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Abstract

This paperE] presents two new direct symbolic-numerical algorithms for the transfor-
mation of Cartesian coordinates into geodetic coordinates considering the general case of
a triaxial reference ellipsoid. The problem in both algorithms is reduced to finding a real
positive root of a sixth degree polynomial. The first approach consists of algebraic ma-
nipulations of the equations describing the geometry of the problem and the second one
uses Grobner bases. In order to perform numerical tests and accurately compare efficiency
and reliability, our algorithms together with the iterative methods presented by M. Ligas
(2012) and J. Feltens (2009) have been implemented in C++. The numerical tests have
been accomplished by considering 10 celestial bodies, referenced in the available litera-
ture. The obtained results clearly show that our algorithms improve the aforementioned
iterative methods, in terms of both efficiency and accuracy.

Keywords: Coordinate transformation, Cartesian coordinates, Geodetic coordinates, Tri-
axial ellipsoid, Symbolic-numerical computation

1 Introduction

Transformation between Cartesian and Geodetic coordinates is an important, basic problem
frequently encountered in Astronomy, Geodesy and Geoinformatics. Both coordinates are de-
fined with respect to a Cartesian reference system and, in the case of geodetic coordinates,
an ellipsoid with the center at the origin of the Cartesian reference system is also considered.
Although computing Cartesian coordinates from geodetic coordinates can be easily performed,
the inverse transformation is a non-trivial, challenging problem.

In our opinion, efficient innovative solutions of this problem, as well as another actual chal-
lenges faced in Geodesy and Geoinformatics reside in the application of algebraic computational
techniques combined, if necessary, with numerical methods (see, for instance, [I]).

'First and third authors conceived the presented ideas, developed the theory and the algorithms, carried
out the initial implementation in Maple and performed the initial computations and numerical tests. Second
author carried out the final implementation in C++ and performed the final computations and numerical tests.
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In the particular case of a reference biaxial ellipsoid, numerous solutions have been proposed
(see, for instance, [7], [I0] and [11] for iterative solutions, [22] for perturbation techniques based
solutions and [3], [12] and [23] for closed form solutions). Interesting solutions have been recently
developed in [20], [21] and [4].

Using as geometric model of the Earth a biaxial ellipsoid is barely justified by the com-
putational simplicity of the approach, the existing standard reference systems (such as WGS
84) and the small difference between the axes in the equatorial plane (which rounds up to 69
m). Nevertheless, the triaxiality of the Earth has been studied in many papers during the last
decades (see for instance [?], [?], [?] and [?]). Moreover, in [?], the authors explicitly state
(on page 862), refering to the Earth’s shape parameter: “Actually, with respect to the biaxial
ellipsoid, fitting the triaxial ellipsoid is 65% better.”

Therefore, the Earth and other celestial bodies (some of them listed in Table(l)) can be much
more appropriately (in terms of accuracy of the geometric model) approximated by triaxial
ellipsoids. Furthermore, nowadays computational tools allow us to overcome the difficulty of
working with three different semiaxes.

Historically, the Earth and celestial bodies with rather small diferences between semiaxes,
had initially been modelled by spheres, afterwards by biaxial ellipsoids and nowadays the triaxial
ellipsoid modelling is emerging. In our opinion, it might be just a matter of time until standard
reference systems have based on triaxial ellipsoid.

At our best knowledge, the general case of triaxial reference ellipsoid has been considered
up to the moment only in [8] and [14], both approaches giving iterative solutions. We present
in this paper two new direct symbolic-numerical algorithms giving closed form solutions, which
can be applied also to a biaxial reference ellipsoid.

Therefore, the novelty of our approaches resides in tackling the issue from the symbolic
perspective, accompanied by better efficiency and accuracy results in comparison with the
iterative methods developed in [§] and [I4], and in using a triazial reference ellipsoid. The
symbolic perspective consists in generating some sixth degree polynomials, prove that they
have only one positive root and afterwards compute them. In the proof of the uniqueness of
the positive roots, the coefficients of these polynomials are not numerical values, but symbolic,
generical expressions depending on the semiaxes of the reference ellipsoid and the cartesian
coordinates of the considered point.

More concretely, in the algorithm called Cartesian into Geodetic I, described in Section
B3}, our closed form solution consists of finding the real positive root of a sixth degree polynomial
in a variable ¢t. This variable ¢ serves to describe the cartesian coordinates of the given point.
On the other hand, the algorithm called Cartesian into Geodetic II, described in Section
[ also consists of finding the real positive root of a sixth degree polynomial but in the variable
z, which represents the third coordinate of the three-dimensional coordinate system.

The structure of the paper is as follows: Section [2| introduces some preliminaries and defi-
nitions. Sections [3] and 4] introduce the results that lead us to the algorithms materialized at
the end of each section. Each algorithm is based on the numeric computation of the unique
real positive root of a sixth degree polynomial. Both polynomials are symbolically generated:
in the first approach by algebraic manipulations of the equations describing the geometry of
the problem and in the second approach by computing a Grobner basis. The uniqueness of
the real positive roots is proven symbolically, by applying Descartes’ rule of signs and study-
ing the relative positions of several ellipsoids. The algorithm presented in Section |3| computes
firstly the parametric coordinate (a parameter which serves to describe the cartesian coordi-
nates) of the given point and secondly the Cartesian coordinates of the corresponding footpoint
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(the intersection point of the ellipsoidal normal vector passing through the given point and
the ellipsoid). The algorithm presented in Section {4 computes firstly the z coordinate of the
corresponding footpoint and secondly its x and y coordinates. The numerical tests performed
with the celestial bodies listed in Table |1 together with the obtained results, are presented in
Section [p] In Section [6] we present the main conclusions and further work.

2 Preliminaries

Given a point Pg on a triaxial ellipsoid, its Cartesian coordinates (Xg, Yg, Zg) satisfy the
ellipsoid equation

X2 Y2 ZZ
XY, )=+ =+ 1=
f( s Ly ) ag—i_az_'—ag

and its geodetic and Cartesian coordinates are related as follows (see [16]):

Xg=vcospcos), Yp=v(l—e})cospsin), Zp=v(l—e2)sinp,

a’l’
and

where v is equal to the radius of the prime vertical, v = = —,
V1 —e2sin? p — €2 cos? psin? A
the first eccentricities squared are

2
=

Obviously, if latitude ¢ and longitude A are given, one obtains (Xg, Yg, Zg) by substitutions.
Viceversa, if the coordinates (Xg, Yg, Zg) are given, then

( 1 Yg

arctan @X—E s if XE >0
1 Y,

A = arctan (]_——eg)X_EE +7m, it Xgp<O

sign(Yg) g, if Xp=0and Yg #0

\undeﬁned, I Xg=Yrg=0

(1—e?) ZE :

arctan £ , if X Oor Yg #0
p = <(1_6325) \/(1_62)2X%+YE2 E# E#

\Sign(ZE)%, leE:YEZO

(1)

However, suppose now that we have the cartesian coordinates of a point Py and we want to
compute its geodetic coordinates. In this case, there exists an ellipsoidal height h (see Figure
1) such that

Xg=(+h)cospcos\, Yg=(v(l—e*)+h)cospsin), Zg=(v(l—e2)+h)siny, (2)

and the point Pg will have the same latitude and longitude as the intersection point of the
ellipsoidal normal vector passing through Pg and the ellipsoid. This point will be named the
footpoint of Pg. Hence, obtaining the geodetic coordinate (¢, A, h) from the Cartesian ones
involves first to compute (Xg, Yg, Zg), the footpoint of Py, and secondly to apply formulas .

3
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The problem of computing the footpoint can be considered as the study of the distance
from a point to an ellipsoid, a classical issue in Geometry, and it is tackled for example in
[2],[13] and [6] from a less algebraic point of view than ours. Concretely, in [2] the formula
appears (on pages 112-113), but with practically no considerations about its resolution. [13] is
interesting as a basic, seminal approach but it seems that the conclusions are drawn without
much mathematical rigor. [6] is a much more interesting work, Eberly considered a function
defined by formula in our paper and analitically proved, by a Bolzano type theorem, that
it had only one root in certain interval.

Figure 1: Geometry of the problem

3 Computing the footpoint. First approach

In our computations, we will apply Descartes’ rule of signs, which determines the number of
positive real roots of a univariate polynomial, and is based on the number of sign changes of
its real coefficients.

Theorem 1. [[15] Descartes’ rule] Let f(X) = a, X™ + a, 1 X" ' + -+ + ag be a polynomial
in R[x], where a,, and ag are nonzero. Let v be the number of changes of signs in the sequence
[an, ..., a0) of its coefficients and let r be the number of its real positive roots, counted with their
orders of multiplicity. Then there exists some nonnegative integer m such that r = v — 2m.

We will apply Descartes’ rule several times across the paper, for polynomials whose number
of sign changes in its lists of coefficients is equal to 0 or 1, therefore they have no or one
positive real root, respectively. Analyzing the sign of the coefficients of these polynomials will
be reduced to studying the relative positions of several ellipsoids. These ellipsoids have the
same center and each ellipsoid will turn out to be placed inside or outside the others, having
no intersection points.

The unique positive real roots of these polynomials will be used to determine the footpoint
of a given point (see Equations (3) and (g])).

We assume throughout the paper, for simplicity, that our point Pg # (0,0,0) is situated
in the first octant and also that a, > a, > a,. We define P = (a, — a,)(a, +a,) > 0,Q =
(ay —a;)(ay+a,) >0 and R = (a, — ay)(a; + a,) > 0.
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Following [2], [8] and [14], the gradient of f(X,Y, Z) evaluated in the footpoint Pg provides a

Xeg Yg Zg . .
— 5 g | and a vector connecting point Pg and
a; a; a

normal vector to the ellipsoid, 7 = 2 (

PE is

h=(X¢—Xg,Yo—Ygr,Zg — Zg) = h(cospcos A, cos psin A, sin ¢)
with Py = h+ Pr. Both vectors h and 7 must be proportional and so, in the general case
|h| > 0, there is a real value ¢ with

 Xe-Xg YoV  Zo—Zg

b= XE/CL% n YE/CL; n ZE/(]J?,
and thus - 2y 2
az fé a;
Xb_t+§’E:ti@’E_t+é )
. v YR 7%
Slncea—2+§+—2:1,wehave
T Y z

(a: X6)* | (a,Y5)* | (a:Zc)°

(t+a2)?  (t+ap)?  (E+a2)?
The numerator of Equation (4)) is the polynomial A(t) = t®+ A5t® + At + Ast3 + Agt? + Ayt + Ao,
where

—1=0. (4)

As = 2(a+a+al) >0,

Ay = —alXE—aYG—alZ + (a + a) + a2)? + 2(ajal + ajal + alal),
Az = =2(ai(ay +a2)XG + aj(al + a)YE + aZ(ag + ay) Z¢—
—(a2 + a2 + a?)(ala? 4 alal + alal) — alalal)
Ay = —adi(ay +4aia + a))XG — ai(ay + 4alal + a})YE — al(ay + 4aial, + ay) Z¢ +
+azay + azal + alay)? + 2azazai(a; + ay + a2),
Ay = —2daial ((al+a2)XE + (al + a2)YE + (a2 + al) ZE — alal — aZa’ — ajal ) |
Ay = —aiaiai (aiaiZé +a2a’Ys + azagXé — aiaiaﬁ) .

The variable t can be considered as a parametric coordinate of Py and is positive if the point
is situated outside the reference ellipsoid, negative if it is situated inside or 0 if it is situated
on the reference ellipsoid. Obviously, the ellipsoidal heigh A is equal to 0 iff Ay = 0.

Remark 1. In the particular case of a biaxial reference ellipsoid, when a, = a,, the Equation

becomes
(CLI Xg)z -+ (ax Yg)2 (&Z Zg)Q

(t+a2)? (t+ a2)?
and leads to the fourth degree polynomial a(t) = t* + ast® + ast® + ot + ay where

a3 = 2 (am2 + az2) ,

—1=0 (5)

ay = —a,”(Xe*+ Ye®) — 0.2 Z6% + (a” + a.)’ + 20,70,
ap = =2 ax2az2 (XG2 + }/G’2 + ZG’2 - (112 - az2) ’
ay = —agla,’ (az2XG2 + a2 Y + a2 757 — afazz) )
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The results obtained in this paper can be established also for the biaxial case. Nevertheless,
we do not consider of any relevance this particular case: the aforementioned fourth degree
polynomial has been studied in [12] completely symbolically, by using Sturm—Habicht coefficients
and subresultants, having led to a close form solution.

Proposition 3.1. The number of sign changes in [As, Ay, Az, Aa, A1, Aol is equal to 1 if the
point Pg is situated outside the reference ellipsoid, or 0 if the point Pg is situated inside or on
the reference ellipsoid.

Proof. The sign of Ay depends on the sign of the factor

2 2772 2 2v2 | 2 2y2 2 2 2
ayy Ze: + aza; Y + a,a; X¢, — azayaz,

which is the numerator of f(Xg, Ys, Zg) — 1. The sign of A; depends on the sign of the factor

2 2\ v2 2 2\y2 2 2\ 772 2 2 2 2 2 2
(a, +az)Xg + (az +a)Yg + (ag + a,) Z — aza, — aza; — a,az,
which defines the ellipsoid of equation
2 2 2 2 2 2
e : X2 ay + 0z e az +a; + 72 az + a
: 2,2 22 2,2 22 242 242 22 22 242
azay + azaz; + a;az azay + azaz; + a;az azay + azaz; + a,az
Since
2,2 2.2 2,2 2,2 2,2 2,2 2,2 2.2 2,2
a0, + aza; + a,a; g 00y +azar + a,a; g A0, +aza; + a,a; 9
2 2 > Ay, 2 2 = Gy, 2 2 > Gy
ay + azg ay + a; az + ay

the original, reference ellipsoid e,igina 1s situated inside the ellipsoid e;.
The coefficient Ay defines the ellipsoid of equation
a2(ay, + 4ala? 4 a?)
(a2a2 + a2a? + a%a2)* + 2a2a2a%(a? + a2 + a?)
az(ai +4a%a? + a)
(a2a2 + aZa? + a2a2)? + 2aZaza2(a2 + a2 + a?)
a’(al + 4a§a§ + aé)

202 &+ 202 + a2a2)2 2202 (a2 + a2 + o2
(a2a2 4 a2a? + a%a2)? + 2a2aZa?(a + a2 + a?)

2

€9 .

+Y?

+ 72 =1.

The semiaxes of the ellipsoid e, are bigger than the corresponding semiaxes of the ellipsoid ey,
and in consequence
€original Ce Ceo.

The sign of the coefficient A3 depends on a negative factor and on the factor
202 | 2\ 2 20,2 | 0NV2 202 | 2\ 2 2 2, 22292 292 29 2 2 2
ay(a, +a;)Xg +a,(a; +az)Ye +az(a; + a,) Zg — (ag + ay, + a3)(a,a; + aza, + aza;) — aza,a;.
This factor defines the ellipsoid of equation
az(a? 4 a?)
(a2 + a2 + a?)(a2a? + a2a2 + aZa?) + aZa2a?
ay(as + a?)
(a2 + a2 + a2)(a2a? + aZaZ + aZa?) + aZaZa?
az(a; + ay)

2 2 2 242 242 242 2242
(a2 + a2 + az)(ayaz + aza? + aza?) + a2aza?

2

€3 .

+Y?

6
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The semiaxes of the ellipsoid ez are also bigger than the corresponding semiaxes of the ellipsoid
es, and in consequence
€original Ce Cep Ces.
Finally, the coefficient A4 defines the ellipsoid of equation
az

2 1 42 1 g2)2 2.2 1 0202 & a2a>
(a2 + a2 + a2)* + 2(aZaZ + aZa? + aZa?)

2

€4 .

a; N
(a2 + a2 + a2)? + 2(aZa2 + aZataZa?)
+2? a =1
(a2 + a2 + a2)? + 2(a2a2 + a2a? + aZa?)

+Y?

The semiaxes of the ellipsoid e4 are also bigger than the corresponding semiaxes of the ellipsoid
ez, and in consequence
€original C ey Cey CesCey.

Therefore, the signs of the list [As, Ay, A3, A, A1, Ag] must be one of the following (being the
number of sign changes equal to 1 for an outside point Pg and 0 otherwise):

o [+,+,+,+,+,+] if Py is inside the reference ellipsoid,

e [+,+,+,+,+,0] if Py is on the reference ellipsoid,

e [+,+,+,+,+, —] if Pg is outside the reference ellipsoid and inside ey,
o [+,+,+,+,0,—] if Pg is on ey,

e [+,+,+,+,—, —] if Py is outside e; and inside e,

o [+,+,+,0,—, —] if Py is on ey,

e [+,+,+,—,—,—] if Pg is outside ey and inside e3,

o [+,+,0,—,—, —] if Pgis on eg,

o [+,+,—,—,—,—]| if Py is outside e3 and inside ey,

o [+,0,—,—,—,—]if Pgison ey,

o [+,—,—, —, —, —] if Pg is outside ey.

]

Consequently if P is outside the reference ellipsoid, then the polynomial A(¢) has a unique
real positive root. If Py is inside the reference ellipsoid, then the polynomial A(t) has no
positive real roots. If Py is on the reference ellipsoid, then it has no positive real roots and
furthermore A(0) = 0.
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3.1 P situated inside the ellipsoid

We will analyze in the following the case of Py being situated inside the ellipsoid. Suppose
first that Z5 > 0. Then Zg > 0 and because of , we should have ¢ > —a?. Therefore, there
exists k > 0 with t = —a? + k. That leads us to consider the polynomial A(k) = A(—a2 + k),
whose number of positive real roots is equal to the number of real (negative, since A(t) has no
positive real roots in this case) roots of A(t) satisfying ¢t > —a?.

By applying Descartes’ rule, we will see that A(k) has only one positive root. We obtain that
A(k’) = k?ﬁ + A5k75 + A4]€4 + 1213]{33 + AQkQ —+ Alk —+ 14()7 Where

As = 2(P+Q) >0,

Ay = =X} — Y2 — 7%+ PP+ Q* + 4PQ,

Ay = 2(—a2QXZ —alPYE —a2(P+ Q)2+ PQ(P+Q)),
Ay = —d2Q*X2 — A2PYE — a2(P* + Q* + 4PQ)Z2 + P*Q?,
Ay = —2a2PQ(P+Q)Z; <0,

Ay = —a’P*Q*Z% <0.

Proposition 3.2. If Zg > 0, the number of sign changes in the list [As, Ay, Az, Ay, Ay, Ag| is
equal to 1.

Proof. The coefficient A, defines the ellipsoid é,,

2 2 2 2 2
o - 2 Uy 2 ay 2az(P +Q +4PQ) o
62.Xﬁ+y @—i—Z P2Q2 =1.

The coefficient As defines the ellipsoid of equation

2 a’ 2 azQ/ 2“2
3 : X' —2——+Y + 7°—= =1.
T PP+Q) T QP+Q T PQ

The coefficient A, defines the ellipsoid of equation

2 a 2 ay 2 a
eyt X = Y Z = =1
“ P2+Q?+4PQjL P2+Q?+4PQJr P24+ Q*+4PQ

Since
P2Q2
P+ Q*+4PQ

P? < P(P+Q) < P2+Q*+4 PQ, @Q* < Q(P+Q) < P>+Q*+4 PQ, < PQ < P>4Q%*+4 |

we have &, C &3 C ;. Therefore, the signs of the list [As, A4, A3, Ay, A1, Ag] must be one of the
following;:

o [+,+,+,+,—,—] if the point Pg is inside és,

e [+,+,+,0,—, —] if the point Py is on é,

o [+,+,+,—,—, —] if the point Py is outside e, and inside é3,
e [+,+,0,—,—, —] if the point Pg is on é3,

8
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e [+,+,—,—,—,—]| if the point Py is outside €3 and inside éy,
e [+,0,—,—, —, —] if the point Py is on éy,
o [+,—,—, —, —, —] if the point Pg is outside é;.
O

Consequently if Py is situated inside the reference ellipsoid with Zg > 0 then the polynomial
A(t) has a unique real root satisfying —a? < ¢ < 0.
Suppose now that Z5 = 0. Then, ¢ = 0 and the footpoint Pg is on the ellipse

X2 vy?

— 4+ —=1. 6
(6)
Observe that if Y5 = 0, then A = 0 and if X = 0 then A =

Yo > 0. Thus, following the same reasoning as before, we will have

Suppose that Xg > 0 and

S

(aq XG)2 (ay YG)2
(t+a2)?  (t+ a5)2

—1=0,

with the numerator equal to A(t) = t* 4+ Agt3 + Agt? + Ayt + Ay, where

Ag = 2(@5—1—@2) > 0,

_ (4 2.2 4 2y2 _ 2y2
Ay = (ap+4aial+a,—alX; —alYs),
_ 2. 2(2 2 2 2
Ay = 2aa, (am—l—ay—XG—YG),
_ 2.2 (.22  2v2 232
Ay = aza, (axay —a,Ys — ayXG) .

In this case, A is zero iff the point Py is situated on the ellipse @, and the number of sign
changes in the list [As, Ag, Ay, A] is zero for a point Py inside or on the ellipse (6]). However,
by the same reasoning as before, ¢ must be bigger than —az and if we substitute k£ — ag for t in
A(t), we obtain

A(k) = k* 4+ Ask® + Agk? + Atk + A,

with
A3 =2R>0, Ny=R'—a’X}—alYs A1=-2aYFR<0, No=—alYGR*<0, (7)

therefore the number of sign changes in the list [As, Ao, Ay, Ag] is equal to 1.
Consequently if Pg is situated inside the reference ellipsoid with Z5 = 0, Xg > 0 and
Ye > 0, then the polynomial A(¢) has a unique real root satisfying —ai <t<0.

3.2 The algorithm

All these results lead to the following algorithm.



Algorithm Cartesian into Geodetic I
Require: The semiaxes of the triaxial reference ellipsoid.
The Cartesian coordinates (Xg, Yo, Zg) # (0,0,0).
Ensure: The geodetic coordinates (¢, A, h).
1: if f(Xg,Yg, Zg) =1 then

2. (X, Yo, Zag) = (XEg,YE, ZE), (p,\) are computed from Equalities and h = 0;
3: else

4: if f(Xg, Yo, Zc;) > 1 then

5: evaluate coefficients A;, i =0,...,5; {see Proposition |3.1]}

6: compute T the unique positive root of A(t);

7: substitute ¢ = T in Equalities for computing (Xg, Yr, Zg);
& h=|(Xe Yo, Ze) — (Xp, Yp. Zp)|

9: else

10: if Z¢ > 0 then

11: evaluate coefficients A;, i = 0,...,5; {see Proposition
12: compute K the unique positive root of A(k);

13: substitute ¢t = —a? + K in Equalities for computing (Xg, Yg, Zg);
14: h = —|(Xg,Yg,Zg)—(XE,YE,ZE)’;

15: compute (¢, A) from Equalities

16: else

17: Zp =0; p=0;

18: if Xg >0, Ys >0 then

19: evaluate coefficients A;, i =0,...,3; {see Equations }
20: compute K the unique positive root of A(k);
21: substitute t = —ag + K in Equalities for computing Xz and Yg;
22: h = —|(XG7YG)—(XE,YE)|;
23: compute A from Equalities
24: end if
25: if Xg =0 then
26: XE:0;YE:ay;)\:g;h:Yg—YE
27: end if
28: if Yo =0 then
29: Xg=a,;;Yg=0,A=0;, h=Xg— Xg
30: end if
31: end if
32:  end if
33: end if

4 Computing the footpoint. Second approach

The ideal generated by a family of polynomials is defined to be the set of linear combinations,
with polynomial coefficients, of these polynomials (see [?] pg.30 for details). If we have a system
of equations with finitely many solutions, it is well known that a Grobner basis (see [I] and [?]
for details) of the ideal generated by the equations of such a system provides another equivalent
system but in triangular form, which is much easier to solve. We will explore this idea in this
section.

10
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According to Section [3| the cartesian coordinates of the footpoint must satisfy the system
of equations in three unknowns given by:
1‘2 y2 22 Xg—$ Yg—y XG'—I’ ZG'—Z Yg—y Zg—z

S+ + =1 - =0 - —0 - —0.
" C Twja2 gl wjad | ek gl | zja

By assuming first that none of three variables is zero, this system is equivalent to the following
one:

(alalz® + alaly® + alalz? —alala? = O,
aixy —a*Xgy — aixy + aZYGx = 0,

5 arz —a:Xgz —d*vz + a’Zgr = 0,
a’yz + aZYGz —a*Zgy — agyz = 0

The system S has finitely many solutions, and so, as mentioned previously, a Grébner basis of
the ideal generated by the equations of S provides another equivalent system but in triangular
form in the variables x,y, 2. The univariate equation in z in the Grobner basisﬂ is given by
B(z) = Bg2® + Bs2® + Byz* + B3z® + By2? + Byz + By, where

Bs = P?Q*>0,

Bs = 2a2ZgPQ(P+Q) >0,

By = a2 (a2Q°XE +alP?’YG +al (PP + Q> +4PQ) 2§ — P*Q?),
By = 2aZq (@2QXE+aPYi+ a2 (P+Q)Z¢ — PQ(P+Q)),
By = alZ¢ (a2X% +alYE+alZi — PP —Q* —4PQ),

B, = —2a8Z%(P+Q) <0,

By, = —al’Z <0.

Therefore, the positive root of B(z) will be the coordinate Zg required.

Proposition 4.1. The number of sign changes in the list [Bg, Bs, By, B3, By, By, By] is equal
to 1if Zg > 0.

Proof. The signs of By, By and By are determined by the ellipsoids é4, €3 and é5, respectively,
introduced in the proof of Proposition [3.2] Since &, C €3 C &, if Zg > 0 the signs of the list
[Bg, Bs, By, B3, B2, By, By] must be one of the following:

o [+,+,—,—,—, —,—] if Py is inside é,,

o [+,+,0,—,—, —, —] if Py is on e,

o [+,+,+,—,—,—,—] if Pg is outside é; and inside éj,
o [+,+,+,0,—, —,—] if Ps is on e3,

o [+,+,+,+,—,—,—| if Pg is outside é3 and inside éy,
o [+,+,+,+,0,—, —] if Py is on ey,

2The Grobner basis using the lexicographical order with y > x > 2 (see [?] pg.56 for details), computed
with Maple 2017 is available at http://dx.doi.org/10.17632/xwbwsbgz8x. 1
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264

265

267

269

270

271

272

273

o [+,+,+,+,+,—,—] if Py is outside é&4.
O

Consequently, if Z5 > 0, B(z) has only one real positive root, which is equal to Zg. Moreover,
the polynomials

By(x,z) = (Pz + aiZG) v —a2Xgz, Bs(y z)= (Qz + ang) Yy — aiYGz,
part of the Grébner basis, provide the coordinates Xz and Yg:

2 XaZp B a;YaZgp
(PZg +a2Zg)  ° (QZg +a2Zg)

Xp =

On the other hand, if Z5 = 0 then Zg = 0 and we obtain a new system
azy’ + ax? —ala, =0, (a —a)zy —aiXqy + alYer =0,
whose Grobner basiﬂ contains the polynomials
Gi(y) = R*y* + 2a2RYqy® — a. (R* — a2 X& — a)Y() y* — 20, RYgy — alY{, 9)

Gy(z,y) = (Ry + a’¥e) x — aZXey,

which provide the coordinates Yz and Xg. As the coefficients in y* and y? of G (y) are positive
and the coefficient in y and the independent one are negative, the number of changes of signs
in the list of coefficients of G(y) is equal to 1. Consequently, G1(y) has a unique real positive
root.

Finally, if both Z5 = 0 and Yg = 0 (unusual in practice) then ¢ = A = 0.

3 Available at http://dx.doi.org/10.17632/xwSws5bgz8x . 1
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275

276

277

278

279

281

282

283

284

285

286

287

288

Algorithm Cartesian into Geodetic II

Require: The semiaxes of the triaxial reference ellipsoid.
The Cartesian coordinates (Xg, Yo, Zg) # (0,0,0).
Ensure: The geodetic coordinates (¢, A, h).
1. if Zg # 0 then
2:  evaluate the coefficients B;, i = 0,...,6; {see Proposition

3:  compute Zg the unique positive root of B(z);

4:  compute Xz and Y from Equalities (§);

5. compute (p, \) from Equalities

6: else

7 Zp=0;p=0;

8: if Yo #0, then

9: evaluate the coefficients of the polynomial Gi(y); {see Equations (9}
10: compute Yz the unique positive root of G1(y);
11: compute Xg the unique real root of Gy(z, Yr);
12: compute A from Equalities

13: else

14: Ye=0; Xg=a,; A=0

15:  end if

16: end if

17: if f(Xg, Ya, Zg) > 1 then

18: h = |(X(;, Yg, ZG') — (XE,YE, ZE)|
19: else

20: h: _|(XG7YG7ZG) - (XE7YE7ZE)‘
21: end if

5 Numerical tests

Our algorithms have been initially implemented in the Scientific Computing System Maple
2017. We have implemented also the methods presented in [8] and [I4], in order to accurately
compare the results (maximum errors and running times). This initial study showed that the
best running times and the best mean values of the maximum deviations were obtained with
the algorithms Cartesian into Geodetic I and Cartesian into Geodetic II. Neverthe-
less, the CPU times obtained in Maple were high (as other formula processing systems, Maple
runs in the interpreter mode, and therefore, it runs slow).

For this reason, the definitive implementation of the aforementioned algorithms has been
performed in a compiler-type programing language, specifically in C++. The definitive CPU
running times, in C+4++, differ in an order of magnitude 3 from the initial ones, in Maple. The
results have been obtained working with double precision, on an Intel(R) Core(TM) i7-7700K
CPU @ 4.20 GHz x 8 processor with 62,8GB of RAM.

The considered celestial bodies, together with their shape parameters (a, a, and a, respec-
tively) (see [14], [17], [18], [19], [24]) are as follows:
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289

290

291

202

293

294

295

296

297

298

299

300

301

302

303

304

305

306

307

308

Celestial body Qg Qy a,
Ariel 581.1 577.9 577.7
Earth 6378.173435 | 6378.1039 | 6356.7544
Enceladus 256.6 251.4 248.3
Europa 1564.13 1561.23 1560.93
Io 1829.4 1819.3 1815.7
Mars 3394.6 3393.3 3376.3
Mimas 207.4 196.8 190.6
Miranda 240.4 234.2 232.9
Moon 1735.55 1735.324 | 1734.898
Tethys 535.6 528.2 525.8

Table 1: Semiaxes (in km) of the considered celestial bodies

Following [14], we consider the points in the first octant defined by the geodetic coordinates

(@i, Aj, hy), where ¢; = 1 radians, ¢ = 1...359, \; = EAN radians, 7 = 1...359, h, = ka,

720 720
1 1 1 1
km, k € {0, i%, i2—5, 5 iﬁ} For each point, we compute its Cartesian coordinates from

and apply the corresponding algorithm for computing its geodetic coordinates, comparing
the obtained values with the initial ones. We have excluded from the points considered for
the numerical tests the following cases: ¢y = 0, in which case Zg = 0 and XsYs > 0 and
Case 3 of Ligas’ method can’t be applied, as the Jacobian is singular; w360 = 5, in which case
X¢ = Yo = 0 and the longitude is undefined (see [16]); A\g = 0, in which case Yy = 0 and
Xe > 0 and Case 2 of Ligas” method can’t be applied; and Azsp = 7, in which case X¢ = 0
and Yg > 0 and Case 1 of Ligas’ method can’t be applied. Therefore, we considered, for each
algorithm and each celestial body, 359 latitudes, 359 longitudes and 9 heights along the normal,
i.e. a total of 1159929 different points. The averaged CPU times are computed by applying
the corresponding algorithm once to all these points, and including the computation of the
maximum errors.

The following tables present the maximum differences in absolute value between the real,
known geodetic coordinates and the computed ones, on a base-10 log scale, together with the
mean CPU running times in seconds. A logaritmic scale is a nonlinear scale often used when
analyzing a very wide or narrow range of positive quantities. In the following tables, in the
second, third and fourth columns, instead of displaying the maximum errors as € = 10%, where
a is some negative real number, we display log,,(¢) = a.

14



Celestial body Max. err. A Max. err. ¢ Max. err. h Time

Ariel -18.789 / -18.664 | -18.664 / -18.664 -15.634 / -15.400 | 1.179343 / 1.093714
Earth -18.664 / -18.664 -18.664 / -18.664 -14.700 / -14.500 1.191914 / 1.093113
Enceladus -18.420 / -15.940 | -18.311 / -17.885 | -14.512 /-11.873 1.296452 / 1.190336
Europa -18.664 / -18.664 | -18.567 / -18.664 | -15.244 /-12.768 1.182543 / 1.092273
Io -18.789 / -18.664 | -18.664 / -18.664 | -15.277 / -14.767 1.183251 / 1.092522
Mars -18.664 / -18.567 | -18.664 / -18.664 | -15.000 / -14.816 1.228557 / 1.103634
Mimas -17.698 / -18.664 | -17.550 / -18.664 | -14.142 / -15.559 | 1.166641 / 1.152859
Miranda -18.266 / -15.793 | -18.186 /-17.862 | -14.426 /-11.873 1.166864 / 1.107854
Moon -18.789 / -18.664 | -18.664 / -18.664 | -15.244 /-15.045 1.180139 / 1.093541
Tethys -18.664 / -17.311 | -18.664 / -18.664 | -15.371 / -12.331 1.175097 / 1.196335
| Mean values | -18.540 / -17.959 | -18.460 / -18.506 | -14.955 | -15.893 | 1.1950801 / 1.1216181

Table 2: Results obtained by applying the algorithms Cartesian into Geodetic I / Cartesian
into Geodetic II implemented in C++

Celestial body Max. err. A Max. err. ¢ Max. err. h Time

Ariel -17.775 / -17.664 / -18.488 -18.337 / -18.789 / -18.664 -13.664 / -13.662 / -13.663 1.270501 / 1.281323 / 1.270980
Earth -18.789 / -18.789 / -18.789 -18.664 / -18.664 / -18.789 -14.552 / -14.627 / -14.612 | 1.275257 / 1.274793 / 1.270144
Enceladus -14.804 / -15.169 / -17.580 -17.145 / -17.139 / -17.146 -13.305 / -13.304 / -13.299 1.279295 / 1.271683 / 1.270610
Europa -18.789 / -18.789 / -18.789 -18.664 / -18.664 / -18.664 -14.084 / -14.084 / -14.083 1.268811 / 1.298762 / 1.322419
To -17.446 / -17.488 / -18.789 -18.664 / -18.664 / -18.664 -14.148 / -14.148 / -14.151 1.271437 / 1.271444 / 1.271251
Mars -18.789 / -18.789 / -18.789 -18.664 / -18.664 / -18.664 -14.372 / -14.366 / -14.372 1.269966 / 1.277228 / 1.273551
Mimas -16.583 / -14.260 / -16.780 -16.851 / -16.786 / -16.851 -13.185 / -13.186 / -13.183 1.348541 / 1.340201 / 1.340244
Miranda -14.625 / -15.225 / -17.534 -17.257 / -17.257 / -17.257 -13.274 / -13.272 / -13.270 1.270835 / 1.273983 / 1.272070
Moon -18.789 / -18.789 / -18.789 -18.664 / -18.664 / -18.664 -14.123 / -14.122 /-14.122 1.238008 / 1.240675 /1.245733
Tethys -15.733 / -16.062 / -17.886 -17.972 / -18.187 / -18.664 -13.627 / -13.625 /-13.624 1.273102 / 1.277854 / 1.273062

‘ Mean values ‘ -17.212 / -17.102 / -18.221 ‘ -18.088 | -18.148 / -18.203 ‘ -13.833 | -18.840 / -13.838 ‘ 1.276575 / 1.280795 | 1.281006 ‘

Table 3: Results obtained by applying Case 1 / Case 2 / Case 3 of Ligas’ method implemented
in C++
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309

310

311

312

313

314

315

316

317

318

319

320

321

322

323

Celestial body Max. err. A Max. err. ¢ Max. err. h Time

Ariel -9.148 / -9.151 / -9.193 -11.515 /-11.533 /-11.470 -8.757 /-8.784 /-8.760 1.397315 /1.391594 / 1.359541
Earth -12.760 / -12.902 /-12.898 -12.768 /-12.788 /-12.782 -9.011 /-9.034 /-9.029 1.381216 /1.363576 /1.366670
Enceladus -8.062 /-8.243 /-8.216 -10.414 /-10.609 /-10.333 -8.020 /-8.221 /-7.992 1.623761 /1.531733 /1.587326
Europa -10.044 /-10.112 /-10.062 -12.478 /-12.479 /-12.378 -9.214 /-9.256 /-9.242 1.161976 /1.158426 /1.170673
To -9.555 /-9.697 /-9.637 -11.882 /-12.027 /-11.868 -8.650 /-8.782 /-8.723 1.429542 /1.403343 /1.415738
Mars -10.673 /-11.691 /-11.723 -12.302 /-12.346 /-12.325 -8.793 /-8.820 /-8.976 1.413745 /1.376237 /1.392895
Mimas -7.592 /-7.812 /-7.709 -9.965 /-10.162 /-9.758 -7.633 /-7.826 /-7.560 1.951112 /1.740943 /1.858730
Miranda -8.031 /-8.128 /-8.070 -10.394 /-10.498 /-10.325 -8.036 /-8.117 /-8.008 1.600380 /1.574738 /1.638333
Moon -12.961 /-11.250 /-11.259 -13.227 /-13.864 /-13.228 -10.212 /-10.412 /-10.213 1.222829 /1.220730 /1.229268
Tethys -8.616 /-8.721 /-8.738 -10.961 /-11.110 /-10.921 -8.265 /-8.386 /-8.675 1.533092 /1.498667 /1.534345

‘ Mean values ‘ -9.744 | -9.771 | -9.751 ‘ -11.591 ) -11.742 / -11.539 ‘ -8.659 |/ -8.764 / -7.1183 ‘ 1.471497 | 1.425999 | 1.455852 ‘

Table 4: Results obtained by applying Case 1 / Case 2 / Case 3 of Feltens’ method implemented
in C++

In all the considered case studies, the best and second best running times are obtained with
the algorithms Cartesian into Geodetic II and Cartesian into Geodetic I. Moreover,
the best and second best mean values of the maximum deviations obtained in the 10 case
studies correspond to our algorithms, except for the second best mean value of the maximum
deviation of the longitude (which corresponds to the Case 3 of Feltens’ method). The three
best results are presented in the following table:

‘ Position Max. err. A ‘ Max. err. ¢ ‘ Max. err. h ‘ Time

Best result Cartesian into Geodetic I Cartesian into Geodetic II Cartesian into Geodetic I Cartesian into Geodetic II

Second best result Case 3 of Feltens’ method Cartesian into Geodetic I Cartesian into Geodetic II Cartesian into Geodetic I

Third best result Cartesian into Geodetic II Case 3 of Feltens’ method Case 2 of Feltens’ method Case 2 of Feltens’ method

Table 5: Ranking of the three best results in computing the mean values of the maximum
deviations and CPU running times

These results show that our approaches improve the methods presented in [§] and [14], in
terms of both efficiency and accuracy.

6 Conclusions and further work

We have presented two efficient algorithms for the transformation of Cartesian coordinates into
geodetic coordinates, for a triaxial reference ellipsoid. Each algorithm is based on the numeric
computation of the unique real positive root of a degree 6 polynomial, symbolically generated.

One of the main topics of our further work consists in studying the case of the hyperboloidal
coordinates considered for triaxial reference hyperboloids and providing a similar approach for
the transformation of the cartesian coordinates. From the geometric and algebraic points of
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view, both problems are closely related. This problem hasn’t been tackled before and further-
more there are very few approaches for the biaxial case (see [5] for a closed form solution and
[9] for a iterative solution).
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8 Computer Code Availability

The implementations of our two algorithms are open source code and can be obtained at
the link http://dx.doi.org/10.17632/s5f6sww86x.2 (C++) and http://dx.doi.org/10.
17632/vf9r367m6d. 3 (Maple).
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