, 00) satisfies

1) ¥(0) =0,
(1) ¥ (f) <y (g) whenever f <g,
(i) ¥v(f+c)=v(f)+cforallceR,

with concentration J}f ;=Y (—o0l ge) forall A € OC'. If ¢ is weakly maxitive,'” then
V(= (f) forall feL' nT".

Proof. First, suppose that f € CbT and let a,b € R such thata < f(x) < b forall x € E. Fix N € N, and define for
0<j=N-1,
b—a
an,j :=a+]T, ON’jz{f>aN,j}, and CN’jZ{fZaNyj}.
We consider the simple functions
Iy = \/;V;Ol ( — OOIOI{,J +an,;j loN‘j) and uy:= \/9/;01 ( — OOICJCV_,' + aN‘jICN,j)'

By construction, it holds Iy € ZT, UN € UT, and f — b% <Iy <up < f.Using the definition of the maxitive integral
and the translation property of i,

v Un) = Vi Han,; + 74, )
N—1
= Vi ¥(—oolog +anjloy,)
<¥dn).
Moreover, it follows from

b—a _ B
= \/;V=Ol(_ 00101‘;” + (aN,j + hTa) 10N’j),

uny <In+
and the weak maxitivity of ¢ that
v <V (= oolog + (aw s+ 59 10y, )
= l% + vygolw( — OOIOX/,_/ +aN,j10N,j)
= l% +é v UN).
In combination with ¢ ;v (In) < ¥ (In) < ¥ (un), we obtain
Y un) — 0 ()| < 252

Hence, as a consequence of the monotonicity and translation property of ¥ and ¢ ;v ,

W (f) =D =1V () = ml + 1 un) =N+ o0 (Un) — dyv (I

b—a b—a b—a
=¥ +tF +7F-

10 e, ¢(f) <V'_ (g forall feT' andgi,....gn €L neN,suchthat f <VI_ g.

11
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Letting N — oo results in ¥ (f) = ¢ ;v (f) as desired.

Second, suppose that f € L' NTU . Let N € N, so that f v (—N) € C;, and therefore ¥ (f V (=N)) = ¢4 (f V
(—N)) due to the previous step. Moreover, since i is weakly maxitive,

V() =v(fV(=N)=¥(f)V(=N).

Hence, it follows from Lemma 4.1 that

¢y (f)= Im ¢ (fV(=N))= lim y(fV(=N)=¢(f). O

Remark 4.3. A weakly maxitive non-linear expectation with the translation property is fully determined on increasing

continuous bounded functions by its restriction to the indicators —ool4c for A € OC 1. Indeed, let ¥, ¥ WT —
[—o0, 00) be weakly maxitive non-linear expectations with the translation property. If ¥r1(—ool gc) = Yrp(—001 4¢)

for all A € OC', then Theorem 4.2 implies y1(f) = Yo (f) forall fe L' NT .
5. A Laplace principle for maxitive integrals

Theorem 4.2 allows to represent weakly maxitive non-linear expectations with the translation property in terms of
a maxitive integral ¢ ;. In order to find a computable representation of the minimal rate function /i, we aim to find
conditions which guarantee that I, is attained on certain spaces of bounded functions. More specifically, under an
additional separation property, we focus on representations of the form

Imin(x) = sup {f(x) — s ()}

4
fec,

We also investigate the relation between the bounds (3.9) and a Laplace principle for general concentrations. Through-
out this section, let (E, <) be a topological preordered space. We fix a base U/ for the topology of E, and set
Uy :={U eU: x e U} for all x € E. Additionally to Assumption 3.1, we require the following separation property.

Assumption 5.1. For every A € C! and x ¢ A, there exists an increasing continuous function f: E — [0, 1] which
satisfies

fx)=0 and AcC f'(1).
Similarly, for every A € C¥ and x ¢ A, there exists an increasing continuous function f: E — [0, 1] such that A C

£710) and f(x) =1.

Remark 5.2. If the preorder < is trivial, then the previous assumption corresponds to that of complete regularity. Both
metric spaces, and Hausdorff topological abelian groups are completely regular topological spaces and thus satisfy
Assumption 5.1 for the trivial preorder. Moreover, we show in Theorem A.l in Appendix A that every preordered
Hausdorff topological abelian group (E, <) as in Remark 3.2 satisfies Assumption 3.1 and Assumption 5.1.

Under Assumption 5.1, the following holds.
Lemma 5.3. For any O € O" and x € O, there exists U € U, such that cl(tU) C 0.
Proof. Fix O € O and x € 0. Due to Lemma 3.3, we have that O¢ € C*. By Assumption 5.1, there exists an
increasing continuous function f: E — [0, 1] such that O C f~1(0) and f(x) = 1. Since x € {f > 1/2}, there
exists U € Uy, which satisfies U C {f > 1/2}. Then, since { f > 1/2} is upwards closed, we have 1U C {f > 1/2}.
Hence, x € tU C cl(®U) C {f > 1/2} C O. The proof is complete. O

The previous result allows for a better description of the minimal rate function.

12
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Lemma 5.4. Let J be a concentration function with minimal rate function Inin. Then, for every x € E,

I =S5 — =— inf Jyy=— inf J .
tmin (X) fellcl?T{f(x) ds()} Ueld, 1tU v, cl(1rU)
b

Proof. Let x € E. By Lemma 3.6 and Lemma 5.3,

S — < Ini =— inf Jyy =— inf J .
feu(%{f(x) $7(f)} < Imin(x) St Jru U]el/{x (1)

Recall that c1(1U) € C! due to Lemma 3.3. Let V € U, and r < 0. It follows from Lemma 3.3 that ($V)¢ € CV.
Hence, due to Assumption 5.1, there exists an increasing continuous function fy ,: E — [r, 0] with ($U)¢ C f(?, i(r)
and fy ,(x) =0. Then, we have

sup {f(x) = s (N} = —ds(fur) = —Ps(r1ru)e).

rec)
Letting » — —oo and using Proposition 3.4, we see that SUp ot {f(x) —¢s(f)} = —Jyu. If we take the supremum
b
over all U € U,, we conclude

— inf Jyy < sup {f(x) —¢s(f)}. O
Ueld, D
fec,

Motivated by the theory of large deviations and in accordance with the inequalities (3.9), we introduce the following
concepts.

Definition 5.5. Let /: E — [0, oo] be a function. A concentration J is said to satisfy the monotone large deviation
principle (mLDP) with rate function 7 if

—inf I(x) <Jp and Jc <—inf I(x) (5.1)
xe0 xeC

for every O € O and all C e C'. Moreover, a concentration J is said to satisfy the monotone Laplace principle
(mLP) with rate function [ if the maxitive integral ¢; has the representation

by (f) = sug{f(x) —I(x)} forall feC,. (5.2)
xXe

The mLDP is equivalent to the bounds (3.2) and (3.4). On the other hand, while the bounds (3.3) and (3.5) imply
the mLP, the converse assertion is not necessarily true. For a concentration J which satisfies either the mLDP or
mLP with rate function I, it follows from Jg = 0 or equivalently ¢;(0) = 0, that [ is proper, i.e., I (x) € [0, co) for
some x € E. We do not require that rate functions are lower semicontinuous.'! However, we show that the mLDP
uniquely determines the rate function within the class of increasing lower semicontinuous functions. For a function
f: E — [—00, 00], we define its increasing lower semicontinuous envelope f': E — [—o0, oo] by

1) :=sup{gx): gLt g < f}.

Directly from the definition, we see that f' is the greatest increasing lower semicontinuous function g: E —
[—o0, 0o] which satisfies that g < f.

Proposition 5.6. Let J be a concentration and I : E — [0, oo] be a function.

() If Jc < —infyec I (x) for every C € C1, then I < Iyip.
(i) If —infyeo I (x) < Jo forevery O € O, then Imin < I7.

' 1n the theory of large deviations, it is typically assumed that a rate function is lower semicontinuous and proper; see e.g. [5].

13
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In particular, if J satisfies the mLDP with rate function I being increasing and lower semicontinuous, then I = Injp.

Proof. First, we assume that Jo < —infyec I (x) forall C € CT. Since IT < I,

Je<—infI(x)<—inf IT(x) forallCecCt.
xeC xeC

Let x € E. We apply the previous inequality and the fact that I is lower semicontinuous and increasing to show that

IT(x) = sup inf IT(y) = sup 1nf IT(y) = sup inf IT(y) <-— 1nf Jcl(TU) = Imin(x),
Ueld, YU Ueld,Y Ueld, Y1)
where in the first equality we used that /7 is lower semicontinuous, in the second equality that 7" is increasing, the
third equality is a consequence of Lemma 5.3, and the last equality follows from Lemma 5.4.
Second, we assume that —inf,cp I (x) < Jo for every O € O*. Then, it follows from Lemma 5.4 that for every
xek,

Imin(x) = — 1nf JTU = sup (=) = sup 1nf I1(y) <I(x),
Ueldy
where we have used that 11U € O7. This shows Imin < I. Moreover, since Iy iS increasing and lower semicontinuous,
it follows that Iy, < I7.

In particular, if J satisfies the mLDP with an increasing lower semicontinuous rate function /, then I = 1 T, so that
conditions (i) and (ii) imply that Iijn < I < Ipjp. O

It follows from Theorem 3.5 that the mLDP implies the mLP. The converse implication is more involved. As shown
in the following main result, if the space is monotonically normal or the rate function has downwards compactly
generated sublevel sets, then the mLP implies the mLDP.

Theorem 5.7. Let I: E — [0, 00] be an increasing lower semicontinuous function, and suppose that one of the
following conditions is satisfied:

() E is monotonically normal,'> if for every A € C¥ and B € C' with AN B =@ there exist U € OY and V € O'
withUNV =@ suchthat ACU and BCV.

(ii) I has downwards compactly generated sublevel sets, i.e., if for every o € R there exists a compact set Ky such
that {I <a}= | K,.

Then, J satisfies the mLP with rate function 1 if and only if J satisfies the mLDP with rate function 1. In that case,
I = Iin.

Proof. If J satisfies the mLDP with increasing rate function /, then it follows from Theorem 3.5 that J satisfies the
mLP with rate function /. Moreover, Proposition 5.6 ensures that I = Iip.

Conversely, suppose that the mLP with rate function 7 holds. Fix A € CT. We first show that J4 < —infyc I (x). If
infyec4 I (x) = 0, then the assertion trivially holds as J4 < 0. Thus, assume that inf,c4 7 (x) > & for some § > 0 small
enough. Define

Px)y=Ux)—8) A8 forxeE.
Next, we show that
Ja < —a, (5.3)

where o := infye I°(x) € (0, 00). Since —infyeg I (x) = ¢7(0) =0, it follows that {/ < «} is non-empty. Moreover,
{I <a} eC¥ as I is increasing and lower semicontinuous. In addition, it holds {/ < a}N A = .

12 This notion is due to Nachbin [25] where the term ‘normally ordered space’ is used in the context of an ordered set. The term ‘monotonically
normal’ is also used in the literature for preordered sets; cf. e.g., [3,29].
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Suppose first that E is monotonically normal. It follows from [25, Theorem 2] that for each m € N, there exists an
increasing continuous function A, : E — [—m, 0] such that {/ <«} C h;l(—m) and A C h;l (0)."* Foreachm € N,

Ja=inf ¢;(rlac) < ¢y(hy) = — inf{—h,(x) + 1(x)}.
reR xeS

Since —h,,(x) + I(x) >m if x € {I <a}, and —h;,(x) + I (x) > « if x ¢ {I < a}, by choosing m > «, we obtain
inequality (5.3).

Suppose now that I has downwards compactly generated sublevel sets. In that case, {I < «} = | Ky for a com-
pact set K, C E. Since A N K, = ¥, by Assumption 5.1, for every y € K, there exists an increasing continuous
function fy: E — [—1,0] such that fy(y) =—1and A C fy_l(O). The neighborhoods Vy :={fy < —%} cover the
compact set K,. Hence, we can find yi, ..., yy € Ko such that Ko C |J;.; <y Vy;. For each m € N, we define
hm := N<i<n2mfy,. Then, h,, is increasing, continuous and bounded, A C h,;l (0) and A, (x) < —m for all x € K.
Moreover, since hy, is increasing, it follows that 4, (x) < —m for all x € {I < o} = | K. Finally, with the same
arguments as in the previous case, we obtain inequality (5.3).

In both cases, inequality (5.3) holds for all § > 0 small enough, so that

Ja4 < —lim inf I°(x) = —lim ((inf I(x) —8) A 5—1) — —inf I(x).
8]0 xeA 810 \ xeA xeA

Hence, J satisfies the upper bound of the mLDP with increasing rate function /. By Proposition 5.6, we obtain
Imin > 1. On the other hand, it follows from the representation (5.2) that I, < I, and therefore I = Ip;,. Finally, it

follows from Theorem 3.5 that J satisfies the lower bound of the mLDP with rate function I = I;pj,. O

Remark 5.8. If the preorder < is trivial, then the notion of monotonical normality corresponds to normality. Examples
of normal spaces include metrizable spaces, and regular Lindelof spaces; see e.g. [17].

In case that < is a closed preorder,m it is shown in [21] that E is monotonically normal whenever E is second
countable and locally compact. This is the case, for example, when E is a (second countable) topological manifold
equipped with a closed preorder. Further examples of monotonically normal spaces can be found in [4,21].

In case that £ = R is the real line, then every increasing lower semicontinuous function /: E — [0, 0o) satisfies
that {I <o} = (—o0, I ()] = | {I («)}, and has therefore compactly generated sublevel sets.

6. Convex rate functions

The explicit determination of the rate function is generally a difficult task. However, in the particular case where the
rate function is convex, one can rely on convex duality arguments. Throughout this section, let E be a locally convex
Hausdorff topological real vector space. Moreover, let £, C E be a convex cone, ie., EL +Ef CEL, AE; C E4
forall A > 0 and 0 € E. We endow E with the preorder induced by E,i.e., x <y ifand only if y —x € E. Then,
the assumptions of Section 5 are satisfied as outlined in Remark 5.2. Let ¢/ be a base for the topology of E, and define
Uy, :={U elU: x € U} for all x € E. We first provide a condition which ensures that the minimal rate function is
convex.

Lemma 6.1. Let J be a concentration such that

J1

jTUJr%TV > %JTU + %JTV forallU,V eld.

Then, the minimal rate function I : E — [0, 00] is convex.

Proof. Fix x,y € E and ¢ > 0. Set 7 := %x + %y. Due to Lemma 5.4, there exists W € U such that

—Jtw = (Imin(2) —&) A&~

13 25, Theorem 2] is formulated for ordered topological spaces rather than preordered topological spaces. However, since in the proof the
antisymmetry is not used, the result applies also to preordered topological spaces.
14 Le., {(x,y): x <y} isclosed.
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Since O :={(x,y) € E X E: %)Z + %i € W} is open, there exist U € U, and V € U, such that %U + %V C W. Then,

_ 1 1
~[Umin@) =) AeT = Thw = J1y, 14y 2 ST+

Taking the infimum over all U € U and then over all V e Uf,,

1

_ 1 1
Umin(@) —&) Ae™ < Elmin(x)+51min(Y)~

Therefore, since ¢ > 0 was arbitrary, we obtain

1 1
Inin(2) < Elmin(x) + Elmin(y)'

Now, consider the set D := {k27": n, k € N, k < 2"} of all dyadic rational numbers in the interval [0, 1]. By recursion,
it can be shown that

Imin(2) < AMpin(x) + (1 — A Inin (),

for every A € D. As a consequence, since the map [0, 1] — [0, co], A — Inin(Ax + (1 — A)y) is lower semicontinuous
and the set D is dense in [0, 1], the previous inequality is valid forall L € [0, 1]. O

Let E* be the topological dual space of E. We denote by E; the set of all .« € E* which are positive, i.e., u(x) >0
for all x € E;. The convex conjugate of the minimal rate function I, is defined by I:;nn(r“) '=sup,cpfinx) —
Imin(x)} for all 4 € E*.

Proposition 6.2. Let J be a concentration. Suppose that the minimal rate function Iy is convex and 17, (1) > ¢ (1)
forall we EY. Then,

Imin(x) = sup {u(x) —¢y(n)} forallx € E. (6.1)
HEEY

Proof. The minimal rate function /,;, is lower semicontinuous and increasing. By the Fenchel-Moreau theorem [13,
Theorem A.62],

Inin(x) = sup {p(x) — I (1)}
HeE*

*

= sup {u(x) —I;,(n)} forallxeE.
HEEY

The second equality holds because I¥. (1) = oo whenever u € E* \ E* . In fact, for u € E* \ E7 there exists y <0
with w(y) > 0, and therefore

Lgin (1) = sup{p(x + Ay) — Imin(x + 1Y)}
A>0

> iupo{M(X) +Au(y) = Imin(x)} = 00.

Finally, using the definition of /i, and the inequality I, (1) > ¢, () forall u € E7,

Inin(x) = sup {f(x) —¢s(f)} = sup {u(x) — s ()} = Imin(x). O
feLt HEEY

The hypothesis of Proposition 6.2 can be verified in some important situations; e.g., for the asymptotic concentra-
tion of sample means of i.i.d. sequences, see Subsection 7.2. In particular, it is satisfied under the mLDP, which leads
to the following result.
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Corollary 6.3. Let J be a concentration which satisfies the mLDP with a rate function I: E — [0, oo] which is
convex, increasing and lower semicontinuous. Then,

I(x) = sup {u(x) —¢s(w)} forallx € E.
HEEY

Proof. By Proposition 5.6, it holds I = Ijyj,. Moreover, it follows from Theorem 3.5 that ¢;(n) =1 :;11 L (n) for all
e Ei Consequently, since I = I, is convex, the claim follows from Proposition 6.2. O

7. Examples

We illustrate the theoretical results with two examples. First, we study the asymptotic behavior of a sequence
(n)neN of capacities by considering the weakly maxitive concentration J4 :=limsup,,_, % log w, (A). Large devi-
ations bounds for sequences of capacities on R? were recently considered in [8,31]. Second, we focus on the role of
the partial order by elaborating a monotone version of Cramér’s theorem for which the rate function can be determined
explicitly.

7.1. Asymptotic concentration of capacities

Let (E, <) be a topological preordered space which satisfies Assumption 3.1. We denote by B the set of all Borel
measurable functions f: E e [—00, 00) which are bounded from abovi. In the following, let (£,),eN be a sequence
of sublinear expectations on B, i.e., for each n € N, the functional £, : B — [—00, 00) satisfies

1) &.(f) <&,(g) whenever f < g,

() E(f +8) =E(f) +En(g)s

(i) E(f+ce) =&, (f)+cforall ceR,
iv) E,(Af) = A&, (f) forall A € [0, 00).

A functional which satisfies the properties (i)-(iv) is also called upper expectation in robust statistics [15], coherent
risk measure in mathematical finance [2], or upper coherent prevision in the theory of imprecise probabilities [32].
We remark that the theory of upper previsions does not make any measurability assumption, and in that context it
is known that the conditions (i) and (iii) follow from the conditions (ii) and (iv) together with &,(f) < sup f; see,
e.g., [23,32].

Example 7.1. Let (X,,),,cN be a sequence of E-valued random variables defined on a probability space (€2, F, P).
Consider a non-empty set P of probability measures on F. Then, for each n, the upper prevision &,(f) =
suppep Ep[f(X,)] satisfies the properties (i)—(iv) above. ¢

We consider the set function

J:OC! — [—00,0], J4 :=limsupilogu,(A),
n—od
where u, denotes the corresponding capacity of &,, which is defined by w,(A) := &, (14) for all Borel sets A C E.
Straightforward verification shows that each w, satisfies u,(@) =0, w,(E) =1, u,(A) < u,(B) whenever A C B,
and p,(A) < pup(B) + u,(C) whenever A C B U C. Moreover, J is a concentration which turns out to be weakly
maxitive according to the principle of the largest term.'?

Lemma 7.2. The concentration J is weakly maxitive.

15 The principle of the largest term is a result which is often used in the theory of large deviations; see, e.g., [27, Proposition 12.3] and [5, Lemma
N

1.2.15]. Namely, if (a}),enys - - (@), are [0, co]-valued sequences, then lim sup,,_, o % log ZZN:I al, = Vi limsup,_, o %log al.

17
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Proof. Let C € C" and 0y, Oa, ..., Oy € O such that C C UfV:101, and therefore ©,(C) < ZlN=1 wn(0;). Apply-
ing the principle of the largest term,

N
Jc < limsupﬁlogz,un(Oi) < V,N:1 lim sup % log u, (0;) = V,Nzle,-- O
n—oo i=1 n—>oo

In particular, the results of Section 3 are applicable. Due to Lemma 3.6, the minimal rate function is given by

Imin(x) = — sup limsup % logu, (MU) forallx € E.

Ue[,{x n—o00

As an application of Theorem 3.5, the discussion thereafter, and Proposition 3.9, we obtain

—inf Inin(x) < Jo and Je < —inf Iyjn(x) (7.1)
xe0 xeC

forall 0 € O" and C € CCT , and consequently the respective bounds in Theorem 3.5 for the maxitive integral ¢;.
Building on Theorem 4.2 and Remark 4.3, the maxitive integral ¢; has the following representation in terms of a
sequence of Choquet integrals.

Proposition 7.3. For every f €L NTU,

¢y (f) =limsup i log&, (exp(nf)) = limsup ! log / wn (exp(nf) > x)dx. (7.2)
n—>oo n—>0oo o

Proof. Define i : WT — [—00, 00) as the right hand side of (7.2). Inspection shows that v satisfies properties (i)-

(iii) in Theorem 4.2. Next, we show that v is weakly maxitive. To that end, let f € UT, 81,82,...,8N € L', and
f <V g1. Then, by the principle of the largest term,

¥ (f) <limsup L log

n—oo

Un (exp (n(vazlgi)> > x) dx

\8 0\8

= lim sup % log
n—oo

Un (UlNzl{exp(ngi) > x}) dx

> S
3

< limsup%logZ/un (exp(ng;) > x)dx
n—>0oo i—1 o

o
< Vi, limsup ; log /un (exp(ngi) > x)dx
n—o00
0
= VL ¥ (8.
which shows that ¥ is weakly maxitive. Moreover, for A € OCT,

o0

Y(—00lyge) = lirnsup% log/ Un (exp(n(—00)14c) > x)dx

n— 00
0

[e¢]

=limsup%log/,u,n (14 >x)dx

n—00
0
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1
= limsup}llog'/,un (A)dx

n— 00
0

= limsup % log w, (A)

n—oo

=Ja.

Hence, JY = J and we can apply Theorem 4.2 to conclude ¥ = ¢;.
In a second step, we define

Ve ' > [—00,00), V(f):= limsupéloggn(exp(nf)).

Direct verification shows that v satisfies properties (i)-(iii) in Theorem 4.2. Moreover, it is weakly maxitive. Indeed,
let f e T and 81.82,.--.8N € L' such that = \/lN:]gl. Again, by the principle of the largest term,

7 1
W(f) =< limsup— logf,’n (en(le:]gi))
n

n—o0

N
<lim supl log Z En (€"81)

n—oo N ;
i=1

1
< vazllinnls;p; log &, (")

=V (g

Since J4 = ¥ (—o0l 4¢) for all A € OCT, it follows from Theorem 4.2 that ¥ = ¢. Together with the first part, we
obtain equality (7.3). O

In contrast to linear expectations in standard probability theory, a sublinear expectation £ is in general not de-
termined by its associated capacity u(A) = £(14); see, e.g., [26]. In other words, the sublinear expectation £ may
contain more information than the capacity w. However, Proposition 7.3 implies that the asymptotic entropic version
limsup,,_, o %log En(exp(nf)) is fully specified through the sequence of capacities (u,),eN by means of the right
hand side of equation (7.2).

Under the assumptions of Theorem 5.7, it follows that ¢ satisfies the mLP with rate function [ if and only if J
satisfies the mLDP with rate function /. Under a slightly stronger version of the mLDP, the limit superior in (7.2) can
even be replaced by a limit. More precisely, we obtain the equivalence between the following versions of the classical
large deviation principle and the Laplace principle.

Corollary 7.4. Suppose that (E, <) satisfies Assumption 3.1 and Assumption 5.1. Let I : E — [0, 0o] be an increasing
lower semicontinuous function. If (1uy),eN Satisfies

—inf I (x) <liminfllogpu,(0)  and  limsupilogu,(C) < —infI(x) (7.3)
xe0 n—oo " n xeC

n—o00

forall 0 € O and C € C1, then (§,),eN satisfies

Tim Llog & (exp(nf)) = sup{f () — ()} (7.4)

xeE

forall feC bT . The converse assertion holds true if E is monotonically normal or I has compactly generated sublevel
sets.

Proof. Let f € C; . It follows from Theorem 3.5 that

oi(f) = limsupilog&,(exp(nf)) = sug{f(x) —1(x)}.

n—o00
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To show that the previous limit superior is a limit, we define
o(f) = liminf% log &, (exp(nf)).
- n—o0

Fix ¢ > 0 and x € E. Since f is upper semicontinuous and increasing, there exists U € O' with x € U such that
infyey f(y) > f(x) —¢. Then,
= f(-x) — €& +9(—001Uc)
= f(x) — & + liminfi log u,, (U)
n— o0
> f(x) —e— infI(y)
yeU

= fx)—e—1(x).
Letting ¢ | 0 and taking the supremum over all x € E yields

sup{f(x) —I(0)} =o(f) =¢s(f) = Sug{f(X) — 1)}

xeE

As for the converse assertion, suppose that E is monotonically normal or I has compactly generated sublevel sets. By
Theorem 5.7,

limsupl log u, (C) = J¢ < —inf/(x) forallC e ct.

n—oo

To show the lower bound, fix O € OT. Let x € O and m € N. By Lemma 3.3, it holds O°¢ € C'. Hence, due to
Assumption 5.1, there exists f;, € C,I such that f,,,(x) =0, O¢ C f,;l(—m), and —m < f(y) <Oforall y € E. We
obtain

liminfl log i, (0) v (—=m) = liminfi log £ (exp(n(—ocolpe))) v (—m)
n—>oo n—oQ
> liminf% log S(exp(n((—ooloc) \V, (—m)))
n—oo
= ¢(fm) = (fm) = fn(x) = 1 (x) = =1 (x).
By letting m — oo and taking the supremum over all x € O,

liminfl log u,(0) > —inf I (x). O
n—00 xe0
7.2. Sample means of i.i.d. sequences

Let E be a locally convex Hausdorff topological real vector space endowed with a preorder induced by a closed
convex cone E C E. Then, the assumptions of Section 5 are satisfied as outlined in Remark 5.2.
For each n € N, let X, := %Z?zléi be the sample mean of an i.i.d. sequence (§,),eNn of E-valued ran-

dom variables defined on a probability space (2, F,P). For A € OC T, we define the concentration J4 =
limsup,,_, o %log P (X, € A) with minimal rate function /n;,. Due to Proposition 7.3, the concentration J is weakly
maxitive and its maxitive integral admits the representation

¢y (f) =limsup % logEp[exp(nf(X,))] forall fe Z'n UT. (7.5)

n—o00

Lemma 7.5. For every convex set A € OCT,

Ja = supllogP(X, € A). (7.6)
neN

Moreover, for every convex set O € OT,

Jo = lim llogP(X, € 0)=supllogP(X, € 0). (1.7)
n—oo nEN
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Proof. The equalities (7.6) and (7.7) follow from [27, Proposition 12.5] and [27, Proposition 12.2], respectively.
Although [27] assumes that the state space is a separable Banach space, these particular results are also valid for
general topological vector spaces. O

Lemma 7.6. I,in: E — [0, o0] is convex.

Proof. We adapt the proof of [27, Proposition 12.9]. Let U, V be open and convex sets. For fixed n € N, define
Xn+l1on = % Zl-zinH & . Since Xy, = %(X,, ~+ Xu+1.2n), as well as X, and X412, are independent,

P(Xy € tU)P (Xns1,20 € V) = P({Xn € YUY N {Xpp120 €1V S P(X2y € 31U + 31V).
Hence,
IlogP(X, € 1U) + 1 L10gP(X, € 1V) < L log P(Xa, € 14U + 14V).
It follows from Lemma 7.5 that
Ji,. 1,,=lim LogP(X, e 11U + $1V)
n— o0
= lim 5 logP(Xa, € 51U + 31V)
>1 lim llogP(X, € tU)+ 1 lim liogP(X, € 1V)
2 poo 2 poo
=i+ %J¢v~
Since the topology of E is generated by the collection of all convex open subsets of E, we can apply Lemma 6.1 to

conclude that Iy, is convex. O

Definition 7.7. An E-valued random variable £ is called convex tight if for every ¢ > 0 there exists a convex compact
K C E suchthat P(£ € K) > 1 — ¢. Moreover, £ is said to be convex inner regular if for every ¢ > 0 and each convex
open O C E, there exists a convex compact K C O such that P(§ € K) > P(§ € O) —e.

By adapting [27, Proposition 12.7] to the present setting, we remark that every E-valued random variable that is
convex tight is also convex inner regular. Moreover, if E is a separable Banach space, then every random variable is
automatically convex tight and convex inner regular; see [27, Proposition 12.4] and [27, Proposition 12.7].

From now on, let £ be an E-valued random variable distributed as £;. We need the following result from [27]. For
the sake of completeness, we provide a proof.

Lemma 7.8. Let f: E — (0, 00) be a Borel measurable function, and suppose that & is convex tight. Then, for every
e > 0, there exists a convex compact K C E such that

¢! A (logEplf ()] ) <logEpLf ()1 (©)].

Proof. Suppose first that f: E — R is bounded. Fix ¢ > 0. Since £ is convex tight, there exists a compact set K C E
such that

Ep[f ()]
YR

where | f(x)| < M for all x € E. Then,

EplfGI=Eplf(E)1kE)]+Ep[f(E)1k ()]
<Eplf)1x @]+ MPE € K9
<EplfE1xk @1+ 1A —e HEp[f ()]

which shows that log Ep[ f(§)] — & <logEp[f (&)1 (&)].

PEeK)=(1—-e)
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In case that f is not bounded, due to the monotone convergence theorem, there exists N € N such that
¢! A (logEp[£(©)] —¢) <logEp[f(€) A NT—¢/2.
Since x > f(x) A N is bounded, it follows from the first part that there exists a convex compact K C E such that

logEp[f(§) AN]—¢/2 <logEp[f(E)1x(5)]. O

The logarithmic moment generating function of & is defined by

A: EY —[0,00], A(u):=logEp[exp(u(é))].

In addition, we define its positive convex conjugate A% : E — [0, oo] by

AL ()= sup {u(x) — A(w)}.

HEEY

Then the following monotone version of Cramér’s theorem holds.

Theorem 7.9. Suppose that & is convex tight. Then,

Imin(x) = Aj_()C) for allx € E. (78)
Moreover,
limsup 1P (X, € C) < — xigg A* (x) forallCeCl, (7.9)
n—>oo
liznig%f%IP’(X,, €0)> —xigg A% (x) forall 0 €O (7.10)

If additionally X, is convex tight for all n € N, then

lim %IP’(X,, € 0)=—inf A% (x) forall convex O ot
n—00 x€0

Proof. Fix yu € E% . Since (§,),eN isi.i.d., we have forall N e N,

A(p) =limsup } log Ep [exp(nt(X,))]

n—oo

> limsup 1 log Ep[exp(n(N A p)(X,))]

n—oo

=¢s(N A ),

where the last equality follows from (7.5). Letting N — oo, it follows from Lemma 4.1 that

A(p) = ¢y ().
Fix ¢ > 0. By Lemma 7.8, there exists a convex compact K C E such that
el A (A(u) - 8) <logEp[e"® 14 (&)].
Since (&,),eN 18 1.1.d. and K is convex,
Eple" X 1 (X)) 2 Ep[et®V) - et g (51) - 1k ()]
=Ep[e"® 1@
This shows that
e A (A —e) <logEp[e" @ 14(®)]

<limsup i log Ep[e"* X 1k (X,)]

n—oo

< sup {u(x) = Inin(x) }
xekE
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where the last inequality follows from Lemma B.1 in the Appendix B. Since ¢ > 0 was arbitrary, we obtain ¢ () <

Ap) < I:nn (w). Hence, since the minimal rater function I, is convex, lower semicontinuous and increasing, in line

with Proposition 6.2, we obtain for all x € E,
Imin(x) > sup {(x) — ¢y (u)}
HEEY

> sup {u(x) — A(u)}
HEEY

> sup {u(x) — I ()}
HEEY

= Inin(x).
This shows equation (7.8). Moreover, since the concentration J is weakly maxitive, the upper bound (7.9) fol-
lows directly from Proposition 3.9. To show the lower bound (7.10), we consider the concentration J, :=

liminf, % log P (X, € A) with minimal rate function [ ;. Let U/ be a topological base consisting of open convex
sets. It follows from Lemma 3.6 that for every x € E,

where Jy = J; is valid due to (7.7) in Lemma 7.5. Then the lower bound (7.10) follows from the lower bound (3.2),
which is satisfied for the minimal rate function 7, ;, = A%.

Finally, suppose that for each n € N the random variable X, is convex tight and therefore convex inner regular. Fix
e>0,aconvex O € O and N € N. Since Xy is convex inner regular, there exists a convex compact K C O such
that

FlogP(Xy € 0) < % 1logP(Xy € K) +e < L logP(Xy € 1K) +e.

It follows from Lemma A.2 that 1K € CCT and 1K is a Borel set. Since 1 K is convex, we can apply Lemma 7.5 to
conclude

Jykx =limsup L logP(X, € 1K) = sup LlogP(X, € 1K),
n—00 neN

and therefore

LlogP(Xy € 0) < 3 logP(Xy € 1K) +& < Sug%log]P’(Xn etK)+e=Jik +e.
ne

By Proposition 3.9, it holds Jyg < — inf Ipin(x) < — inf Iypin(x). Hence,
xetkK xe€0
+logP(Xy € 0) < — inf Ipin(x) + &.
xe0
Letting N — oo and then ¢ | 0,
. 1 .
Jo= ]\/11—I>noo N logP(Xy € 0) < _xlgglmin(x),

where the limit above exists due to Proposition 7.5. The other inequality follows from the lower bound (3.2), which is
satisfied for the minimal rate function Ijnj,. O

The sample mean of an i.i.d. sequence of random variables with values in R? satisfies the usual large deviation
principle with rate function A*; cf. [5, Theorem 2.2.30]. In infinite dimensional spaces, the upper bound in the large
deviation principle

limsup 1P(X, € C) < — inf A" (x) (7.11)
X€

n—oo

is only known for certain sets C C E. For instance, bounds for compact sets or convex open sets are shown in [5,
Theorem 6.1.3], [14] and [27]. We obtain in (7.9) a new upper bound for compactly generated sets. Moreover, each
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choice of the cone E yields a class of upwards closed sets for which we obtain an upper bound in terms of A% . By
Corollary 3.11, the upper bound (7.9) is valid for all C € C" if the concentration J4 = limsup,,_, ., % logP(X, € A)
is tight. Moreover, the lower bound in the large deviation principle

liminf L log P(X, € 0) > — inf A*(x) (7.12)
n— 00 x€e0O

is valid for all open set O C E; see e.g. [27]. Since —infyep A% > —infyco A*, we obtain in (7.10) a sharper lower
bound on upwards closed open sets.

8. Conclusions

It is well-known that the maxitive integral with respect to a completely maxitive concentration (capacity) is
uniquely determined by a rate function (possibility distribution). In this paper, we have introduced the notion of weak
maxitivity, and we have shown that, if a concentration J is weakly maxitive and tight, then the corresponding maxitive
integral ¢ is determined by the minimal rate function I, on the space of all increasing continuous functions.

Furthermore, every maxitive integral ¢y is a non-linear expectation with the translation property, and we have
argued that ¢, is weakly maxitive if J is weakly maxitive. Conversely, we have shown that every weakly maxitive
non-linear expection v with the translation property has a maxitive integral representation ¥ = ¢ on the space of all
increasing continuous functions.

Motivated by the theory of large deviations, we have provided different representation results for the minimal rate
function In,. First, under Assumption 5.1 (which is satisfied if the state space E is a preordered topological group),
we have seen that the rate function is determined by the space of all bounded increasing continuous functions, i.e.,

Imin(x) = sup {f(x) — ¢, ()}
fec)

In addition, we have formulated monotone analogues of the large deviation principle and the Laplace principle, which
have been shown to be equivalent under suitable conditions and which uniquely determine the rate function within
the class of increasing lower semicontinuous functions. Second, we have focused on the case where the rate function
is a convex function on a locally convex topological real vector space E. In that case, under an additional assumption
which is implied by the monotone Laplace principle, the minimal rate function is specified by the dual space, i.e.,
Imin(x) = sup {n(x) — ¢y (W)}
neE*

Finally, we have shown that standard large deviations theory can be understood within the framework of weakly max-
itive concentrations and their maxitive integrals. In turn, the present framework enlarges the scope of large deviations
theory to non-standard situations, which we have illustrated with two examples. On the one hand, we have covered
the asymptotic concentration of capacities on preordered topological spaces. On the other hand, we have established
new large deviation bounds for the sample mean of i.i.d. sequences on upwards closed sets by showing a monotone
analogue of Cramér’s theorem on locally convex topological vector spaces.
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Appendix A. Auxiliary results for preordered topological groups

Let G be a Hausdorff topological abelian group. Given a subset G C G such that
G++G+CG+, 0€G+,
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we endow G with the preorder induced by G, i.e., x <y if and only if y — x € G . Next, we show that G satisfies
Assumption 5.1.

Theorem A.1. For every A € Ct and x ¢ A there exists an increasing continuous function f: G — [0, 1] such that
f(x)=0 and AcC f7'(D).
Similarly, for every A € C¥ and x ¢ A, there exists an increasing continuous function f: G — [0, 1] such that

Ac f7Y0) and f(x)=1.

Proof. Notice that it suffices to prove the first statement as the second one can be obtained from the first one by
applying the transformation z — —z. The argumentation is an adaptation of [16, Theorem 5], where it is shown that
every topological group is completely regular.

Suppose that A € C' and x ¢ A. Without loss of generality, we assume that x = 0. Denote by D the set of all dyadic
rational numbers of the interval [0, 1], i.e., D :={k27": n,k € N, k <2"}. As in the proof of [16, Theorem 5], it is
possible to construct a family (V;.),cp of open neighborhoods of 0 € G which satisfy the following properties:

i) Vi= A",
@) V., =—V,forr <1,
(i) V, Cc Vyifr <s,
1v) Vig—n + Vo C V(k+1)2—tz fork=1,...,2" — 1.

Then, we define
f:G—[0,1], fx):=1Ainf{reD:xelV,}.

As usual, we set inf@ := oo. Since 0 € |V, for all r, we have that f(0) = 0. Suppose that x € A. Due to (i), (iii), and
Lemma 3.3, we have that |V, C A€ for all . Hence, if x € A, we have that x ¢ |V, for r, and consequently f(x) =1.
Finally, since | V, is downwards closed, it follows that f is increasing. It remains to show that f is continuous. To
that end, we fix y € G.

First, suppose that f(y) =1.Let ¢ > 0 and fix n € N with 27""~D < ¢, We show that z € y 4+ V,-» implies that
7€ (I Vip—n)€ for all k < 2" — 2. If otherwise z € | Vj,-n, then due to (ii) and (iv),

yez—Von =724+ Vo ClVig-n+ Vo ClVip-n +{Vo-n C ¢V(k+l)2*” s
and therefore, f(y) < (k+ 1)27" < (2" — 1)27" < 1, which is a contradiction to f(y) = 1. Thus, for z € x + V5-n,
we have f(z) > (2" —2)27", and therefore
fM = f@I=1-f@<1-@2"=227"=2"""D <4
We conclude that f is continuous at y.
Second, suppose that 0 < f(y) < 1.Lete > 0andn € N such that 2= #=1 < ¢ 2==D 1 _ f(y),and 27D <
f (). Let k € N be the smallesti € {1,...,2"} such that y € | V;5-». Then, (k — 1)27" < f(y) <k27" and
Y € 4 Vig-n N (I Vig—1)2-n)°.

Since 1 — f(x) >270"D wehave | — (k—1)27" > 1 — f(x) > 2" 5o that k < 2". Since f(x) >2""=D it
holds k27" > f(x) > 27"~D and therefore k > 2. We have z € (| Vik—2)2-)¢ whenever z € y + V,-n. Otherwise,
due to (ii) and (iv), we obtain

y€z— Vo =24 Vy-n Cl V2 + Von ClVie—2)2-n + I Vo-n T Vig—1y2-n,

which is a contradiction. Moreover, if z € y 4+ Va-m, since y € | Vja-n, it follows from (iv) that'®

16 We can apply (iv). Indeed, since f(x) > (k—1)27", wehave l —(k— 1)27">1— f(x) > 2= (=1 and therefore k < 2".
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z€y+ Vo ClVig—n +{Vo-n T Vigryan.
Hence, for z € y + V,-n, we have (k — 2)27" < f(z) < (k+ 1)27", and therefore

If () — fr) <2707 D <,

We conclude that f is continuous at y.
Third, suppose that f(y) =0.Let ¢ > 0 and fix n € N with 27®~D < ¢_ Since f(y) =0, we have y € | V5. For
z €y + Vp-n, it holds

zey + szn C J,V -n + i,szn C \LV2—(n—1),

and therefore

) = f@I=f@)=27"V <e

We conclude that f is continuous at y. The proof is complete. O
Lemma A.2. Suppose that G 4 is closed. If K C G is compact, then 1K is closed.
Proof. Suppose that (xy) is a net in 1 K such that x, — x. We show that x € 1 K. For each «, we have x, = vy + 24
where y, € K and z, € G4. Since K is compact there exists a subnet (yg) such that ygs — y € K. Then zg = xg — yg
converges to x — y. Since G is closed, we have x — y € G4, and therefore x e K + Gy =1K. 0O
Appendix B. Auxiliary result for asymptotic concentration of capacities

Let (E, <) be a topological preordered space which satisfies Assumption 3.1. In line with Section 7, we consider
the concentration J4 := limsup,,_, o, ,l—zlog in(A) with minimal rate function I, where w,(A) := &,(14) for all

A eOC!, and (£,),eN is a sequence of sublinear expectations on B.

Lemma B.1. Let K C E be a compact set. Then, for every f e LT NUT,

limsup 1 log&, (exp(nf)1x) = ¢s(—oolge + flk)

n— o0
< sup {f(x) = Imin (1)}
xekE

Proof. If Jx = —o0, then the first two terms are equal to —oo as f is bounded on K, hence the inequality trivially
holds. Otherwise, if Jx > —oo, we consider the concentration J f = Jank — Jk, A € OCT, and the trivial preorder
<."7 By similar arguments as in Proposition 7.3, for every f € 'n Uﬁ,

¢k (f) =¢s(—o0lge + flk) — Jg =limsup 3 log & (exp(nf)1k) — Jx. (B.1)

n—o0

Moreover, since —oolge + flg € UCT , it follows from Theorem 3.5 that

¢s(—o0lge + flg) < sup {F ) = i)} < sup { £ (x) = I3, (0}, (B.2)

xeE

where Ir?lin denotes the minimal rate function for the concentration J w.r.t. the trivial order. By definition of the

minimal rate function, it holds Iglin > Imin. Hence, we obtain the claimed assertion as a direct consequence of equa-

tion (B.1) and inequality (B.2). O

17 1e,x < yifand onlyif x = y.

26



M. Kupper and J.M. Zapata Fuzzy Sets and Systems 467 (2023) 108506

References

[1] M.Z. Arslanov, E.E. Ismail, On the existence of a possibility distribution function, Fuzzy Sets Syst. 148 (2004) 279-290.
[2] P. Artzner, F. Delbaen, J.-M. Eber, D. Heath, Coherent measures of risk, Math. Finance 9 (1999) 203-228.
[3] EF. Bonsall, Semi-algebras of continuous functions, Proc. Lond. Math. Soc. 3 (1960) 120-140.
[4] G. Bosi, A. Caterino, R. Ceppitelli, Normally preordered spaces and continuous multi-utilities, Appl. Gen. Topol. 17 (2016) 71-81.
[5] A. Dembo, O. Zeitouni, Large Deviations Techniques and Applications, Springer, 2010.
[6] MLE. Cattaneo, Maxitive integral of real-valued functions, in: Information Processing and Management of Uncertainty in Knowledge-Based
Systems, Part 1, Springer, 2014, pp. 226-235.
[7]1 MLE. Cattaneo, On maxitive integration, Fuzzy Sets Syst. 304 (2016) 65-81.
[8] Z. Chen, X. Feng, Large deviation for negatively dependent random variables under sublinear expectation, Commun. Stat., Theory Methods
45 (2016) 400-412.
[9] G. de Cooman, Integration and conditioning in numerical possibility theory, Ann. Math. Artif. Intell. 32 (2001) 87-123.
[10] G. de Cooman, D. Aeyels, Supremum preserving upper probabilities, Inf. Sci. 118 (1999) 173-212.
[11] D. Dubois, H. Prade, Possibility Theory: An Approach to Computerized Processing of Uncertainty, Plenum Press, New York, 1988.
[12] D. Dubois, H. Prade, Possibility theory and its applications: where do we stand?, in: Springer Handbook of Computational Intelligence,
Springer, 2015, pp. 31-60.
[13] H. Follmer, A. Schied, Stochastic Finance. An Introduction in Discrete Time, De Gruyter, 2016.
[14] G. Fuqing, A note on Cramer’s theorem, in: Séminaire de Probabilités XXXI, Springer, 1997, pp. 77-79.
[15] P.J. Huber, Robust Statistics, John Wiley & Sons, 1981.
[16] T. Husain, Introduction to Topological Groups, W. B. Sunders Company, 1966.
[17] J.L. Kelley, General Topology, Springer-Verlag, 1955.
[18] A. Kolmogorov, Foundations of the Theory of Probability, Chelsea Publishing, 1956.
[19] V.N. Kolokoltsov, V.P. Maslov, Idempotent Analysis and Its Applications, Springer, 2013.
[20] M. Kupper, J.M. Zapata, Large deviations built on max-stability, Bernoulli 27 (2021) 1001-1027.
[21] E. Minguzzi, Normally preordered spaces and utilities, Order 30 (2013) 137-150.
[22] E. Miranda, G. de Cooman, E. Quaeghebeur, The Hausdorff moment problem under finite additivity, J. Theor. Probab. 20 (2007) 663-693.
[23] E. Miranda, A survey of the theory of coherent lower previsions, Int. J. Approx. Reason. 48 (2008) 628—658.
[24] T. Murofushi, M. Sugeno, Continuous-from-above possibility measures and f-additive fuzzy measures: characterization and regularity, Fuzzy
Sets Syst. 54 (1993) 351-354.
[25] L. Nachbin, Topology and Order, D. Van Nostrand Co., Inc., Princeton, N.J.-Toronto, Ont.-London, 1965.
[26] S. Peng, Nonlinear Expectations and Stochastic Calculus Under Uncertainty: with Robust CLT and G-Brownian Motion, Springer Nature,
2019.
[27] P. Petit, Cramér’s theorem in Banach spaces revisited, in: Séminaire de Probabilités XLIX, Springer, 2018, pp. 455-473.
[28] A. Puhalskii, Large Deviations and Idempotent Probability, Chapman and Hall/CRC, 2001.
[29] Z. Semadeni, H. Zidenberg, On preordered topological spaces and increasing semicontinuous functions, Prace Mat. 11 (1968) 313-316.
[30] N. Shilkret, Maxitive measure and integration, Indag. Math. 33 (1971) 109-116.
[31] Y. Tan, G. Zong, Large deviation principle for random variables under sublinear expectations on R9,J. Math. Anal. Appl. 488 (2020) 124110.
[32] P. Walley, Statistical Reasoning with Imprecise Probabilities, Chapman and Hall, London, 1991.
[33] L.A. Zadeh, Fuzzy sets as a basis for a theory of possibility, Fuzzy Sets Syst. 1 (1978) 3-28.

27


http://refhub.elsevier.com/S0165-0114(23)00131-8/bib1FE697D5DD3FCBC903998F829FE4B9F4s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib3DF16C59C5BC507C8090CA9EB1E3EF41s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bibF55CCF2321E9EC5E8C9DC14E074EF343s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bibD8CAC53E8C520A2DEB70D5FA26773193s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bibE1241497B6E9E1FB52B5735BFD128640s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib66BB8CC88B1A5E840B526C2E23C39AF1s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib66BB8CC88B1A5E840B526C2E23C39AF1s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib04DC12B3895A64933F97A35B24CD1A49s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib6B6C3CD5CD62B9A2971EF5941676A27Bs1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib6B6C3CD5CD62B9A2971EF5941676A27Bs1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib3435BEA09D4EF8A8359DF0F08352800Bs1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib70D911C94D6068D48AE4F5C8CDC83301s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib7CC5AEE176BFA0FE46EA2E8E78B09D91s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib4FE7694953949F0C19AA6252F7547F14s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib4FE7694953949F0C19AA6252F7547F14s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib66231EC7AEC91420C43FBAF8C5467DD9s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib01EE9D7A62A020F8A50928A207459877s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib3291AAAC20F3D603D96744C1F0890028s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib659ADBEF94FFB0FDDEA3D776E364558Cs1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib60A0ACA55D2DF93A2EEC0E5313DB5A8Bs1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib895B5FFF4AFB4A02566D13CEB5DC3CE8s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib8907EE2A50FEC98EDA198625F26780B1s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib18CCA48F53FF8ECB763969E63E262B84s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib4C611842E4378CBC9F6367BBE6EF0B2Ds1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib1EE1877C6655ECC71DFEAD311C771BD0s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bibB712EE7B76331DD7BCD91F2FCDC719DBs1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib8D60C77EE76F4800B579C6FD365B3DFFs1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib8D60C77EE76F4800B579C6FD365B3DFFs1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bibDC617F3F5A94ECBA144C7532F3DA311Fs1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib0FCB08A9784B27B19A504DC69DA0DEB6s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib0FCB08A9784B27B19A504DC69DA0DEB6s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bibE3AB6DBF6A4A2EA457083F1463630D87s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib9B22CFF089582A546467963523504FF8s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib487F300AFD0ADB4096DE3A5B5256E5B2s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bibF43392884F13395387887A1D38D3A044s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib657BC4897AE1A04270EBFAAC2F64C1D9s1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bib0E2FC63050E4C497E5F6183EB831715Ds1
http://refhub.elsevier.com/S0165-0114(23)00131-8/bibFDE0D5A5C1AF638C612CA5B027BD573Cs1

	Weakly maxitive set functions and their possibility distributions
	1 Introduction
	2 Background and motivation
	3 Bounds for maxitive integral and weak maxitivity
	3.1 Setting and notation
	3.2 Bounds for maxitive integrals
	3.3 Weak maxitivity

	4 Representation of weakly maxitive non-linear expectations
	5 A Laplace principle for maxitive integrals
	6 Convex rate functions
	7 Examples
	7.1 Asymptotic concentration of capacities
	7.2 Sample means of i.i.d. sequences

	8 Conclusions
	Declaration of competing interest
	Data availability
	Appendix A Auxiliary results for preordered topological groups
	Appendix B Auxiliary result for asymptotic concentration of capacities
	References


