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The ability to retain localized charges at the surface or interface of dielectric materials is a universal property
that applies to many different fields such as tribocharging, charge nanopatterning, nanoxerography, etc. Once
the surface is charged, its stability and subsequent discharging rate will determine the potential applications of
a given system. This decay rate is properly defined by the macroscopic equations which depend on dielectric
constants and conductivities of the two media. Here, we derive the equations to model the decay of charge
distributions localized at the surface/interface of materials and solve them avoiding additional approximations
made so far. Addressing the problem in the Fourier space, we arrive to a compact generic equation which
provides a useful tool to determine both the bulk and surface conductivities of a material. Furthermore, we
show that Kelvin Probe Force Microscopy (KPFM) is a particularly suited method to exploit this tool. Monitoring
the charge decay of previously injected charge patches on silicon dioxide (SiO,), together with an appropriated
data analysis, we verify the behavior predicted by our equations. This allows us to characterize the surface

and bulk conductivities of SiO, layers as well as its dependence with the relative humidity.

1. Introduction

It is well known that, specially in low-conductivity materials, sur-
faces may become charged. This charging process may be caused by
tribocharging [1-3], deformation [4], contact with ionized gases [5-71],
contact electrification [8-10] or corona discharge among others [11].
Independently of the origin of the surface charge distribution, its stabil-
ity and temporal dissipation at the micro/nanoscale has been subjected
to intense research due to its impact in modern technologies that
rely on nanomaterial-based solutions [12-14]. For example, in poly-
meric [4,11,15,16] and ceramic [17,18] materials, controlled charge
nanopatterns can be written with potential applications in high-density
data storage, sensors, nanoxerography [19,20], energy harvesting [21,
22], etc. Nanoscale charge patterning has been also used to study the
charge dissipation along the dielectric blocking layer that prevents
leakage currents in field-effect transistors [23-25].

The charge decay rate is determined mainly by the material con-
ductivity and can be in the range of seconds to hours or even days
or weeks. Moreover, the surface conductivity of a given material is
usually heavily influenced by the environmental conditions [26], and
in particular to the relative humidity (RH), due to adsorption of water
vapor on the surface, [27] or due to ionic conduction [28,29]. There-
fore understanding and quantifying the process of charge dissipation is
crucial to characterize the conducting properties of new materials and
to improve the performance of electronic devices.

* Corresponding authors.

Atomic Force Microscopy (AFM) related techniques such as Kelvin
Probe Force Microscopy (KPFM) have been widely used to study charge
dissipation in low conducting films due to its capability to detect local-
ized charges with high sensitivity and nanoscale spatial resolution [30].
In addition, KPFM is a contactless, non-invasive technique that can
be operated without the need for high source voltages. Moreover,
the metallic tip can be also used to inject charge, enabling all-in-one
experiments by recording the surface potential evolution of previously
injected charges. Typically, the problem is analyzed through the spatial
and temporal mapping of surface potentials (Vgppy)- Due to the absence
of a reliable theory, usually the decay of the Vippy maximum is fitted
to empirical laws, including exponential decay with one [31,32] or two
characteristic times, [8,33-35] or to a stretched exponential [36,37].

However, an appropriate theory is necessary not only to charac-
terize the time dependence of the problem but also to separate bulk
and surface conduction and precisely define surface conductivity. Some
authors have tried to construct such theory but resort to approximations
to model the electric field inside the material [38,39]. Others, assume
the same surface and bulk conductivity [40] or model the charge
dissipation as a purely diffusive process, disregarding the effect of drift
currents [1,28,29], etc. Furthermore, the role of the back electrode
is under debate without a clear consensus about its contribution to
the charge decay rate [8,16,41,42]. This highlights the importance of
incorporating the correct geometry of the system into the equations.
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Fig. 1. Scheme of the modeled system.

In this work, we first derive the equations describing the generic
problem of a charge distribution decaying at the interface between
to media and through their solution we show the important role of
the system geometry. Then, we show how our equations can be used
to analyze the KPFM measurements, leading to a simple experimental
method to quantitatively obtain both bulk and surface conductivities of
a material as well as their dependence with external parameters.

2. Theory

It is well known that if a charge distribution, p(R,t = 0), is located
inside a uniform, infinite and isotropic medium with conductivity o
and permittivity ¢, the dissipation of such distribution through the bulk
is governed by the equation (hereon, 2D vectors will be denoted with
lowercase letters and uppercase letters will be used for 3D ones.)

p(R, 1) = p(R,t = 0)e™"/", )

where 7 = ¢ /0 defines a characteristic timescale for charge dissipation.
This straightforward result establishes that a bulk region without net
charge in the initial state will remain neutral at any time. We emphasize
that drift currents are the underlying mechanism for conduction. In
most cases diffusion currents can be neglected because the charge
gradients are minimal shortly after the dissipation process starts to take
place [38].

To model the dissipation of an arbitrary charge distribution due
to bulk and surface conduction we first consider the interface of two
materials (set at z = 0), where the z > 0 half-space is filled by a
medium with conductivity o; and permittivity €, while the z < 0 region
corresponds to a medium with conductivity ¢, and permittivity ¢, of
thickness H on top of a metallic back electrode (see Fig. 1). Then, a
charge distribution, p(R,t = 0), of finite height, a, is located just inside
the region z < 0. We assume that « is small enough to neglect any
z dependence inside the elementary Gaussian surface defined by the
cubic shaded region in Fig. 1.

Since a bulk region without net charge will remain neutral at any
time, and because only drift currents are being considered, the different
components of the current density are determined by Ohm’s law,

J,(z>0,r)=0E,,

1,(z<0,r) = 0,E,, )
Jy(—a<z<0,r) =0 E,
where different conductivities parallel and perpendicular to the in-
terface (o and oy, o, respectively) are allowed. We note that o, o,

and o are defined as three-dimensional conductivities. Considering the
continuity equation for the charge density,

)
aa_f =-1.z=0+1.(z=-a)-aV -], ®

and applying Gauss’s theorem,

£1E,(z=0") —&,E,(z=—a) + a&, V| - E| = ap, (C))]

both J and E can be eliminated from Eq. (3),

9p i
aE = —gap + (0'2 - tr”) E,(z=-a)

13
- (o‘l -0y é) E.(z=0").

Similar equations to Eq. (5) have been previously derived although, as
mentioned before, additional approximations were used [15,28,29,38—
40,43]. Here we show that at this stage, the problem can be solved
without any further approximations. In order to reach a closed equation
for the surface charge density, n(r,t) = ap(R,1), it is necessary to find
the explicit form of the z component of the electric field. For that
matter we solve the Poisson problem for a point charge located within
the Gaussian surface. Since we are only interested in the evolution of
the surface charge density, the potential at a given point in space is
determined by

)

V(x,y,2) = // dx'dy n(x',y)G(x —x",y—y,z,7' = zy), (6)

where the surface charge density is assumed to be located in a plane,
7! = z,, contained by the Gaussian surface shown in Fig. 1, and G(x —
x',y—y,z,7') is the Green function corresponding to the electrostatic
potential generated at (x,y,z) due to the presence of a unit charge
located at (x',)’, z') [44]. Noting that E, = —dV /dz and substituting
into Eq. (5), one arrives to an integro-differential equation for n(x, y, ).
By taking its spatial 2D Fourier transform (FT) the equation is simplified
to an ordinary differential equation (see Appendix A),

on(k,1) _n(k, 1)
a k)’

n(k, 1) = n(k,0) exp <—$> .

)

where n(k,?) is the FT of the surface charge density, and z(k) is deter-
mined by

1 [of
k) e_! — (o —oE (k2 = —a, 7' = zp)+ .

€
<0'1 g i) B (k,z=0%2 = z).

With E,,(k, z) being the FT of the z component of the electric field
generated by a single charge. In order to obtain the final equations, it is
necessary to take the limit a — 0. This allows to define a proper surface
conductivity as ¢, = lim,_, ( ao; and to verify that the final equations do
not depend on the microscopic details of the charge distribution (such
as the shape of the Gaussian surface or the particular z, chosen).

2.1. Surface charge decay in a semi-infinite material

For the particularly simple case of a semi-infinite material (H — o),
where E|,(k,1) is produced by a charge and a single image charge,
7(k)~! is given by (see Appendix B)

k
1 i + _Osk (©)]

%z‘ro e +e
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Fig. 2. (a)-(h) Charge decay evolution of an homogeneous square charge distribution. The delay time between successive frames is 40 s. Used parameters are ¢, = 0, 6, = 107'* S/m,

0, =1072!'S, £, = ¢, £, =3.9¢), L, = L, =50 nm, Image size = 500 x 500 nm?, Q =50 ¢~.

with 7, = 7(k = 0) = (¢, + &,)/(6, + 6,). In this case, the k = 0 mode
corresponds to a relaxation process due to pure bulk conduction, which
is equivalent to that of Eq. (1). Indeed, by setting ¢, = ¢, and ¢, = ¢, we
recover the characteristic time of a charge embedded in a 3D-medium,
T=¢/o.

In the semi-infinite limit, the real space charge distribution, n(r, ),
is obtained by performing the inverse FT of Eq. (7) with z(k) given by
Eq. (9),

et/

1ol Q)
d ), 10
/ r'n(r )(1(1)2 iR (10)

where I(f) = o,t/(¢; + €&). This integration can be performed for
some simple geometries such as a rectangular homogeneous charge
distribution of dimensions (-L,,L,) X (=L, L,), commonly used in
tribocharging patterning [1,29,45]. The analytical solution for this
geometry is,

n(r,t) =

/7 L.—x)L,—
n(x,y,t)=Qe—t0 [tan‘1 (L 0y — Y +

8zL,L, l(t)\/(Lx —x)2+ (L, =y +1(1)?

(Ly+x)(Ly ~ )

tan™ +
I(t)\/(Lx +302 + (L, — )%+ 1(1)?
an
» (L, =X)Ly +)
tan +
l(t)\/(LX — X2+ (L, + )% + (1)
B (Ly+ X)L, +)
tan

1) \/ (Ly + %2 + (L, + 2 +1(1?

A particular example of the time evolution of a square charge distri-
bution localized at the surface of a material is shown in Fig. 2. We
note that for long times the shape of the charge distribution becomes
circular. Recently, it was suggested that this shape evolution could be
due to pure diffusion [29], but our results show that drift currents
produce the same effect and seems like a more plausible cause as
explained later on.

Moreover, it can be proved that near the center of a charge domain,
in the long-time limit, the charge distribution decays as

o

PR e/ 4+ O /1Y), (12)
TT

n(0,1) =

with Q being the total charge. This expression allows for the direct
estimation of 7, while to obtain the surface conductivity, included in
I(1), the total initial charge must be known.

2.2. Surface charge decay in a thin film

For thin films, the semi-infinite approximation is not adequate and
the effect of the back electrode located at z = —H will change z(k).
This problem is analytically solved finding that (see Appendix C)

1 o, cosh (kH) + (o + ko) sinh (kH)

7(k)y  eycosh(kH)+ ¢, sinh (kH)

It is worth noting that in spite of a more complex k dependence than in
the semi-infinite case, 7(k)~! remains linear with respect to s,, o, and
o,. Egs. (7) and (13) constitute an important result: in contrast with
the charge decay in a 3D medium, where only one characteristic time
can be defined, now each Fourier mode dissipates with its own char-
acteristic time. The existence of a continuum of (k) is a consequence
of separating surface and bulk conduction (as easily seen in the semi-
infinite case) as well as to the presence of the back electrode at a finite
distance. This result sheds light on the controversy of the role played by
the back electrode, some authors report that the decay time increases
with the distance to the back electrode [16] while others claim the
opposite [8,41,42]. Our equations show that the role of the electrode
depends not only on ¢}, €, and ¢, 6, and o, of the materials but also on
the kH value. While H is fixed for a given system, the effective value of
k that must be considered depends on the scale of observation. Hence,
different behaviors varying H can be consistent.

At this point, we recall that we have only considered drift currents
neglecting diffusion ones as they are minimal in many cases. How-
ever, we note that including a two-dimensional diffusion current term,
=DV n(r,?) would not modify Eq. (7) and such process can be easily
incorporated adding a term Di? to Eq. (8). However, we note that
in many thin film-based experiments, the scale of observation is of
the order of microns while the film thickness may vary from few to
hundreds of nanometers. In this situation kH < 1 and Eq. (13) can be
expanded in powers of kH

13

— H%(e%0, — €,640,) + He?o
[ £70) — €0 2 16207
L 221 5 20+ ! 212 4 O((kH)).

EGI e2 e

14)

Additionally, in the case that bulk conductivity in both media is very
small, in particular, o, 0, < o, Eq. (14) resembles a diffusion equation
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Fig. 3. (a) Diagram of the charge injection procedure. (b) Vippy image of an injected positive charge. (c) and (d) Vippy charge decay experiments performed at 14% and 28% RH
respectively. As explained in the main text, the vertical axis is time. The horizontal white line indicates the moment when the charge is injected. Line scan frequency is 0.501 Hz

and Az =1.3 V in all the images.

with an effective diffusion constant D ~ Ho,/e,. As mentioned in
the previous subsection, in [29] it was shown that the discharging
experimental results could be well fitted to a purely diffusive process.
It would be interesting to clarify in the future whether the dominant
transport process corresponds to diffusion or drift currents.

3. Results and discussion

Eq. (13) provides a direct procedure to determine o,, ¢, and ¢, from
the fit of the measured z(k). Experimentally, it can be implemented
using KPFM techniques, since for surface charge distributions the FT
of the measured KPFM voltage is directly proportional to n(k,t) [46].
To corroborate the validity of our equations, we have carried out
charge decay experiments on a SiO, film thermally grown on highly
doped p-type silicon. Besides its obvious technological interest for the
fabrication of electronic devices, SiO, on silicon provides a suitable
platform to validate the proposed equations. The surface conductivity
of SiO, is much more sensitive to small RH changes than the bulk
one because the surface conductivity heavily depends on the amount
of adsorbed water molecules [27,47,48]. Thus, a slight variation of
RH changes the amount of physisorbed molecules and therefore we
can tune the surface conductivity while keeping the bulk one mostly
constant.

3.1. Materials and methods

We have used a 300 nm thick SiO, film thermally grown on (100)
p-type silicon (1-10 Q cm, Siltronix). The surface was cleaned with
ethanol, rinsed with double distilled water and then placed on a heating
plate at 65 °C for several hours in order to remove the physisorbed
water. The Experiments were carried out at room temperature and
controlled humidity in a N, atmosphere. In order to allow the humidity
to stabilize we let the system at a given humidity for at least one hour.

Circular charge patches were injected into the SiO, layer by means of
contact electrification: tip and sample were brought into contact while
applying a bias voltage (4-6 V) during about 40 ms. Similar positive
or negative charge patches are obtained by changing the sign of the
bias voltage pulse (Fig. 3(a)). The amount and size of the charge is
controlled by adjusting the intensity as well as the applied loading
force [49]. Just after the charge is injected, its decay is monitored by
means of Frequency Modulation-KPFM (FM-KPFM). Taking advantage
of the radial symmetry of the charge (Fig. 3(b)), instead of acquiring
successive x — y images, we kept the y-scan position fixed while the
x direction is scanned repeatedly (Fig. 3(c), (d)). This allows to reach
medium acquisition data rates and helps minimizing the tip-induced
contribution to the charge dissipation [16,18,50]. A Nanotec SFM
system with a PLL/dynamic measurement board was used along with
Pt-coated tips (OMCL-AC240TM-R3, k = 2-4 N/m). To improve the
lateral resolution and to minimize the tip induced effects, topography
feedback was operated in frequency modulation non-contact dynamic
mode (FM-DSFM) with an oscillation amplitude of 1 nm and tip-sample
distances of 5-10 nm. The Vippy images were obtained using FM-KPFM
mode with V¢ =500 mV at vy =7 kHz [51].

3.2. Experimental results

Fig. 3(c) and (d) show two experiments performed at different
RHs (14% and 28% respectively). A first look already evidences a
stark charge decay dependence on the RH, being faster for higher RH.
Moreover, at lower RH the charge barely spreads over the surface,
indicating that the charge is mainly dissipated through the bulk, while
at higher RH the surface conductivity plays a greater role spreading the
charge.

The Vippy images acquired for a injection—dissipation experiment
are processed by calculating the Fast Fourier Transform (FFT) of each
x-scan line to obtain the Vippy(k,.?;) image (Fig. 4(a)). The time
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Fig. 4. (@) Vippm(k,.t;,) image corresponding to Fig. 3(c). (b) Time evolution of different k, (RH = 14%) together with their corresponding fit (solid lines) to Eq. (7). Each n
corresponds to a Fourier mode with k, = 2zn/L, with L being the image size. (¢) 7(k,)™" vs. k plot. The solid line corresponds to the fit to Eq. (13).

evolution of each Fourier mode (k,) is then obtained from the vertical
profiles (white solid vertical line in Fig. 4(a)). Fig. 4(b) shows the
time evolution of some Fourier modes, the data shows an excellent
linear behavior that verifies the main predictions of our equations:
(1) an exponential decay of the Vippy(k = k,,1) signal and (2) a k-
dependent decay time. The characteristic time, z(k,), is estimated by
fitting each profile to Eq. (7). We note that the decay rate shortly after
injection deviates from the linear behavior. We appreciate two possible
reasons: (i) when the surface charge is large the tip might produce a
non negligible electrostatic interaction, and (ii) the FFT assumes that
all the points of a given profile are measured simultaneously, while in
reality the first and last point of each horizontal profile differ by two
seconds in our particular case. It is also worth mentioning that when a
given Fourier mode has decayed almost completely the signal starts to
be dominated by the noise (as in the last dark blue points in Fig. 4(b))
and must be excluded from the fit. Finally, for a given experiment we
plotted z(k,)~! versus k, and we fitted this data to Eq. (13) to estimate
both bulk and surface conductivities of SiO, as shown in Fig. 4(c). For
the fit we have assumed o) =0, £| = &, £gi0, = 3.9¢g and H = 300 nm,
being o, and o, the only free parameters.

This procedure is carried out at different RHs, as shown in Fig. 5.
The corresponding o, and o, for each RH are listed in Table 1.

We observe that the bulk conductivity slightly varies in the RH
range of our experiments, although a small increase is found at higher
RH. This increase may be due to water molecules diffusing through
the volume. Although the 300 nm SiO2 growth on Si by wet thermal
oxidation is expected to have high quality and low porosity, and the
humidity rage used in our experiments is relatively low, we cannot

Table 1

Bulk and surface conductivities obtained from the fits of Fig. 5 at different RHs.
RH (%) o, (107 S/m) 6, (1072 8)
10 1.53+£0.10 48+16
14 224+0.12 409+1.3
16 2.40+0.22 61.5+1.7
18 243 +0.12 753+13

discard that some water spreads over the bulk, increasing the conduc-
tivity. Actually, we see that the main bulk and surface conductivity
increases are correlated and take place at RH just above 10% (after
that, the bulk conductivity remains mostly constant). If there is more
water at the surface the probability that it diffuses through the volume
is also higher. In any case, our values still remain in good agreement
with those reported in the literature under similar conditions [52].
SiO,’s surface conductivity varies more than one order of magnitude
in the same RH range, which is to be expected since o, strongly
depends on the surface treatment, cleaning procedure as well as on the
ambient conditions. Thus, a direct comparison with previously reported
values is not straightforward. However, o, values between 1072 S
and 10722 S, such as those shown in Table 1 are compatible with
estimations obtained from models accounting for physisorbed water on
the surface [27].

4. Conclusions

In conclusion, we have derived the appropriate equations for the
surface charge decay in homogeneous media. This system presents
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Fig. 5. 77! vs. k plot obtained from experiments performed at different RHs. Solid lines correspond to the fit to Eq. (13).

multiple decay times that are well defined in Fourier space. We have
exactly solved the equations for the standard and widely used geometry
of a film on top of a back electrode. When both bulk and surface
conduction are comparable, the availability of the exact equations is
particularly important because the decay times depend on the geometry
of the system (in particular on the film thickness, H). An inaccurate
treatment could lead to the wrong conclusion that surface and bulk
conductivities depend on H.

We have also proposed a new experimental method based on stan-
dard KPFM measurements to quantitatively determine both bulk and
surface conductivities. Since the KPFM signal can be directly Fourier
transformed, these measurements allow for the direct verification of the
exponential decay of each Fourier mode. The fitting of the relaxation
time for each Fourier mode provides a simple and sensitive procedure
to estimate surface and bulk conductivity, especially for highly insu-
lating systems. We note that similar KPFM measurements have been
performed in many different systems and our model could help to
reinterpret previous experiments. We hope that our theoretical analysis
clarifies the surface charge decay problem which is of broad interest
and that the proposed experimental method helps to shed light about
the electronic properties of new low-conducting materials.
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Appendix A. Simplification of the equation for the surface charge
We assume that all the charge is located in the plane z’ = z;, < 0.

Then, by substituting the Green function in the expression for the
potential, Eq. (6), and noting that E, = —dV /dz,

0G(x—x",y-y,z,7
E, = —//dx' dy' n(x/’y/) (x —x ay y,z,z")
Z

(A1)
= // dx' dy' n(x', y)B,(x —x',y =V, z,2).
with E,, being the electric field generated by a single point charge (and

its associated image charges). Substituting (A.1) into Eq. (5) from the
main text, and noting that n(x, y) = ap(R, t), we have

c
(3n(ax,)7) _ __Hn(x,y) + (0'2 - O'H) //dx’ dy n(x',y)
t L)

X E(x=x",y-y,-a,2)

—<61 ”’H?)//dﬂ dy’ n(x',y")
2

X B (x— x,y—y,0%2).

(A.2)

Thus, we have arrived to a closed integro-differential equation for the
surface charge density, n(x,y). This seemingly daunting equation is
simplified by taking its spatial Fourier Transform (FT),

on(k,7)

%
5 —gn(k, 0+ (o3 — o)) n(k, HE,(k, —a, 2)

. (A.3)
- <al - 0'||£—1> n(k, HE,(k,0%, 2).
2

The functions with the argument k are the 2D FT of their respective real
space counterparts. Since the electric field generated by a point charge
has radial symmetry it will only depend on k =| k |. We define

1 %l €o
"o @ aEki=a )+ (o‘] _ :)Elz(k,z =0%,2),

(A.4)

which allows the equation in the Fourier space to be simplified to

on(k,7) _n(k, 1)
o k)’

n(k, 1) = n(k, 0)e /7%, (A.5)
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where z(k) is the characteristic time for charge dissipation in the
Fourier space. In order to particularize this equation, the FT of the
electric field generated by one charge has to be specified.

Appendix B. Electric field in the semi-infinite case

We consider dielectric constant €, and bulk conductivity o, for z > 0
and ¢, and o, for z < 0. The Green function of a point charge located
at (x,)’, z') inside the region —a < z’ < 0, is obtained by adding the
potential generated by the original point charge and its corresponding
image. In the region z < 0 and for z’ < 0, we have

1

dre /e =/ |2 + |z =2/ |2

N

Gx—x,y—y.z2)=

+ , (B.1)
dres\|r —r/ |2+ |z + 2|2
where s = (¢, — £1)/(€, + €1). Making use of the expression
dm Jo(rmyem1===', (B.2)

1 /°°
\/r2+|z—z’|2 0

and applying the procedure described below, through Egs. (C.3)-(C.5),
it is easy to directly calculate de FT of E;.(Jr —r'|, z,2’). For a unit
charge located at (0,0, z’'), we obtain:

(z— Z’)e—k|Z—Z’| sek(z+z’)

E(k.zz) = (B.3)

2e5|z = 2| 2e,

We emphasize that since our image charge is located in the z > 0
region, this expression is valid only when z < 0 and z’ < 0. The electric
field in the z > 0 region is obtained by imposing the continuity of the
electric field at the interface between the two regions,

£1E,,(k,0%,2") = &, E;,(k,07, 2"). (B.4)

Substituting Eq. (B.3) in Eq. (8) and taking the limit « — 0, we find
that in the semi-infinite case z(k)~! takes the form
1 _oy+o

o,k
k)~ &+

. (B.5)
&) + ¢

We recall that lim,_ ao = o, but lim,_,q ac, = lim,_,y as, = 0.

Appendix C. Electric field in the presence of a back electrode at
z=—-H

We consider the same geometry as in the main text, where the z > 0
half space is filled by a medium with conductivity ¢, and permittivity
€, (region a). The region 0 < z < —H (region b) is filled by a medium
with conductivity ¢, and permittivity ¢,. The back electrode occupies
the z < —H region (region c). As such, for a charge located at (r’ =
0,z/ = zy) with —H < z; < 0, the potential in each region can be
written as

0
V.0 z,7) = a4 / dm Jy(rm)A(m)e™"* z>0,
’ 47[51 0

(]
Vis(r, z, Z') = 4%61/0 dm Jy(rm)
x (ie—mlz—zol + B(m)e™ + C(m)e”'z> “H<z<0.
€
(C.1)

In order to find the expressions for A(m), B(m), and C(m) we apply the
boundary conditions for the electric potential and its normal derivatives
at each interface,

dI/l,a dI/lb
dz Iz=0* =& dz lz=0—

Vigrz=0%2) =V 4(r,z=07.2), ¢
Vip(r,z=—-H*z')=0.
(C.2)
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Since we are interested on the FT of the z component of the electric
field, E,,(k, z,z’), we calculate the FT of each of these potentials. As
every integral of Eq. (C.1) has the same functional form,

Vy(r, z, = / dmJy(rm) f;(m, z, 2N, (C.3)
0

their FT is given by

[so]
Vik, z, = / dm / derO(rm)fi(m, z, 7 )e KT
0

) ) 2z )
= / dm/ dr/ do rJy fi(m, z, z/)eikrcos(®)
0 0 0

=2z / dm fi(m,z,7) / dr rdo(rm)Jy(km) €4
0 0
—
S(k—m)/m
filk,z,2")
=op__"
Tk

where f;(k,z,z') is the original function but with the argument k
instead of m. Then, E,,(k, z, z’) is obtained by computing

27 0fi(k, 2,2')
Bk z,2) = -2 ————. (C.5)
The explicit equations for z > 0 and z < 0 are given by
—k(z+z0) (,2k(H+2") _ 1
B (k.z>0,2)= -~ (e ),
’ (g9 — &) + 2Hk(g, + &,)
k(z—z")( 2k(H+zZ') _ 1 _
B, k—H <z<0,7)= [ £ Je1 — &)
i 2¢, (e — &) + 2Hk(g, + g5)
(C.6)

e MH+2)(¢g | sinh (kz') — €, cosh (kz'))
&, cosh(kH) — g sinh (kH)

+ oM 1 Z = z') > .

|z - 2’|

These expressions allow for the calculation of E,,(k,0%,z'), and E;,
(k,—a, z'). Substituting these expressions into Eq. (8) and taking the
limit a — 0 we find the expression for z(k):

1 oy cosh (kH) + (o + ko) sinh (kH)

A 7
(k) &, cosh (kH) + &, sinh (kH)
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