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Abstract

The minimal repair replacement is a reasonable assumption in many practical systems. Under this
assumption a failed component is replaced by another one whose reliability is the same as that of
the component just before the failure, i.e., a used component with the same age. In this paper
we study the minimal repair in coherent systems. We consider both the cases of independent and
dependent components. Three replacement policies are studied. In the first one, the first failed
component in the system is minimally repaired while, in the second one, we repair the component
which causes the system failure. A new technique based on the relevation transform is used to
compute the reliability of the systems obtained under these replacement policies. In the third
case, we consider the replacement policy which assigns the minimal repair to a fixed component
in the system. We compare these three options under different stochastic criteria and for different
system structures. In particular, we provide the optimal strategy for all the coherent systems with
1-4 independent and identically distributed components.
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1. Introduction

There exists an extensive literature on redundancy, repair and replacement policies for coherent
systems subject to failure. The basic concepts can be seen in [8, 12, 29|. Roughly speaking,
maintenance actions can be performed in different ways as replacement strategies, minimal repairs,
imperfect repairs, redundancies, etc. On the one hand, it is addressed in literature the concept
of active (hot) redundancy, where some additional components are included in the system by
using parallel structures, see [45, 50, 51, 52| and [14, 48] for systems having independent and
dependent components, respectively. On the other hand, it is addressed the concept of standby
(cold) redundancy, where a component is replaced or repaired when it fails. A nice summary of
those cases is described in Aven [5]. Among the standby policies, many papers study the case when
the broken unit is physically replaced by a new and identical unit (perfect repair), see [25, 43, 46].

In this paper we will focus on minimal repairs. The basic minimal repair model was introduced
in Barlow and Hunter [11]. Since then, many works have been published attempting to extend

the minimal repair concept, see, among others, Aven [2, 3|, Aven and Castro [6], Aven and Jensen
[7, 8], Phelps [40], Bergman [16], Block et al. [17], Balakrishnan et al. [10], Stadje and Zuckerman
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[44], Shaked and Shanthikumar [41], Beichelt [13], Zhang and Jardine [49], Finkelstein [23] and
Zequeira and Berenguer [47|. In short, under the minimal repair concept it is generally assumed
that the maintenance action is such that the system is restored to the condition it had immediately
before the failure occurred. This concept allows us to describe many repairs in real cases where
it is not unrealistic to think that repairs basically bring the system to the same condition it was
just before the failure. To formalize this idea, the basic model assumes that the repair time is
negligible and the number of failures that occur in the interval (0,¢] follows a nonhomogeneous
Poisson process (NHPP) with an intensity function, A(t).

At this point it is worth to mention that minimal repairs are usually split into two cases:
physical minimal repairs and statistical minimal repairs. The former is used when a component
of the system is repaired and the latter, also called black box minimal repair, when the system
is repaired. Of course, if we look at a component as a subsystem, a physical minimal repair is
just a statistical minimal repair at component level. The previous cases clearly depends on if we
have information about the state of the components or just about failures of the whole system,
respectively, see Aven [5] and Aven and Jensen |7, 8] for further details and illustrative examples.
As it is nicely discussed in Aven [5], the need to be precise with the level of information leads
to some author to frame their works in the theory of point processes by taking into account the
history of the system. Some valuables contributions in this sense are given by Aven |2, 3, 4|, Aven
and Jensen |7, 8|, Bergman [16|, Arjas and Norros [1]|, Natvig [27, 28] and Gasemyr and Natvig
[24].

In this paper we will address the problem of comparing different repair policies by using minimal
repairs. From the above discussion, we will assume we have information about the condition of each
component of the system. In other words, all components can be observed at any time. Under this
assumption, we will focus on comparing three different repair policies. The first policy, denoted
by case I, consists in a statistical minimal repair of the component that fails first. The second one,
denoted by case II, consists in a statistical minimal repair of the component that causes the system
failure. The last one, denoted by case III, consists of assigning a statistical minimal repair to a
fixed component. In all these cases we will consider only one repair although the same technique
can be applied to k replacements as it will be commented later on. For our purpose we will
consider a representation of the system’s reliability based on the dependence structure (copula) of
the components, the underlying distributions and the relevation transform as a tool to deal with
the different policies. Some studies that share a similar approach have been recently published.
Some stochastic comparisons of repairable coherent systems with independent components can be
seen in [15, 19, 22|. Different replacement policies, under minimal repairs of fixed components
and number of repairs, are compared in [9]. Some preservation results and aging properties of
repairable systems under minimal repair are established in [18]. Our approach satisfies some
advantages. First, the representation of the reliability function in terms of distortion functions
leads to simplify the complex algebraic expressions derived from the computation of the system’s
reliability. Secondly, results can be applied to systems with dependent components. Furthermore,
this approach can be used to deal with heterogeneous components. Finally, our approach allows us
to make distribution-free comparisons. Additionally, we give a procedure to compare these three
policies under different stochastic criteria (orders). In particular, we prove that the replacement
policy of case II is better than that of case I under the assumption of independent and identically
distributed (IID) components. However, some examples prove that they are not ordered with case
IT1. We also apply this procedure to determine the best replacement policy in terms of the usual
stochastic order for all the systems with 1-4 IID components.



The rest of the paper is organized as follows. In Section 2 we introduce the notation and
the basic tools needed in the paper. The main results are given in Section 3, where we give
a procedure to determine the reliability functions of the systems obtained with the replacement
policies of cases I and II. These functions are used in Section 4 to compare the different replacement
policies, obtaining some general results for the IID case. The conclusions are placed in Section 5.

Throughout the paper, we say that a function g is increasing (resp. decreasing) if g(z) < g(y)
(>) for all z < y. If G :[0,1]" — [0, 1], then 0;G represents the partial derivative of G with
respect to the ¢th variable.

2. Notation and preliminary results

2.1. Relevation transform

Let X and Y be two nonnegative independent random variables with absolutely continuous
reliability (survival) functions F' and G. Then the reliability function of X + Y (convolution) is

FxGt) =Pr(X +Y >t) = /f d:c—l—// x)dydr = F /Gt—x

where f and g are the respective probability density functions. Under a perfect repair in a cold
standby procedure, the unit X is replaced when failed by an independent unit Y having the same
distribution as X (when new). Then the resulting reliability is

F*F(t):F(t)—i-/OtF(t—m)f(x)dx.

If X and Y are dependent, we obtain the expression included in the following definition.

Definition 2.1. If X and Y are two nonnegative dependent random variables with reliability func-
tions F' and G, then the relevation transform (or conditional convolution) F#G is the reliability
of X +Y given by

t
FRG() = (1) + / Gt — o) f(2)da, 2.1)
0
where f is the probability density function of X and G, is the reliability function of (Y |X = x).

Under a classic relevation transform, the unit X is replaced when it fails at a time = by a unit
having reliability G but with the same age as X, that is, by Y, = (Y — z|Y > z) with reliability
i G
G:(y) =Pr(Y —xz >y|Y >2) = M
G(x)

for y > 0. Hence,

t
F#G{t) =Pr(X +Yx >t) = F(t) + / —~ f(z)dz. (2.2)
0
Under a minimal repair, the failed unit X is replaced by a unit having the same reliability as
X and with the same age (that is, it is repaired to be as it was just before its failure). Then, from
(2.2), the resulting reliability is

FAF() = F(1) + /O "E®) fyde = Bty — B E(t).



After k replacements, the resulting reliability is

FH#EF(t) = F(t)Y  =[-InF(1)]",

0

1
o!

(2

where F#F = F, F#'F = F#F, F#°F = (F#F)#F and so on. Note that (F#F)#F #
F#(F#F). We shall write it as F#FEF(t) = q(F(t)) with

k

= Zl— Inu)’ (2.3)

The distributions that can be written in this way are called distorted distributions (see, e.g.,
[32, 37] and the references therein). Thus, we say that a distribution function F; is a distortion
of another distribution F if F,(t) = ¢(F(t)) for a distortion function ¢ : [0,1] — [0, 1] increasing,
continuous and such that ¢(0) = 0 and ¢(1) = 1. A similar representation holds for the respective
reliability functions, that is, F,(t) = g(F(t)), where g(u) = 1 — q(1 — u) for u € [0,1]. Tt is also a
distortion function, that is, it is an increasing continuous function in [0, 1] such that g(0) = 0 and
q(1) =1 (see, e.g., (2.3)). It is called the dual distortion function associated to gq.

—_

2.2. Coherent systems

Let T be the lifetime of a coherent system with component lifetimes X7, ..., X,,. In the general
case, the components can be dependent and this possible dependency will be represented by the
joint reliability of the components lifetimes which can be written as

F(zy,...,2,) =Pr(Xy > a1,..., X, > x,) = K(Fi(21), ..., F.(z,)),

where K is the survival copula and F} is the reliability function of the ith component fori = 1,...,n
(see, e.g., [21, p. 33|). Note that the case of independent components is included here and that it is
represented by the product copula K = II, where T(uy, ..., u,) = uy ... u, for uy, ..., u, € [0,1].
From now on we assume that F' is absolutely continuous with joint probability density function

Fxy, ... xn) = k(Fi(1),..., Fo(z)) fi(zy) ... ful2,),
where f; is the probability density function of X; and

an

k(u1,...,un):31...8nK(u1,...,un):m
1.-- n

is the probability density function associated to K.
Then it is well known (see, e.g., [26, 35]) that the system reliability can be written as

FT(t) :Q(Fl(t)v"'7Fn(t))7 (24>

where ) is a distortion function, that is, a continuous increasing function @ : [0,1]" — [0, 1]
such that Q(0,...,0) = 0 and Q(1,...,1) = 1 which depends on the system structure and on
K (the dependence structure). In particular, if the components are identically distributed (ID),
then (2.4) reduces to Fr(t) = g(F(t)) (see, e.g., |37]) where F is the common reliability function
of the components and g(u) = Q(u,...,u) (i.e., T has a distorted distribution from the common
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distribution of the components). If the components are just independent, then @ is a multinomial

expression (see [12, p. 21]). Finally, if they are independent and identically distributed (IID), then

q(u) = > au’, where (ay,. .., a,) is called the minimal signature of the system (see, e.g., [36]).
For example, if n = 2, the reliability function of the parallel system Xy = max(X;, X5) is

FQ;Q(t) = PI‘({Xl > t} U {X2 > t}) = F1<t> + Fg(t) — PI'(Xl > t,XQ > t) = QQ:Q(FI(t),FQ(t)),
where Qo.5(u,v) = u+v — K(u,v) and, in the IID case, gao(t) = Qaa(u,u) = 2u — u?.

2.3. Reliability of systems using the relevation transform

Let us see how the relevation transform can also be used to compute the system’s reliability.
This new technique will be used in the following sections to compute the reliability of systems
with minimal repairs on failed components. As in the preceding section we consider the simple
case of a two-component parallel system.

Example 2.2. Let us consider Xo.o = max(Xy, Xs). If the component lifetimes Xy, Xy are 11D
with a common reliability F, then

2 =F F(t) = F t@ x)dx
Foalt) = FuahF(1) = Fialt) + | g5 rala)d
and, as Fi.o(t) = F2(t) and fio(t) = 2F(t) f(t), we have
Foalt) = F2(t) + /0 : ((32”93) Fa)dw = F2(t) + 2P (1) F(t) = 2F(t) — F(t).

Let us assume now that both components can be dependent with a survival copula K. Then

FQ;Q(t) = PI‘(XI < XQ) PI‘(XQ;Q > t‘Xl < XQ) + PI'(XQ < Xl) Pr(XQ;Q > t|X2 < Xl)
= Pr(X; < Xo) PG (1) + Pr(Xa < X)) P46y (1),

where FYXY(1) = Pr(X, > X, < Xo), B (1) = Pr(X, > t1Xy < Xy), Gra(y) =
Pr(Xy —z > y|Xi =2, Xo > ) and Ga,(y) = Pr(Xy — 2 > y|Xo = 2, Xy > ). Note that

pr = Pr(X, < X,) = / [ B 0K (Fia). Faly)dyds = / " A @ K (F (2), Fy(a))ds
when lim,,_,o+ O, K (Fy(x),u) = 0 (see [39]). Analogously,
P = Pr(Xs < X1) = 1—p1 — /0 " (@)0uK (Fy(x), Fy(x))da

when lim, o+ 0o K (u, F5(y)) = 0. The joint density of (X1, Xo| X, < Xo) is h(z,y) = f(x,y)/m
for all x <y (0 otherwise). Then the marginal density of (X1|X; < X3) is

ule) = o= [y = [ 1) 00K File), Faly))dy = - i) K (Fi(e), Fae).
Hence, the conditional density of (X2| X1 = x, Xo > ) is

h,y) _ L) K(Fi(x), F(y))
ha(x) K (Fi(x), Fo())

hopi (y|z) =



and then the reliability function G, is given by

: _ Vs — fo(2)01: K (F(2), F3(2)) 0K (Fi(), Fo(x + )
Gl,x(y)—/%+ hop (2|z)d / oK (B (). o) d K TF (). Fo(e)) (2.5)

In a similar way (by the symmetry), we get

Galy) = 2T ) JH)) (26)

Therefore, from (2.1), we obtain
¢
FE=X2)u @ (1) = FO<2) (1) + / G .(t — x)h(x)dx
0

= <X E t T i (x), F T
= A0+ [ @K (A Bo)
— F) () 4 pi [Fo(t) — K(F(t), Fa(t))] -

Analogously, we have Fy> XV 4Gy (t) = F5 (1) 4+ L

p2

Fm(t) = p1F1(X1<X2)#Gl<t) + p2F2(X2<X1)#G2(t)
= pi ) + o BTN + Bu(t) + Fo(t) — 2K (R (1), Fat))
= p1 Pr(X1o > 1] X1 < Xo) + p2 Pr(X1o > 1] Xy < X1) + Fi(t) + Fy(t) — 2K (Fi(t), B (1))
=Pr(X12 > t) + F1(t) + Fo(t) — 2K (Fi(t), F2(1))
= Fi(t) + F5(t) — K(FL(t), Fy(t)).
These expressions can be simplified if F' is exchangeable (EXC) that is, K 1is permutation
invariant and the components are ID. In this case we have Fyo = F1.o#G, where

Pr(X, >z +y|X; = 2)

G (y) = Pr(X, — Xi=zX -
() =Pr(s —a>ylX =2, X > ) = =5 e N

Then, from (2.5), we get Go(y) = . Hence, from (2.1), we have

O K (F(x), F(x +y))
0K (F(x), F(x))

Fro#G(t) = Fia(t) + /0 Go(t — ) fro(z)dr = Fiot) +/ K (F(z), F(?)) fra(z)dx

0 OK(F(z),F(z))

where Fio(x) = K(F(x), F(z)) and fio(x) = 2f(2)0, K (F(x), F(z)). Therefore,



Another approach for the general case is
FQ:Q = Fl:?#éa (27)
where

Go(y) = p1(2) Pr(Xo — 2 > y| Xy = 2, Xy > 2) + po(2) Pr(X; — 2 > y|Xo = 2, X1 > 1)
PI'(XQ >x + y‘Xl = .T,') . (ﬁ) PI‘(Xl > T+ y’Xz = .I’)
Pr(Xs > 2 X, =2) 2T Pr(X, > 2| Xy = )

=pi(

p1(z) = Pr(X; < X5| X102 = 2) and py(z) = Pr(Xse < X1 X120 = 7).

Similar expressions can be obtained for other order statistics (k-out-of-n systems), that is,
for X;.,,, 2 = 1,...,n. For example, in the IID case, the reliability of Xs.3 can be written as
Fhy = Fy. 3#F12 or that of X3 as Fy3 = (Fi.3#F1.2)#F. Analogous (but more complicated)
expressions hold for general coherent systems.

3. Main results

With the notation introduced in the preceding section, let us assume that we have a coherent
system with lifetime T" based on n components with lifetimes Xi,...,X,,. If we apply a single
minimal repair to the system then the main options are:

Case I: To repair the component which fails first.

Case II: To repair the component which leads to the system failure.

Case III: To repair a fixed component (e.g., to repair the ith component).

Other options will be considered later. If we can choose among these options (this is not always
the case in practice), we need to determine which one is the best one under some stochastic criteria.
To do this, we need to obtain the reliability of the resulting systems after these replacement policies.

From now on, we will denote by 17 and Tj; the lifetimes associated to the resulting system
under the policy I and II, respectively. In the third option, if we repair the ith component, the
resulting system lifetime will be represented by TI(I 7. If the dependence structure does not change

after the replacement, then the reliability of TI(I)I is

Fro () = Q(Fi(t), ... Fia(t), a(Fi(t)), Fia (1), ... Fu(t)),

111

where ¢ is given in (2.3). If the components are ID, then F (t) = q}II(F_'(t)), where
II

I

@ (w) = Qu, ... u, g (u),u, . .. u) (3.1)

and ¢ is placed at the ith position. Comparison results for these kinds of replacements were given
in [9]. Let us study the other two cases.

3.1. Case I

In this case we repair the component which fails first. Its lifetime is X = Xj.,,. Then the
broken component is minimally repaired and the resulting system has the same structure as T’
but we know that all the components are working and have age X. Hence its reliability is

FT] (t> = Fln#é<t)7 (32>

7



where

Pr(l'>x+4+y, Xy >x,.... X, > x)
Pr( Xy >uz,..., X, > 1)

Go(y)=Pr(T—z>ylXy>a,...,X,>1)=

when X = . In Proposition 3 of [30] is proved that this reliability can be written as G, ( )
Qu(F1p(t), ..., Fuu(t), where Fi,(t) = Pr(X; —x > t|X; > z) = Fi(t + x)/Fy(x) fori=1,...,n
and Q, is a distortion function (see Section 2). Hence, from (2.1), we have,

FTI(t) :Fln(t)+/0 Gx(t_x)flzn( )dx_Fln / Q:(: Fla: t—[L’) . Fn,x(t_x))fln(x)dx

(3.3)
Let us see an example.

Example 3.1. If T = Xs.5 (a parallel system with two components), then

G.(y) =Pr(T —x > y| Xy > 2, Xs > )
 Pr(T > 24y, X, >0, Xy > )
Pr(X; >z, Xy > )
PrX;>z+y,Xo>2)+Pr(Xo>z+y,X; >2)—Pr(X; >2+4y, Xo >x+y)
Pr(X; >z, X5 > x)
K(Fi(e + ), Fy(e)) + K@), Brla +9) — K(Fi(e + ), By +3)
K (R (2), Fola)

= Q:}c(pl,x(y>7 FQ,x(y))
fory >0, with Fy .(y) = Fi(x +y)/Fi(x), F2.(y) = Fa(z +y)/Fy(z) and

o) (un, up) = K(U1F1(:IZ),F2(:E)) —i—K(Fl(:E),uQF’g(x)) - K(U1F1($)7U2F2<33))
T K(Fi(v), Fa(x))

whenever K(Fy(x), Fy(z)) > 0. Hence, from (2.1) and (3.2),

FTI F12 /Qz Flw —x),FQ@(t—x))fl;g(x)d:E

= F1:2<t) +F1 2( ln F12 / K Fl F2 3:), (}j(Fl( ) F( ))fl;g(ilf)dilj’ (3.4)

holds. In particular, if the components are IID, then

2f(x)F(x)dx

Fr,(t) = F2(t) + 2F%(t) In(F (1)) + /0 r (t)F(iUZ;;ExZ;(a:)F(t)

= F2(t) + 2F2(t) In(F(t)) + 4F (t)F(t).
Therefore, Fr,(t) = q;(F(t)) with qr(u) = 4u—3u?+2u?In(u). A straightforward calculation shows

that ¢\, (u) = 2u — v —ulnu+uInu and §; < 3\, fori=1,2. So, Ty <sr T\Y; holds for all F,
that is, in this system, it is better to replace a fixed component than to replace the first failure.



If the components are just ID, from (3.4), we get

Fr6) = Fualt) + Fra®) n(Fia(t) + [ SR ST 1o
= Fia(t) + F12( ) In(Fra(t))
K(F(1), F(2)) 4 K(F(),FW) ) o ) PO
[ HEO ) B O, (P, F(0) + 0K (F(a). o)) o)
where Fi.o(t) = K(F(t), F(t)). Now, if we do the change v = F(x), then
Fr, () = 6xc(F()) + 65 (F (1)) In(6 (F / K(# 6K t [v{)(“ EO) 5 (o),

where 6x (v) = K(v,v) is the diagonal section of the copula K and §p(v) = 01K (v,v) + 0K (v, )
forv € (0,1). Therefore Fr,(t) = qi(F(t)) with

qr(w) = 6 (u) + 0x (u) In(0x (u / K, ) u>5’K(v)dv.

A similar representation is obtained in the following theorem for an arbitrary coherent system.

Theorem 3.2. Let T' be the lifetime of a coherent system with 1D components having a common
reliability F'. Then the reliability function of Tt can be written as

Fry(t) = @i(F(t)) (3.5)
for all t > 0 and a distortion function q; which does not depend on F.

Proof. In the ID case, the general representation obtained in (3.3), can be written as

Fr, (t) = Bt / Galt — ) frn(2)d = Fu(t) + / G(Folt — 2) frm(@)dz,  (36)

where ,(u) = Q. (u, . .. ,u) and F,(t) =Pr(X; —z > t|X; > ) = x)/F(x) fori=1,...,n.

F(t +
Even more, in this case, G, can be written as G (y) = ¢(F(z + y); F(z)), see [30]. Hence

Fr,(8) = Font) + / GE(t); F(2)) frn(z)dz

where Fy.,(t) = 6k (F(t)), 0 (u) = K(u,...,u) and fi.,(t) = f(t)8%(F(t)). Then

Fry(0) = 5(F(0) + [ a(B(0: () 3.7)

and therefore (3.5) holds. O



The dual distortion function g; in (3.5) depends on the structure of the system and on the
underlying survival copula K. In the next sections we will show how to compute it. However, we
must say that, sometimes, it is not easy to get an explicit expression for it (since we have to solve
the integral in (3.7)). In the IID case, the preceding theorem can be simplified as follows.

Theorem 3.3. Let T' be the lifetime of a coherent system with IID components having a common
reliability F'. Then the reliability function of Tt can be written as Fr,(t) = q;(F(t)) where

n—1 n—1
qr(w) :nzna_zz,ui—i— (1—nzna_lz,> u" — nau” Inu (3.8)
i=1

i=1

and (ay, . ..,a,) is the minimal signature of the system.

Proof. 1f the components are independent, then G, () = Q(F1 (1), ..., F,,.+(t)) holds from Propo-
sition 5 in [30], that is, Q, = @, where Q is the distortion function in (2.4). Then, if they are
IID, we have G, (t) = q(F.(t)), where F.(t) = F(t + x)/F(x) and q(u) = Y., a;u’ (see Section
2). Hence, from (3.6), we have

Fr(8) = Fun(t) + / GEa(t — 2)) frn(2)de

— )+ /0 . ( 5((;))) nF" () f(2)da

=1
n—1
= F"(t —EN) (1= Fr(t 2JF(E)(—In F(t
()+n;n_i (®)( () + nan F" (t)(= In F(t))
which concludes the proof. O

The minimal signatures of all the coherent systems with 1-5 IID components were obtained in
[36]. Hence, from the preceding theorem, we have explicit expressions for g; for all these systems.

3.2. Case Il

Let us assume now that we repair the component which is critical for the system. We may
expect that this option leads to a better performance since the most relevant components for the
system have higher probabilities of being repaired. Note that, in case I, we just repair the first
failure and so, for example, if the components are exchangeable, then all the components have the
same probability of being repaired. However, we must note that case II is not always available in
practice for all systems.

In this case it is not easy to obtain the reliability Fr,, of the resulting system lifetime T7;. Let
us see a simple example. If the system is a series system, then cases I and II coincide since the
first failure is always critical for the system. So let us consider again a parallel system.

Example 3.4. If T = Xs.5 and the components are I1ID, then, from (2.1), we have

Fry () = FrttP(0) = Frt) + [ ﬁ(@) fr(@)ds,

10



where Fr(t) = 2F(t) — F2(t) and fr(t) = 2(1 — F(t))f(t). Hence

Fr, (t) = 2F(t) — F2(t) + 2F(¢) /t 1-Flz)

| T @ = F2(t) — 2F(t) In F(t) = g (F (1))

with qrr(u) = u? — 2ulnu. So Tir also has a distorted distribution from F. Hence it is easy
to compare the three replacement policies for this system just by comparing the three distortion
functions. Thus a straightforward calculation leads to ¢ < q; < (jyl)l < G and soT <gr Tt <gr

TI(})I <gr Ty for all F andi = 1,2, that is, the best option in this system is to repair the component
which is critical for the system. The second best option is to replace a fized component and, of
course, the three options are better than the original system T'. They are also better than a parallel
system with three components (active redundancy) with gs.3(u) = 3u — 3u? + u?.

Let us assume now that the component lifetimes are just exchangeable. Then, proceeding as in
Section 2, we have Fr,,(t) = Fr#G(t), where

G.(y) =Pr(Xy — 2 > y|X; <z, Xp > 1)
Pr(X; <z, Xy >z +vy)
T Pr(X, <7, Xs > 1)
CPr(Xo>a+4y) - Pr(X; >z, Xy > 1+ y)
Pr(Xy > z) — Pr(X; > 2, Xy > x)
Pl t) - K(P), P +3)
F(z) — K(F(x), F(z))

for z,y > 0. Hence, from (2.1), we have

where Fr(t) = 2F(t) — K(F(t), F(t)) and fr(t) = 2(1 — 0K (F(t), F(t)))f(t). Therefore
Fra(t) = 2P(0) = K(F(0), F(0) + 2 | 35— (1 = 0K (Fl). ) o)
~2¢) ~ K(F(. P +2 [ FOEE G oo = auF10)
with ) L (o)
qrr(u) = 2u — K(u,u) + 2/ U—K—(vv)(l — O K(v,v))dv. (3.9)

Note that we need K (and to solve this integral) to get an explicit expression for qrr. Of course,
if K(u,v) = uv, then we obtain the expression obtained above for the IID case.
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Finally, in the general case, proceeding as in (2.7), we get Fp, (t) = Fr#G(t), where

Ga(y) = pr(x) Pr(Xa — 2 > y| Xy < 2, Xy > 2) + po(x) Pr(Xy — 2 > y| Xy < 2, Xy > )

Pr(X; <z, Xy >z +vy) Pr(Xs <z, X; >z +vy)
= pi(2) pa2()
Pr(X; <z, X, > m) Pr(X; <z, X; > x)
Pr(Xy >z +y) —Pr(X;>2,Xo >12+4vy)
Pr(Xs > z) — Pr(X; >z, Xy > 2)

Pr(X, >z +y)—Pr(X; >z 4y, Xo > 1)

)—P

= p1()

—|—p2(a:)

Pr(X; > z) — Pr(X; >z, Xy > x)
oy Pt ) KA. Elo ) e )~ KRl + ). Fle)
=) ) KR B@) YT R - KE@ )

p(z) == Pr(X; < Xo|T = x) and pa(x) := Pr(Xe < X4|T = ) = 1 — py1(x) for x,y > 0. To
compute py(x), we need the joint reliability of (X1, X2.2) given by
ﬂ(l’,y) = PI'(Xl > .T,XQ;Q > y)

=Pr(X;>x,X;>y)+Pr(Xy >z, Xo>y) —Pr(Xy >, X >y, Xy >9)

= Fi(y) + K(F(2), Fa(y)) — K(Fi(y), Fa(y))
for all x <y. Hence, its joint density is h(x,y) = fi(z)f2(y)01 2K (F1(z), Fy(y)) for all x <y (0
otherwise) and the conditional density function of (X1| X220 =1vy) is
fl(x)fZ(y)al,QK(Fl(m)a R (y))

fr(y)

hip(zly) =
for 0 < x <wy. Therefore

Yy
pi(y) = Pr(X1 < Xo|T = y) = Pr(Xy < Xoo|T =y) = / hipa(z|y)dz

/ fi(@) f2(y a12K Fl( ) F2(v) , _ foly) = foly )fT( g 1(1). B>(y)) (3.11)
when lim,,_,1- O K (u, F3(y)) =1 (see [39]). Analogously, we get
paly) = Pr(Xs < X|T = y) = “>f“@6 1(v). Folw)) (3.12)
Hence, from (2.1), (3.10), (3.11) and (3.12), we have
Pryt) = Fr(t) + [ Gult = a)frla)da
= F1(t) + Fy(t) — K(Fy(t), FQ(t)z 7 )
+ [ 1= 0K (Fio). Bl 2 2 (o)
# [ 1= 0K (Fua), Falo)] 20— D o

In the exchangeable case, we have Pr(X; < Xo|T =y) = Pr(Xe < X4|T =y) = 1/2 and (3.9).
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The preceding example shows that it is not easy to get an expression for the reliability in the
general case. So, we are going to try to solve the case of exchangeable components. In this case,
we know that the system’s reliability can be written as

n

FT(t) = Z SiFi:n(t)a (3'13)

=1

where s = (s1,...,58,) is the signature of the system and s; = Pr(T = X;,,,) fori=1,....,n. We
can use this representation to obtain the following result.

Theorem 3.5. Let T be the lifetime of a coherent system with components having an absolutely
continuous exchangeable joint reliability. Then the reliability function of Ty; can be written as

Fry,(t) = au(F (1)) (3.14)
for all t > 0 and for a distortion function §;; which does not depend on F.

Proof. Let us consider the events F, = {X,1) < -+ < X, } for o in the set P, of all the
permutations of order n. If the components are exchangeable, then Pr(E,) = 1/n!. Let us divide
the set P, in the disjoint subsets Ajy,..., Ay where A; contains all the permutations which lead
to ' = Xj,.,, and to a fixed repaired system Tj. Let H; = Usca, E,. Then p; := Pr(H;) = [A;]/n!,
where |A;| is the cardinal of the set A; for j =1,... k. Hence

k
Pr, (t) =Pr(Ty; > t) = > p; Pr(Ty; > t|Hj). (3.15)

j=1
Note that under H;, we know which component failure causes the system failure. Moreover
(T'H;) =s7 (Xi;m|H;). Also note that X; ., =sr (Xi,m|H;) due to the assumption about ex-
changeable components. Proceeding as in Section 2, we get Pr(T7; > t|H;) = Fi . #G;(t), where

Gia(y) = Pr(T; — 2 > y|Xi . = x, H;) (3.16)

and Tj is the system obtained after a minimal repair of the component broken in the 7;th position
and at a given time x under H;. Note that the structure of this system is completely determined
by H;. This event also determines which components are working and which have failed at time
x. Hence, from (2.1),

Fr(t) = Y0y [Fo) 4 [ Gialt =)y (o) (3.17)

holds. Note that the semi-coherent system 7; has n —i; + 1 working components (some of them
can be irrelevant for the system). These components are exchangeable and the corresponding joint
reliability function H(yi,...,¥n—i;+1) is given by

Pr(X; —2>y,...,. Xn=2> Y| X1 <z,... . X, 1 <2, X5, >o,..., X, > 1)

Proceeding as in case I, this joint reliability can be written as

H(y,... 7yn—z']-+1) = Q:;;(Fx(yl), e 7Fx<yn—i]-+1)) (3.18)
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for a distortion function @, which depends on F(z), where F,(y) = F(x + y)/F(x). Let

H,, .. . H . 410 De the rehablhty functions of the order statistics obtained from these exchange-
i+

able components and let (s7,..., s ;,;+1) be the signature (of order n —i; + 1) of Tj. Then

n—i;+1

FTII ij Zgn Z SE/ Htgn fl;ﬂ( ) ]

It is well known (see, e.g., [32]) that F,.,(t) can be written as Fj ., (t) = @;,n(F(t)) where g,
depends on K. Analogously, from (3.18), we know that Hj,, can be written as ) (y) =@, (F(z+
y); F(x)) where ¢, depends on K. Therefore

FTII Z pj

and by doing the change v = F(r) we get (3.14). O

Giyn (F'(t Z Sz/ Ton(F(t); F(2)) . (F(2)) f (2)de ] (3.19)

The coefficients in the signature used in (3.13) can also be computed as sy = |Bg|/n!, where
By, is the subset of P, with the permutations which lead to T' = Xy, that is, By = Uj;,;, =1 A;.
Hence (3.19) can also be written as

VB2

n—ij+1

Froo(t) = Fr(t) +ij > o / T F(1); F(2))g, () (), (3.20)

where Fr(t) = gr(F(t)). These general expressions can be simplified in the IID case as follows.

Theorem 3.6. Let T' be the lifetime of a coherent system with IID components having a common
absolutely continuous reliability F'. Then the reliability function of Ty can be expressed as Fr, (t) =
qri(F(t)) for all t > 0, where

n

Gri(u) = Zciui + Zdiui Inw (3.21)

i=1 i=1
for some coefficients c;,d;, i = 1,...,n which only depend on the structure of the system.

Proof. Let a/ = (a?,. .. ,afb_ij +1) be the minimal signature the system 7} considered in the proof

of the preceding theorem for j =1,..., k. In the IID case, this semi-coherent system has n—1i;+1
IID components with the common reliability F,(y) = F(x + y)/F(x). Hence the reliability in
(3.16) is

Therefore, from (3.17) and (3.20), we have

k n—i]-+1

. t _e —
Fra®) = Fr)+ 3 ; 3 o) [ frod (P (o)

j=1 =1
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where Fj.,,(t) = Gi.n(F(t)) for a polynomial

win= 5 ()

r=n—i+1

(see, e.g., [20, p. 46]). So

forlt) = FOT ) =10 Y () (1),

r=n—i+1 " n=t
Therefore, if (ay,...,a,) is the minimal signature of T, then
mat - n\ [r—1 t
Fot) = Fr)+ 3, S0 R Y ey (M) (00 [ s
j=1 (=1 r=n—i;+1 T/ \v=1%/ Jo
n n—i;+1 n 1
SIS 3O SRS SRS () (g T
j=1 j=1 =1 r=n—i;+1 r n ZJ

where ¢4(t) = (1 — F*(t))/s if s > 0 and ¢,(t) = —In F(¢) if s = 0. This concludes the proof. [J

Example 4.4 shows how to apply the preceding theorem. In [31] we provide an R-script to
compute the coefficients ¢; and d; for a given coherent system with 11D components.

In general it is not easy to compute the reliability function associated to the case II of a coherent
system with dependent components. However, the reliability function of k-out-of-n systems can
be obtained by assuming exchangeable components. Thus, if T = X;,, for a fixed i € {2,...,n}
and the components are exchangeable, then Fr, (t) = F;.,#G(t), where

G$(y):PI'(XZ'>I+y,...,Xn>.T+y|X1SI,...,Xi_1§I7XZ‘>CL’,... X >[E)
O Pr(X<w, X <a, Xi>a+4y,. Xy >a+y)  Hi(F(x),Flz+y))

);

Hi(F

Pr(X; <z, ..., X;1 <z, X;>z,.... X, > 1)  Hy(F(z),F(x))

(), F(t)) for

with a function H; such that Pr(X; <z,... . X, <z, X; >t,..., X, >t) =
all 0 < x <t. Note that H; only depends on K. Therefore, from (2.1), we have

H;(F(x), ))

Pr(Ty > 1)
(T > 1) H(F(o). F(2))

fin () dix (3.22)

If the components are IID, then the following result provide an explicit expression for (3.22).

Proposition 3.7. Given an i-out-of-n system with IID components and lifetime T' = X;.,, for a
fized i € {2,...,n}, then Fr, (t) = G (F(t)), where

_ n n—i n—i - —n+i— —k n =1
qn(u):(n—i+1)u o it Z (—l)k + 1k_n+i_1<k)(n—i)

k=n—i+2

kn+z n—i+1 n k-1 kT, n—it1
* Z —n+z’—1(k>(n—i o) .

k=n—i+2
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Proof. 1f the components are 11D, then
G.(y)=Pr(X;>z+y,.... Xp,>o+ylXi<az,....X; 1 <2,X;>2,...,X, >1)
F’n—i+1
=Pr(X; >z +ylX;>2)...Pr(X, >z +y|X, >2) = ﬂ
anerl(:E)

Moreover, as Fy,(t) = > p_, ;. (1)1 () ("~DYF*(t) (see, e.g., [20, p. 46]), we have

A Fn 1+1(t)

PI‘(TI] > t) = an(t) +/ Fn H‘l(lv) fz n( )

_ an(t> 4 aniJrl(t) Z (_1>kn+i1k<Z) (k : 1) / kanJrifQ(x)f(x)dx

k=n—i+1 n=t/ Jo
— R+ Y (—1)"’_"“‘11@(7;) (i il) e jﬂ‘ LU (”) Fri () In (1)
k=n—i+2
n T - i1 M —i+1 n\ (k—1\ =
- (n—i—i— 1)F - k:;+2(—1)k [ ——— (k) (n—i)Fk(t)
+ mez#l(t) Zn: (_1)kfn+iflk — nﬁ_z — (Z) <Z: 1) . Z(?) aniJrl(t) th(t)
k=n—i+2

which concludes the proof. O

3.8. Other cases

The purpose of this section is to show that we can study other cases following the procedures
used above in cases I and II. For example, if we know that the system does not fail with the first
component failure, we can consider to repair the system at the second component failure with a
minimal repair of the broken component at this point. Then, if the components are exchangeable,
the reliability function of the repaired system is Fio)(t) = Fp.,#G(t), where

1 n
:_Zpr(Ti_x>y|Xz‘§I,Xj>tforallj7éz')
n 4

and T; is the lifetime of the semi-coherent system obtained from 7" when we know that the ith
component is broken. A similar expression can be obtained if the system is repaired at the jth
failure for j = 3,4,....

In all the options studied above, we just repair one component. We can of course consider
k replacements. For example, if £ = 2 and, in case III, we repair components i and j (for fixed
i < 7), then the reliability of the repaired system is

Frap(t) = Q(Fi(t), ..., Fia(t), u(Fit)), Fia (t), - - Fja(8), @ (F5(1)), Fja(t), - - Fu(t)),

TIII

where ¢ is given in (2.3). If the components are ID, then this representation can be reduced
t0 Fpin(t) = iy (F(1)), where g7 (u) = Q(us.w, @y (w),u, ., @i (u) u, . u) and qu(u) is
placed at the ith and jth positions. Analogously, if we repair the ith component twice, then

Py ) = QUA(, . (0, (F(1), Fra (1), Ful0),
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_(4,1)

where @, is given in (2.3). If the components are ID, we get F . (t) = ;77 (F(t)), where
III

@) = Qu, ... u, gau),u, ... 1)

and ¢, is placed at the ith position. Other options with fixed repairs were studied in [9].
We could consider other options with k& = 2 minimal repairs. For example, we can repair the
two first broken components. In this case, if Xi,..., X, are IID, the resulting reliability is

FI(2) (t) = (Flsn#élsn>#é(t)a
where F.,(t) = F™(t) is the reliability function of X1, = min(X1,..., X,),

~ _ F*(z + )
G n)z = F" = "
is the reliability function of Y7, = min(Y7,...,Y,) (a series system with n IID components and a

common reliability F,(y) = F(z 4 y)/F(x)) and Gy(2) = gr(F,(z2)) is the reliability of a system
with the same structure as T, having n IID components with reliability F, when Y1, = y. The
reliability H = F}.,#G1., can be computed from (2.1) as

H(t) = F"(t) + /0 ]{::((i))nF"_l(x)f(x)dx = F"(t) —nF"(t)In F(t).

Its density is h(t) = —n2F"~1(t) f(t)In F(t). Then, by using (2.1) again, the system’s reliability is

F2(t)

A(t) + / G, (t - y)h(y)dy

U (WY A i
a0 - [ a (W)F ()7 () In F(y)dy

n t
0=t af'(t) [ PN F) )y,
i=1 0
where (aj,...,a,) is the minimal signature of the system 7". Then

FO() = H(t) - n*a,F(1) / Fo ) P Wy~ a0 [ £ ) ) )y

=H(t)+ n2a—2nF"( t)In® F(t Zaze / Fr==Yy)In F(y) f(y)dy.

Finally, by doing the change = —In F(y), in I;(t) = fot F=i=1(y)In F(y) f (y)dy, we get

~InF ) . Fr=i(t)InF(t) 11— F(t
[z(t> _/ me—(n—z):{:dx _ ( ) n ( ) + ( )
0

n—1i (n—1)?
Therefore
2 n—1 — n—1 =i —
_ " _ F*(t)In F(t F'(t) — F™(t
FO®) = (" (0) + 2 ey By +n? S a0 s B = ()
— n—1 — (n—1)



Note that the reliability can be written as F 1(2) (t) = (j?)(F (t)) for a distortion function (j?). For
example, for "= X3.,,, we obtain q( )( ) =u" —nu"Inu+ (n?/2)u™(Inu)?. For this system, if we
repair the first & broken components, then we get (j}k) (u) = Z?:o niu™(—Inw)®/i!.

Other similar replacement policies can be studied in a similar way. However, in the follow-
ing section we restrict ourselves to the cases with k& = 1 to develop fair comparisons, that is
comparisons of replacement policies with the same number of repairs (i.e. with the same cost).

4. Comparison results

The representations obtained in the preceding section can be used jointly with the ordering
results for distorted distributions given in [32, 34| to compare the different replacement policies.
For sake of completeness we include some of these ordering results in the following theorem. We
shall consider the following (well known) stochastic orders.

The main order is the usual stochastic order, denoted by X <gr Y, that compares the respec-
tive reliability functions Fx(t) < Fy(t) for any time ¢. This ordering implies that F(X) < E(Y)
(if these expectations exist). An alternative (stronger) order is the hazard rate order, denoted by
X <pgr Y, that compares the respective residual lifetimes (X — ¢t|X > t) <gr (Y —¢t|Y > ¢t) for
any time t. While the ST order compares new units, the HR order compares (in the ST order)
used units with the same age t. Analogously, the mean residual life order, denoted by X <p/rr Y,
compares the respective mean (expected) residual lifetimes E(X — t|X > t) < E(Y —t]Y > t)
for any time ¢t. The HR order implies the MRL order. An order similar to the HR order is
the reversed hazard rate order, denoted by X <grygr Y, that compares the inactivity times
(t—X|X <t) >sr (t =Y|Y < t) for any time ¢. Finally, the likelihood ratio order, denoted
by X <pr Y, holds if the ratio of their densities fy/fx is increasing in the union of their sup-
ports. This order implies all the preceding orders. For basic properties and applications of these
orders we refer the reader to [12, 42|.

Theorem 4.1. Let X; and Xy be two random variables with distribution functions F, = q1(F)
and F,, = q2(F) obtained as distorted distributions from the same distribution function F' and
from the distortion functions q1 and g, respectively. Let q; and Gy be the respective dual distortion
functions. Then:

(i) X1 <gr Xs for all F <= q1(u) < @(u) [or ¢1(u) > q2(u)] for allu € (0,1).

(ii) X1 <pgr Xs for all F <= @(u)/q1(u) is decreasing in (0, 1).

(11i) X1 <rmpr Xo for all ' <= qa(u)/q1(u) is increasing in (0,1).

(iv) Xy <pgr Xo for all F <= ¢ (u)/q,(u) is decreasing in (0, 1).

(v) X1 <prr X for all F <= @(u)/q1(u) is bathtub in (0,1) and E(X;) < E(Xs).

We apply these ordering results in the following theorems and examples comparing the different
replacement policies. In the first main result we prove that, for any system with IID components,
the replacement policy of case II is always ST-better than that of case I.

Theorem 4.2. Let T' be the lifetime of a coherent system with IID components having a com-
mon absolutely continuous reliability F'. Let T and Ty be the system lifetimes obtained with the
replacement policies of cases I and II, respectively. Then T <sr Ty for all F.

Proof. 1f we assume that the component lifetimes X7, ..., X, are IID, then the system’s reliability
can be written as Fr(t) = ¢(F(t)) for a polynomial ¢(u). From Theorems 3.3 and 3.6, we also
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know that the reliability functions of 77 and Tj; can be written as Pr(T; > t) = qr(F(t)) and

Pr(Tr; > t) = g (F(t)). So we just need to prove that g;(u) < gr(u) for all u € [0, 1].
From the proof of Theorem 3.3, we know that Ty = X1, + Y, where X1, = min(X1,..., X,),

Pr(Y! — 2 > y| X1, = 2) = Pr(T* > y)

and T™ is the lifetime of a system with the same structure as 7" and having IID components with
the common reliability function F,(y) = F(x +y)/F(z) for y > 0. Hence

Pr(Y! — 2 > y| X1, = 2) = Pr(T* > y) = ¢(E,(y)).
On the other hand, from the proof of Theorem 3.6, we know that T;; = T + Y/, where
Pr(Y!" — 2 > y|T = 2) = Pr(T* > y)

and T** is a mixture of different semi-coherent systems with n (or less) IID components with the
common reliability function F.

Now let assume that the IID components are exponential with mean 1, that is, F(t) = e~ for
t > 0. This model has the lack of memory property and so F,(y) = F(y) for all y > 0. Hence

Pr(Y! — 2 > y| X1 = ) = @(F(y)) = Pr(T > y)

for all z,y > 0, that is, (Y — 2| X1, = 2) =s7 T. So X., and Y are independent. Analogously,
T** is a mixture of different semi-coherent systems with n (or less) components and having 11D
components with the common reliability function F. Hence T" and Y!! are independent. More-
over, as all these semi-coherent systems are ST-better than Xj., (because they have n or less
components), then X;., <gr T**. Finally, from Theorem 1.A.3, b, in [42, p. 6], we get

T =7 Xom + T <gr T+ T =g7 Tyy

for F(t) = e7t, where T* =g T. Hence q;(e™*) < qrr(e™") for all t > 0. So q;(u) < grr(u) for all
u € [0, 1] and the proof is completed. O

In the second theorem we prove that this property can be extended to the hazard rate order
for the systems which preserve the IFR (increasing failure rate) aging property. A similar result
can be stated for the likelihood ratio order from Theorem 1.C.9 in [42, p. 46] and the preservation
results for the ILR class of logconcave densities given in Proposition 2.2 of [33].

Theorem 4.3. Let T be the lifetime of a coherent system with IID components having a common
absolutely continuous reliability F. Let Ty and Ty be the system lifetimes obtained with the re-
placement policies of cases I and II, respectively. Let § be the dual distortion function of T. If
a(u) = uq' (uv)/q(u) is decreasing in (0,1), then Ty <yr Ty for all F.

Proof. As in the preceding theorem, we have Pr(7; > t) = ¢;(F(t)) and Pr(Ty; > t) = g (F(t)).
So, from Theorem 4.1, (ii), we need to prove that gr;/q; is decreasing in (0,1). With the notation
used in the proof of the preceding theorem, if we assume that F(t) = e~ for t > 0 (exponential
components), we have Ty =g X1, + T* and T;; =gr T + T**, where T* =gr T and T** is a
mixture of semi-coherent systems of order n. Then its reliability can be written as

Pr(T™ > t) = s7"Fra(t) + -+ + 87" Faun (t)

19



il A ; Al T |4 T;
1 (17 19, 23) X1 < Xl'2 < XZ'3 2 T = Xi2 2 I'IliIl(Xg,Xg;)
2 (i171,i3) Xil < X; <Xi3 2 T=X; 2 X3
3 (il,ig,l) Xil <Xi2 < Xi 2 T=X; |3 X

Table 1: Repairing options for the system in Example 4.4.

for all t > 0. The vector (sj*,...,st") is called the signature (of order n) of 7% (see, e.g., [38]).
The signature of X3, is (1,0,...,0). Hence as (1,0,...,0) <ggr (s7*,...,s5), from Theorem 4.4
in [38], we get X1.,, <yr T** for F (t) = . Moreover, we know that T™ is independent of X;.,
and T is independent of 7. Then we can apply Lemma 1.B.3 in [42, p. 18] obtaining

Ty =57 X1 + 1" <ppr T+ T =g1r Ty;

for F(t) = e~! whenever T is IFR. Now we note that, from the results given in [33, p. 447|, if the
function « defined above is decreasing, then the system preserves the IFR property. So, as the
exponential distribution is IFR, then T is also IFR and T; <gr Trr holds for F'(t) = e, that is,

Pr(Ti; > t) _ _qu(F(t)) _ qrr(e™)
Pr(Ty >t) @ (F(t)  qr(e™)

is increasing for t > 0. Therefore, grr(u)/qr(u) is decreasing in (0, 1) and the proof is completed.
[

The following example shows that, sometimes, to repair a fixed component (case III) is better
than to repair the critical component of the system (case II).

Example 4.4. Let us consider a coherent system with three IID components and lifetime T =
max (X7, min(Xs, X3)). Then the distortion functions of the system are Q(uy, ug, uz) = Uy +Ugtiz —
urugug and q(u) = Q(u, u,u) = u+u* —u®. Furthermore, the dual distortion functions associated
to the lifetimes obtained after the minimal repair of the components 1, 2 and 3 are given by

qg[( ) = Q(qi(u), u,u) = u+u® —u®— (u—u’)Inu

and

72 () = 3% (w) = Qu, G (w),u) = u +u? — u® — (u® — u®) Inw.

On the other hand, the distortion function for case I can be obtained from (3.8) as

3 7
gr(u) = U + 3u’® — §u3 + 3u? Inu.
Finally, we compute Gy from (3.21). The signature of the system is (0,2/3,1/3). It can
be computed from the permutations given in Table 1. This table also contains the numbers i,
of component failures which cause the system failure and the expressions of the repaired system
lifetimes T; for each j =1,2,3. Hence, from (3.15), we get

P(T1]>t ZPI‘T[}>t|H)
] 1
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for the events H; given in Table 1. The first probability can be computed as
PI"(T[[ > t|H1) = Fil;g#él(t) = F2:3#Gl(t)7
where if Xo.3 = x, then

_ F?
GLx(y) = PI'(Tl - > y|X2;3 = I‘,H1> = Pr(min(XQ,Xg) - > y|X1 <z < X2 < X3> = M

since the components are IID. Therefore, from (2.1), we have

t
PI‘(T[[ > t‘Hl) = ngg(t) +/ =0 N
0

P > il1) = Faalt) +670) [ T 20

= —3F?(t) + 4F3(t) — 6F2(t) log F'(t).

A straightforward (analogous) calculation for Hy and Hj leads us to
Pr(Ty; > t|Hy) = 3F(t) — 3F2(t) + F>(¢t)
and
3 = — 1, _ _
Pr(T;; > t|H;) = —§F(t) + 3F*(t) — 5F (t) — 3F(t)log F(t).

Hence

—_

1 1
PI‘(T[[ > t) = = PI‘(T[[ > t’Hl) + gPI‘(T[} > t‘HQ) + 5 PI‘(T][ > t’Hg)

= 1F(t) — F2(t) + gﬁ?’(t) — F(t)log F(t) — 2F*(t)log F(t)

w

[\]

= qu(F (1)),
where qrr(u) = u/2 —u? + (3/2)u® — ulogu — 2u*logu for u € (0,1).
In Figure 1 (left) we compare the distortion functions of the three cases. From these plots we
conclude that T <gp TI(?} <gr T7 <97 T71 <97 T[(}} In order to clarify the last inequality, we plot

the ratio q’}ll)l /qrr in the interval (0,1) (see Figure 1, right). This quotient is always above the line

y = 1. Howewver it is not decreasing and therefore Tj; and TI(B are not HR-ordered. Hence, we
can state that against the expected, the replacement policy of case II is not always the best strategy
in the case of IID components.

The following example shows that Theorem 4.2 is not true when the components are dependent.
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Figure 1: Plots of the dual distortion functions for the cases: I, II, IIT ((1) and (2)) and for the system given in
Example 4.4 (left). Ratio (j%)l/(jn in the interval (0,1) (right).

Example 4.5. Let us consider a parallel system with 2 exchangeable components having a common
absolutely continuous reliability function F'. Let us assume that both components are dependent
and have the following Clayton-QOakes survival copula

uv
Kl o) = =

Taking into account that both components are ID and have survival copula K, we get

- 5 B F(t) 2 f(t)
Fio(t) = K(F(t),F(t) = —=— d fiolt) = ——=~+—
12( ) ( ( )7 ( )) 9 _ F(t) an f1.2( ) (2 _ F(t))Z’
where f represents the common density function of both components. Hence, the reliability function
associated to Tt can be obtained from (3.4) as follows

Fr,(t) = Fio(t) + Fio(t) In(Fra(t) + 2/0 K(FF(E )
_ F@) - n — (F
= 2——1*:'(15) (1-3InF(t) —In(2— F(t))) = q(F(t)),

where Gr(u) = (u — 3ulnu —uln(2 — u))/(2 — u) represents the dual distortion associated to Ty.

On the other hand, we can obtain immediately the expression for the dual distortion associated
to Tyy just by replacing K (u,v) in (3.9) as follows
(1—0,K(v,v))dv

u— K(v,u)
v

qrr(u) :2u—K(u,u)+2/ v K(o.0)

— ui’ : iu) + 2 53__;) In(2 —u) +

u? (5 — 3u)

E—wd—u) In w.

Finally, we obtain the dual distortion functions for the case III. Firstly, we note that both
distortions must be the same because we are considering exchangeable components. Moreover,
Q(u,v) =u+v— K(u,v). Hence, the dual distortion function of TI(}} can be obtained as follows

B _ @ (F(t) F(t) (1)

1) = QP (D), F(1)) = G0 + F(1) ~ e s sz = A (F(0),

(1) u—ulnu
= 2u —ul — .
) = 2u —ulne = 9o T

We compare qr, qr; and q_g)l in Figure 2 (left) along with the dual distortion function associated
to the system without repairs. We observe that T <gp Tir <gr Tt and T <gr TI(}} In Figure
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Figure 2: Plots of the dual distortion functions for the system in Example 4.5 for cases I, II, III and without repairs
(left) and plots of the ratios q}ll)l/cjn, qr/qrr and tj]/(jﬁ)l in the interval (0.3,1) (right).

2 (right) we represent the quotients q}}}/qn, qr/qrr and q,/qﬁ)l. The first and second ratios are
above the line y = 1 and they are decreasing, therefore Trr <pgr TI(B and Tr; <ggr Tr. However,
(j[/(jg)l crosses the line y = 1 at the value ug = 0.5862 and thereby T7 and TI(B are not comparable
in the ST order. As the ratio is bathtub, we have TI(B <wmrr T1 whenever E(TI(})) < E(Ty).

Proceeding as in the examples above, we can obtain the stochastic comparisons among the
three policies considered in this paper for any coherent system. In particular, Table 2 provides the
best replacement policy in terms of the usual stochastic order for all the coherent systems with
1-4 TID components. The coefficients ¢; and d;, associated to the distortion function g;; are given
for each system as well. As one would expect in the case of IID components, the policy II induces
a more reliable system in most of cases (see Theorem 4.2). However, there exist some systems
where repairing a fix component is better than repairing the component which causes the failure
of the system. In particular, the systems 7 and 24 in Table 2 satisfy that the system’s reliability
is improved in a higher level if we apply the policy III rather than the policies I or II. For both
systems the first component is the most important component and its functioning implies the
system functioning. Furthermore, the policies II and III are better than policy I for the systems
25 and 26 and both policies are not ordered. In this case, the optimal policy depends on if the
decision maker is interested in improving the reliability of the system in an advanced or early age.

5. Conclusions

In the present paper we give a procedure to determine the reliability functions of coherent
systems under a minimal repair maintenance and three different replacement policies. The com-
ponents can be dependent or independent. In the first replacement policy, the first broken compo-
nent is repaired. In the second case, a minimal repair is applied to the component which produces
the failure of the system. In the third one, a fixed component is repaired in case of failure. Note
that in the two first cases we do not know a priori which component will be repaired. In this
context, we have proved that if the components are ID, then the reliability function associated
to the lifetime of the repaired system in case I can be expressed as a distortion of the common
component reliability function (see Theorem 3.2). This distortion depends on the structure of the
system and on the underlying survival copula. We provide an explicit expression of this distortion
in Theorem 3.3 for IID components. Analogously, we have proved that the reliability function for
the case II can also be expressed using a distortion function when the components are exchange-
able. This distortion is simplified for the IID case in Theorem 3.6. The new technique developed
here can also be used to study other replacement policies. As an example, we provide an explicit
expression for the dual distortion functions associated to the case of repairing the two first broken
components in a general system or the k first broken components in a series system.

These representation results are used to compare the three replacement policies using the main
stochastic orders. In this sense, our first comparison result shows that, for any coherent system
with IID components, the case II is always a better strategy of replacement than the case I in the
stochastic order (see Theorem 4.2). We prove with an example that this property is not true when
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Table 2: Coefficients ¢; and d; associated to the dual distortion function gr; (see Theorem 3.6) for all the coherent
systems with 1-4 IID components and the best replacement policy in the stochastic order. Cases I, II and III (¢)

are denoted by C, Cr; and C’;?I, respectively.

N T = ¢(Xy, Xo, X3, Xy) (¢ d Best ST-policy

1 X1 =X, (1) (-1) Cr=Cp=0%)

2 Xl:g = min(Xl,XQ) (0,1) (0,—2) C[ = C[]

3 X2;2 = HlaX(Xl, Xg) (0,1) (—2,0) CH

4 X1;3 = min(Xl, XQ, X3) (0, ,1) (0,0,—3) C] O[[

5 min (X7, max(Xs, X3)) (0,0,1) (0,-4,1) Crr

6 X2;3 (2—0ut—of—3:F) (O,—3,4) (0,—6,0) C[[

7 max(Xy, min(X,, X)) (1/2-1,3/2) (-1,-2,0) ct)

8 X3;3 = maX(Xl,XQ,Xg) (—3/2,3,—1/2) (—3,0,0) C][

9 X1:4 = min(Xl,Xg,X3,X4) (0,0,071) (0,0,07—4) O[ C[[

10 max(min(X7, Xs, X3), (0,0,0,1) (0,0,-6,2) Crr
min( Xy, X3, Xy))

11 min(Xps, Xa) (0,0,-3,4) (0,0-9,2) Cr

12 min(Xy, max(Xs, X3), max(Xs, Xa)) (0, 1/2,-1,3/2) (0, -2, -3, 1) Cur

13 min (X, max (X, X3, Xy)) (0,-3/2,3,-1/2) (0,-6,3,-1) Crr

14 Xous (2-out-of-4:F) (0,0,-8,9) (0,0,-12,0) Ch

15 max(min(Xy, X5), min(Xy, X3, Xy), (0,0,-4,5) (0,-2,-6,0) Crr
min(Xy, X3, Xy))

16 max(min(X7, Xs), min(X3, Xy)) (0,0,0,1) (0,-4,0,0) Crr

17 max(min(Xy, Xs), min(Xy, X3), (0,-1,0,2) (0,-4,-2,0) Crr
mln(Xg, Xg, X4))

18  max(min(Xy, X5), min(Xs, X3), (0,-2,4,-1) (0,-6,2,0) Crr

min (X3, Xy))

19 max(min(X7, max(Xs, X3, X4)), (0,-3,4,0) (0,-6,0,0) Crr
min(X27X3, X4))

20 min(max (X7, Xs), max(Xy, X3), (0,-5,8,-2) (0,-8,2,0) Crr
max(Xs, X3, Xy))

21 min(max(X7, Xs), max(X3, X4)) (0,-4,8,-3) (0,-8,4,0) Crr

22  min(max(X;, Xs), max(Xy, X3, X4), (0,-8,12,-3) (0,-10,2,0) Crr
maX(XQ,X37X4))

23 Xyt (3-out-of-4:F) (0-12,16,-3) (0,-12,0,0) Chl

24 max (X7, min(Xs, X3, X)) (2/3,0-2,7/3)  (-1,0,-3,0) i)

25 max(Xp, min(Xy, X3), min(Xo, Xy))  (1/3,-3,5,-4/3) (-1,-4,1,0) Crr, C'H)I

26 max(Xas, Xa) (5/6,-5,13/2,4/3)  (-1,-4,0,0) Crr, O

27 max(Xy, Xo, min(Xs, X,)) (1/3.0,1-1/3)  (-2,0,0,0) Cur

2% Xt = max(X1, Xa, Xs, X2) (-10/3,6-2,1/3)  (-4,0,0,0) Cor
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the components are dependent. Furthermore, the previous result holds for the hazard rate order
when we consider systems which preserve the IFR property (see Theorem 4.3). Unfortunately,
the case III is not ST-ordered with neither case I nor case II, even assuming IID components. We
provide both counterexamples as well as some interesting examples including the comparisons of
all the coherent systems with 1-4 IID components (see Table 2).
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